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1 Elementary probability theory

1.1 Axiomatic approach to probability

Definition 1.1. An experiment is the process by which observations are made.

Definition 1.2. The outcome of an individual observation is called an elemen-
tary event, we associate points called sample points to each elementary event.

Definition 1.3. The sample space S is the set of all elementary observation.
Note, this could be finite or countably infinite.

Definition 1.4. An event is any subset of S.
Definition 1.5. The intersection of the set A and B is given by
AUB={E, €S: ANE; € B}.
Definition 1.6. The union of the set A and B is given by
ANB={E;€S:E; € AV E; € B}.
Definition 1.7. The complement of the set A is given by
A={E; €S :E; ¢ A}.

Remark. Unions and intersection of events are still events i.e. subsets of S.

Axioms of probability

Given a sample space S, a probability P(F) is assigned to every event E C S such
that:

1. P(E)>0;
2. P(S)=1;

3. If Ay, As, ..., Ay is a collection of mutually exclusive events (i.e. if A,NA; =0
for j #4), then P(A;UA;U...UAL) = 32 | P(A;). We also have the same
result for an infinite sequence of events.



1.2 The Basic Principle of Counting

Theorem 1.1. With m elements ay,ao,...,a, and n elements by, b, ...,b, one
can exactly form m x n (ordered) pairs (ay, by).

Proof. Arrange the elements in an m x n array and count the number of elements

in the array. [
Theorem 1.2. With ny elements ay, as, ..., an,;ny elements by, by, ..., b,, and ny
elements [y, (s, ...,[,,, one can exactly form ny; X ng X ... X n; multiplets of &k
elements.

Definition 1.8. Given n different objects, the complete set of possible arrange-
ments of these objects is called the set of permutations.

Theorem 1.3. The number of permutations of n objects (all different and
distinguishable) is given by

nl=n(n—-1)(n—2)...1.

Theorem 1.4. The number of ordered arrangements of r objects taken (without
replacement) from a set of n distinguishable objects is P? = ~%< = n(n —

r (n—mr)!
)...(n—r+1).

Definition 1.9. A combination is a subset of n objects taken from some larger
set of n distinguishable objects (where the order is irrelevant).

Theorem 1.5. The number of ways of selecting combinations of r objects from a
set of n > r distinguishable objects is

o (1) n!
Cr = (?“) S (n—r)lrl

2 Some more combinatorics

Definition 2.1. A partition is an arrangements of n elements into k£ groups
containing ni,ng, ..., n; objects respectively, with 0 < n; < n and nZ?Zl n;.
(Every element is assigned exactly to one group).

Remark. The definition of partition is in the context of probability.

Theorem 2.1. (Number of partitions). The number of partitions into k distinct
groups, containing ny, ns, ..., n; elements is

o B n _ n!
ninz..nk N1, Moy ..., N nll’n,Q'nk;'
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3 Probability rules

Definition 3.1. We say, A;,..., A; are mutually exclusive events if A, N A; =
0,14 7.
Distributive Law:
AN(BUC)=(ANB)U(ANC) and
AU(BNC)=(AUuB)N(AUu(C).

De Morgan’s Law:

(AUB) =
(ANDB) =

Theorem 3.1. (Law of addition of probabilities)

P(ANB)=P(A)+ P(A)— P(AUB).

4 Conditional probability

Definition 4.1. Probability of an event A given an event B has occurred is defined
as

P(ANB)
P(B)
In the above definition, we should specify that P(B) > 0.

P(A[B) =

Definition 4.2. The event A is independent of the event B if P(A|B) = P(A).
Theorem 4.1. The following statement are equivalent:

1. P(A|B) = P(A), if A is independent of B;

2. P(B|A) = P(B), if B is independent of A;

3. P(ANB) = P(A)P(B).

Definition 4.3. The Multiplicative Law of Probability:
P(AN B) = P(B|A)P(A) = P(A|B)P(B), and if A and B are independent,
P(ANB)= P(A)P(B).

Definition 4.4. A family of sets A, A, ..., A, consisting of mutually exclusive
and exhaustive events is called a partition of the sample space S. (Recall that
this means that A; N A; = ¢ for ¢ # j, and that S = A, UAy...UA,.



Note: Exhaustive events cover the probability of the whole sample space.
Theorem 4.2. Properties of Independence

1. If A is independent of B, then A is independent of B.

2. If A is independent of B, then A is independent of B.

Theorem 4.3. (Normalization of conditional probabilities.) If Ay, A, ..., A, is a
partition of S, then > | P(A4;|B) = 1.

5 Bayes’ theorem

Theorem 5.1. Given 2 events A and B, then

P(BJA)P(A)

PUAIB) = =5

Theorem 5.2. (Bayes’ theorem, general version.) Given an event A and the
family By, Bs, ..., B, that is a partition of S,

P(A|B;)P(B))
> iy P(A|Bi)P(B;)

6 Discrete random variables and their probabil-
ity distributions

Definition 6.1. A random variable (sometimes r.v.) is a function defined on
the sample space S mapping each element of S to a real number.

Definition 6.2. A discrete random variable is a random variable that can
only take finitely or countably infinitely many distinct values. Note that, for any
discrete random variable, we have the following two properties

L 0<p(z) <1

2. > . plx)=1.



6.1 Expectation value of a random variable

Definition 6.3. Given a random variable X with probability distribution/prob-
ability mass function (p.m.f.) p(z) its expectation, or expected value is defined

| S ap(a)

The above sum is over all values x that X can take.

The expectation of any function X is given by
= f(@)p(x).
Similarly, the expectation of X" is
= a"p(x)
Definition 6.4. The variance of X is defined as

V(X)=Var(X) = E(X — E(X))?) = B(X?) - E(X)

Theorem 6.1. (Properties of Expectations). For any constants a and b, and
any function f and g, we have:

1. E(a) = a;
2. E(g(x)) = >_, 9(x)p(x);
3. E(af(X)) = aE(f(X));
4. (Linearity) E(af(X) +bg(X)) = aE(f(z)) + bE(f(X)).
Theorem 6.2. (Properties of Variance). For any constants a we have:
1. Var(a) =
2. Var(X +a) = Var(X);
3. Var(aX) = a®Var(X);
4. Var(aX +£b) = a®Var(X).



6.2 Standard discrete distributions
6.2.1 Binomial distribution

A random variable X follows a binomial distribution if the following 5 conditions
are satisfied:

1. There is a fixed number of trials (n).

2. Each trial results in either ‘success’ or ‘failure’.

3. All the trials are independent.

4. The probability of ‘success’ (p) is the same in each trial.

5. The variable, X, is the total number of successes in the n trials.

Then we can say that the probability mass function is X ~ Bin(n,p), where n is
the number of trials and p is the probability of the event being a ’‘success’. The
probability mass function is given by,

P(X =2x)= (Z) pP*(l—p)* x=0,1,...,n.

The expectation and variance are:

6.2.2 Bernoulli distribution

A special case of the binomial distribution where n = 1. A discrete random variable
which takes on only 2 values, typically S = {0, 1}.

p@) =P V= L
l—p, y=0.
The expectations and variance are:

EX)==x
Var(X) = p(1 - p).



6.2.3 Geometric distribution

A random variable X follows a geometric distribution if the following 3 conditions
are satisfied:

1. There is a sequence of independent trials with only two possible outcomes —
‘success’ and ‘failure’.

2. The probability of ‘success’,p, is constant.

3. X is the number of trials until the first success occurs (including the ‘suc-
cessful’ trial itself).

Then the p.m.f. is X ~ Geo(p), for X =1,2,3... with probability:
P(X =) =p(1-p)*

The expectation and variance are:

6.2.4 Hypergeometric distribution

The hypergeometric distribution concerns the case of sampling from a set contain-
ing a mixture of 2 different elements (red, black) without replacement. Suppose
we have a set of size N with r red elements and N — r black elements. Then the

number of different ways of finding = red elements in a draw of n is (; <]r\z[—_;> )

Hence the probability of finding x red elements is,for x =0,1,...,n,
() (=)
r)\n—z
n

The expectation and variance are

BE(X) = %
~nr(N —7)(N —n)
Var(X) = NT(N — 1)



6.2.5 Poisson distribution

If X represents the number of events that occur in a particular space or time, then
X will follow a Poisson distribution as long as:

1. The events occur randomly, and are independent of each other.
2. The events happen singly i.e. one at a time.
3. The events happen (on average) at a constant rate (either in space or time).

The Poisson parameter \ is then the average rate at which these events occur (i.e.
the average number of events in a given interval of space or time). Then the p.m.f.
is X ~ Po(\), for X =0,1,2,... with probability:

e AN
P(X =x)= T
The expectation and variance are:
EX)=\
Var(X) = A

7 Moment generating functions

Definition 7.1. The n'" moment of a random variable X is given by
o =y a"p(x).

In particular, o = 1, and 3 = E(X). Recall that the variance of X is given by
V(X) = Var(X) = B(X2) — (B(X)) = i — i
Definition 7.2. The moment generating function of X is defined as
Mx(t) = E(e') = Z e p(x).
Theorem 7.1. Moments of a distribution can be computed via derivatives of the

moment generating functions.

d* My (t)

=0
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8 Continuous random variable (C.R.V.)

Definition 8.1. Let X be a random variable whose set of possible values S is
a continuum of numbers such as an interval, i.e. the set of possible values is
uncountable. We say that X is a continuous random variable if there exists a
non-negative function f , such that the following property holds for any set B of
real numbers:

P(XEB):/Bf(x)dx.

Definition 8.2. The function f > 0, piecewise continuous (i.e. continuous perhaps
except for finitely many values of x) in the definition above is called the probability
density function (p.d.f.) of the random variable X.

Proposition 1. The piecewise continuous function f, defined for every x € R is
a probability density function (p.d.f.) if

o flz)=0;
o [T f(@)de=1;
e P(X=a)=["f(z)dz=0.
Definition 8.3. Let X be a c.r.v. with p.d.f. f. Then, the cumulative distri-

bution function (c.d.f.) is given by

Flz) = P(X < 12) = /_ (1) dt.

Consequently, F' is continuous and the relationship between the p.d.f. and the
cumulative distribution function F' is expressed by

f&) = S Pla)

Theorem 8.1. (Properties of the C.D.F.)
1. F(—o00) =lim,, o F(z) =0;
2. F(+o0) = lim, 400 F(z) = 1;

3. F(z) is a non decreasing function of z, i.e. if x; < x5, then we have F(x;) <
F(xz)

Remark. When drawing the c.d.f. you must draw the lines for which the function
takes 0 and 1.
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8.1 Expectation values for a continuous random variable

Definition 8.4. The expectation value of a continuous random variable with p.d.f.
f(zx) s
E(X)= / zf(x)dx.

—0o0

Theorem 8.2. (Properties of Expectations) For any constant a and b, and any
function f and g,

1. E(a) = a;
2. B(af(X)) = aB(f(X));
3. E(af(X)+bg(X)) = aB(f(X))+bE(g(X)), where E(g(X)) = |7 g(x)p() dx.

8.2 Quantiles

Definition 8.5. Given any random variable X, and 0 < p < 1, the p-quantile of
X, ®,, is the smallest number such that

P(X <®,) = F(,) > p

8.3 Probability distribution of continuous random variable
8.3.1 The uniform random variable on an interval [a,b]

Definition 8.6. A random variable X is uniform on the interval [a, b], with a < b,
if its p.d.f. is given by

f(z) = - a<z<b.
[Notation: X ~ Ula, b]].
Theorem 8.3. If X is a uniform random variable on the interval [a, b] then

o B(X)=atb,

o Var(X) = (b=a)®.

e the c.d.f, F' is given by

. 0, y<a;
F(:U)—/ fA)dt =9 %F2, a<x<b
o 1, x>0b.

12



8.3.2 The Gaussian or Normal distributed random variables

Definition 8.7. A random variable X is said to be a normal random variable,
or simply X is normally distributed, with parameters 4 € R and o2 > 0 if the
p.d.f. of X is given by

1 —(z—p)?
e 22 |, xeR.

fx) =

2o

[Notation: X ~ N(u,0?)]. The p.d.f. is a bell-shaped curve that is symmetric
about p.

Theorem 8.4. If X ~ N(u,0?) then

o B(X) =

o Var(X) = 0%

o if Y =aX +bthen Y ~ N(au + b,a*c?).
Corollary 8.4.1. If X ~ N(u,0?), then

X —p
g

Z:

~ N(0,1).

Such a random variable is said to be a standard normal random variable. It
is customary to denote the c.d.f. of Z by ®(x). That is,

* 1 &2
O(x) = / e 2z dt.

The values of the standard c.d.f. for are given in Statistical tables.

8.3.3 Normal approximation to the Binomial

Theorem 8.5. If S,, denotes the number of successes that occur when n indepen-
dent trials, each resulting in a success with probability p, are performed, then, for

any r € R,
S, —np
Pl ——— | 2o ().
np(1l —p)

In general, this approximation is quite good when np(1 — p) > 10.

13



8.3.4 Exponentially distributed random variable

Definition 8.8. A random variable X whose probability density function is given,
for some A > 0, by
fl@) =X, 220,

is said to be an exponential random variable with parameter A [notation:

X ~ Ezp(\)].

Remark. In practice, the exponential distribution often arises as the distribution
of the amount of time until some specific event occurs.

Theorem 8.6. If X is an exponential random variable with parameter A\ then
o B(X)=3;
o Var(X) = 55;
e the c.d.f., F'is given by

0, <0
F(X) = {1—€_>‘$, x>0

Theorem 8.7. The exponential distribution satisfies the memoryless property.
That is, if X ~ Exp()\) then

PX>t+s|X >t)=P(X >s),
for all s,z > 0.

Proposition 2. The time interval T" between two consecutive Poisson occurrences
at the rate A > 0 is exponentially distributed with mean value %
8.3.5 [I'-Distributed random variable

Definition 8.9. A random variable X with p.d.f. given by

@) = s

is said to be a gamma distributed random variable with parameters («, ) [no-
tation: X ~ Gamma(a, f)].

" te7PT >0,

The function I'(«), called the Gamma function, is defined as

F(a):/ t* et dt.
0

Proposition 3.



8.3.6 x? distribution

Definition 8.10. A random variable is said to have a x? distribution with v
degrees of freedom if it is a [-distributed random variable with a = £ andf = 2,
ie.

Y ol = Y~F<g,2>.

9 Chebyshev’s theorem

Theorem 9.1. Let X be a random variable with finite mean p and variance o2

Then, for any k£ > 0, we have:

1
P(X —pu| <ko)>1- 2 equivalently

PX ~pl > ko) <
10 Bivariate probability distributions

Definition 10.1. Let (X,Y) be a random pair. We define the joint cumulative
distribution function (joint c.d.f.) of (X,Y") by

F(z,y)=P(X <2,Y <v), (z,y) € R~

Definition 10.2. Let (X,Y") be a random pair, where X and Y are both discrete
random variables. We define the joint probability mass function (joint p.m.f.)
of (X,Y) by

p(zi,y;) = P(X =3, Y = y5),  (23,;) € X () x Y(Q)
The joint p.m.f. of (X,Y) is usually given in the form of a table.

Proposition 4. The joint p.m.f. satisfies the conditions:

o p(x;,x;)) =P X =u,Y=y;) >0, VY(v;,z);

o > plai, ) = P(X =2,V =y;) = 1.
Definition 10.3. The functions

px(zi) = Zp(:ri,yj) and
j=1

py(y;) = Zp(xmyj)
i=1
are called the marginal probability mass functions of X and Y, respectively.
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Definition 10.4. The random variables X and Y are called jointly continuous if
there exists a function f(x,y) defined for z,y € R such that, for every set C' of
pairs of real numbers

P((X,Y)eC) = //( )ecf(x,y) dxdy.

The function f(x,y) is called the joint probability density function of X and
Y.
Proposition 5. The joint p.d.f. satisfies the conditions:
o f(z,y) >0 for all (z,y) € R?;
o [[po flz,y)dady = 1.
Definition 10.5. The functions

+oo

fx@) = [ fle.y)dy and
+oo

)= [ floyde

are called the marginal probability density functions of X and Y, respec-
tively.

10.1 Independent random variables

Definition 10.6. The random variables X and Y are said to be independent if,
for any two sets of real numbers A and B,

P(Xe€eAYeB)=P(X AP €B).

In other words, X and Y are independent if the events £ = {X € A} and F =
{Y € B} are independent.

Proposition 6. The equality P(X € A,Y € B) = P(X € A)P(Y € B)holds if
and only if, for all z,y € R,

P(X <zY <y =PX <z)PY <y).
In terms of the joint c.d.f. F of the random pair (X,Y), X and Y are independent
r.v.’s if

F($,y):FX<SC)Fy(y), SL’,yER.
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10.2 Conditional distribution

Definition 10.7. Let X and Y be jointly discrete random variables. It is natural
to define the conditional probability mass function of X given Y =y by

(x5, y)
py(y)

Y

pxy(wily) = P(X = 3;]Y = y) =

for all values of Y such that py(y) > 0

17



11 DRAFT 2

12 Bivariate probability distributions

12.1 Joint distribution functions

Definition 12.1. The joint cumulative distribution function (or joint c.d.f.)
of X and Y, denoted by Fxy(z,y), is the function defined by

FXYZP(XSZB,YSQ)

Remark. The event (X < z,Y < y) is equivalent to the event AU B, where A
and B are events of S defined by P(A) = Fx(x) and P(B) = Fy(y).

Definition 12.2. Two random variables X and Y are called independent if
Fxy(z,y) = Fx(2)Fy(y)

for every value of x and y.
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