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Abstract

This is KCL undergraduate module 6CCM351A, instructed by Dr. Dmitri Panov.
The formal name for this class is “Representation Theory of Finite Groups Notes”.
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1 Group representations

1.1 Definitions

Definition 1.1. A representation of G over a vector space V is a homomorphism
p:G— GL(V) ie.
p(g192) = p(g1)p(g2)
pleg) =id
plg™") = p(g)™",
for all g, 91,92 € G.

Remark 1.2. In this course V' will always be a finite-dimensional vector space, usually
C* or R*, We denote GL(V*) with GLj(V). Also, G will be a finite group.

Example 1.3. Some example of finite groups:
o C, a cyclic group of order n;
e Dy, a dihedral group 2n;
e S, a symmetric group of order n.

Example 1.4. We construct a representation of Cy; over R?. Consider the following

mapping
. 10 s 1 0
“7\o 1 70 1

2, (10 AN
& 0 1 t 0 1)

Notice that these matrices represent rotations by 7 rad of a square. This is because we
can express the group (), as the rotations of an n-gon.

Furthermore, we observe that for representation p;: there is no line in R? which is sent
to itself by all the p;(g). We call p an irreducible representation.

Definition 1.5. Let G be a group and, let K be a field. Suppose we have n-dimensional
representation of G. We say that the representation is irreducible if there is no proper
linear subspace W C K" which is invariant under all elements p(G).

Remark 1.6. By proper subspace we mean a subspace which is not trivial or the whole
space. Furthermore, by dimension of the representation we speak of the dimension of the
vector space which the representation is over.
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Example 1.7

All the matrices po(2*) have the following eigenvectors

() ()

Hence, we have two complex invariant lines: the span (v;) and the span (vy). We
can rewrite py in the basis {v1, va} of C2. Then, we obtain the group homomorphism
p2 : Cy — GL2(C). We notice that py(x)vy = ivy; and py(x) = —ivy; as such in this

basis we have

Bo(z) = v 0

PR = 0 —i)
Therefore, p, is as follows

(Lo (P00 2 (-1 0 5, (—i 0
¢~ \o 1 0 —i) T 0o —-1) * 0 i)

We say that p, and p, are equivalent representation. We observe that

« since #* = e, the eigenvalues of all matrices are fourth roots of unity and,

e p; is irreducible but, py is NOT.

Definition 1.8. Let p : G — GL(V) and 0 : G — GL, (V) be representation of G' over
V. We say that p is equivalent to o if n = m and there exists an invertible n x n matrix
T such that for all g € G

a(g) =T "p(g)T.
Example 1.9. Some more examples:

o We construct a 1-dimensional representation ps of Cy. The vector space is C and,
we have

pP3 - 04 — GLl(C) ~Cr

where
e—1, xz—i, z*— -1, 23— —i.

Note that these are precisely the top left corner entries of the matrices of ps.
o These are also 1-dimensional representations of Cy:
pa(x) = =i, ps(x) = -1 pe(z) =1

for all z € C4. We call pg the trivial representation of Cy on C.
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Example 1.10

We provide an example of a representation for the symmetric group Sy, the bijective
maps o : {1,2,3,4} — {1,2,3,4} which has 24 elements. Note that this group is
generated by the transpositions s; = (12),s2 = (23) and s3 = (34). To define the
representation of Sy it suffices to define how the generators behave:

010 100 10 -1
ssi— |1 00), sa=]00 1], s3]0 1 -1
00 1 010 00 —1

Theorem 1.11

Some facts which will be proven later in the course.

1. Let A be an abelian group. Then any representation p of A on C" has a
1-dimensional invariant subspace. Equivalently, all the matrices p(a) have a
common eigenvector.

2. The representations ps, ps, p5, pe form a complete list of all irreducible
representations of C; over complex numbers, up to equivalence.

3. Pstandard 1S a representation of Sy over C.
4. The standard representation pgiangara Of Sy defined above is irreducible.

5. Any finite group G for which all of its complex, irreducible representations are
1-dimensional must be commutative.

Definition 1.12. The group homomorphism pgig, : Sy — GL;(C) where
S1 '—>—1, 82'-)-1, 83'%-1
is called the sign representation of ;.

Remark 1.13. The sign representation divides Sy into two subsets: the even permutations
for which pgign(0) = 1 and the odd permutations for which pgign (o) = —1.

1.2 Group actions

Definition 1.14. Let X be a set and, let G be a group. An action of G on X is a map
a:GxX =X
(g,2) = g-x
such that
l. ez =xforall x € X,

2. (gh) - z=g-(h-x)forall gh € Gand x € X.

Definition 1.15. A set X together with an action G x X — X of a group is also called
a G-set.
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Example 1.16

These are examples of actions.
1. A representation p : G — GL,(K) defines an action

G xK'—= K"
(g,v) = p(g) - .

2. The symmetric group S, is the set of all bijections {1,...,n} — {1,...,n} we
can define the ‘tautological’ (obvious) action

SpxA{1,...,n} = {1,...,n}
(0,k)— o-k=0c(k).

3. Let G be any group and X any set. The trivial action, on X is the action
such that g-z =z for all g € G and x € X.

4. Let X C R? be the interior of the square with four vertices (+1,+1). The
symmetry group of this object is denoted by Dg. By definition Dg acts on X
and, the action consists of 4 rotations and 4 reflections.

Definition 1.17. A G-action on a set defines an equivalence relation on X:
x ~1y <= dg € G such that g-x =y.

The equivalence classes are called the orbits of G or the G-orbits. The orbit containing
x is denoted by G - z.

Example 1.18. We find the orbits of the previous examples.

2. There exists one orbit which contains all elements. To show this it suffices to show
that all k ~ 1, clearly (1k) -1 = k.

3. The orbits are the singleton {z} for z € X.

4. The centre (0,0) is an orbit with one element. Every point of X \ (0, 0) that lies on
an axis of symmetry belongs to an orbit of size 4. All other orbits contain 8 points.

Definition 1.19. Let G act on X. The stabiliser subgroup of an element x € X is
the subgroup of an element x € X is the subgroup

G,={9€G:g-x=uzx}
Example 1.20. We find the orbits of the previous examples.

2. The stabiliser for z = 1 is the group of permutation of {2,...,n} hence, it is
isomorphic to S,,_1.

3. The stabiliser of any z € X is the group itself.

4. We have the following;:
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o The stabiliser of the centre is Ds;

e The stabiliser on any of the axes of symmetry consists of the identity and a
reflection on an axis of symmetry which preserves the position of a given point.
Hence, this is the subgroup Zs;

o The remaining points have the stabiliser subgroup {e}.
Definition 1.21. An action of G on X is called transitive, if there is only one orbit.

That is, for any two elements x,y € X there exists a g € G such that ¢g-x = y. Then the
set X is then called a homogeneous G-set.

Example 1.22

From the examples above:
o The action defined on the G-set {1,...,n} is transitive.

o The trivial action is transitive if it acts on a singleton.

1.2.1 Five ‘universal’ examples of group actions

Before we begin, we recall the following definition.
Definition 1.23. Let GG be a group and H C G be a subgroup.
o A left coset is a subset of G of the form
gH ={gh=h e H}.
We denote the set of all left cosets by G/H
o A right coset is a subset of G of the form

Hg=1{hg:he H}.
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Example 1.24

We will present a universal set of actions which exist for any group.

1. Let G be a group and let X = G. We define the action

g-v=grg "

for g € G and x € X, we call this action by conjugation. The orbit of e is {e}.
Whereas, for an arbitrary € X the orbit is called the conjugacy class of x.

2. Let X = (G and define the action

g-T =4z,

we call this the action by left multiplication. The orbit of e is G and so
this action is transitive.

3. Let H be a subgroup of G and set X = G. Define the action on H by left
multiplication
h-x=hx

for all h € H and x € X. The orbits of this action are the right H-cosets, Hzx.

4. Similarly, we can define an action of H on X = G whose orbits are left cosets
xH. We define the action
h-z=axh™t

forall h e H and z € X.

5. Let G be a group and H be a subgroup. Let X = G/H be the set of left cosets.

Theorem 1.25

Let G be a group and H be a subgroup. Let X = G/H be the set of left cosets.
Define the action of G on X by multiplication from the left

9 90H = ggoH.

This action is transitive and the stabiliser subgroup of eH is H.

1.3 Describing an orbit of action

Definition 1.26. Let X and Y be G-sets. A map f: X — Y is called equivariant (or
a map of G-sets) if
flg-z)=g-(f(2))

forall z € X and g € G.

Definition 1.27. If f as defined above is equivariant and bijective, it called an isomor-
phism of G-sets.
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Lemma 1.28. Let X be a G-set and let x € X. Define the orbit of x by G-z = {g-z:
g € G}. Then, there is an isomorphism of G-sets

¢:G/G, — G- x
9gG, — g - x.

Proof. We must prove that the map ¢ satisfies the following.

o Well-defined. We must show the image is independent of the choice of the represen-
tative of the left coset. Suppose ¢1G, and ¢2G, represent the same coset of G, i.e.
1G5 = g2G,. As such, we can write g = goh for some h € GG,. Hence,

gl.ZUZQQhQT:gQ(hI):ng
——

xT

o Fquivariant. Let go € G. The action on G/G, is defined by ¢ - goG. = 990Ga.
Applying ¢ we have

(g (90G2)) = ¢(990Gz) = 990 - © = g - H(9oGa).

o Bijective. The map is surjective because G is transitive on the orbit of X. For
injectivity, let ¢1G, and g.G, be two cosets such that their image coincides i.e.
g1-x = g - x. We need to show that ¢:G, = ¢2G, i.e. g1 = goh for some h € G,.
Indeed, we have

gl'x:gg-xégglgl'x::c
= g,'g1=h € G,.

Corollary 1.29 (The orbit-stabiliser theorem)
If X is a G-set and z € X then we have the following

_ ol
[

|G -

Proof. By the lemma above we have |G - x| = |G/G,| and by Lagrange’s theorem we
have |G/G.| = 1<% 0
Lemma 1.30. Suppose X is a G-set, x € X and ¢g-x = y then, G, = gG,g™".
Proof. We need to prove the double inclusion of sets.
o« Proof of gG,¢g7' C G,,.
That is elements of ¢G,g~! stabilise y = ¢g - x. Suppose h € G, then
(ghg™")-y=ghglg-z=(gh)-x=g-(h-2)=g-z=y.

« Proof of g7'G,g C G,.
By the same reasoning as above we have ¢7'G,g C G, conjugating this by g we
get G, C gG.g~ .

]
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Corollary 1.31

If X is a G-set and =,y € X lie in the same orbit of G then G, and G, are isomorphic
groups.

Proof. Since x and y are in one orbit we have y = ¢ - x. By the lemma above we have
G, = gG,g~" which gives an isomorphism from G, to G,. ]

1.4 The Cauchy-Frobenius orbit counting lemma

Definition 1.32. Let X be a G-set and g € G. The set Fixx(g) of fixed points of g is
the subset of X defined by

Fixx(¢9) ={z € X : g- v ==x}.

Proposition 1.33 (Cauchy-Frobenius orbit counting lemma)
For a finite group G and a finite G-set X, the number of orbits in X is equal to

57 2 [Fixx(a)],

geG

i.e. the average number of fixed points for the elements g € G.

Proof. Denote by X/G the set of orbits.

o We first prove that the number of orbits is given by

1
| X/G| = @ZIGmI-

zeX

Firstly, assume that the action of G is transitive so, there is only one orbit |G - z| =
|X|. By the orbit-stabiliser theorem we have |X| = ASL Therefore,

|Gz|”
| 1 < |G
il al=— S =
a1 2% = 2 1%

=S

zeX

=1

o For the general case, we decompose the sum over X into a sum over orbits. The
action of GG on each orbit is transitive and so the sum over each orbit is 1.

10
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We need to show that

> [Fixx(9)] =) |Gal.

geG zeX

To do so, we need to consider the set

Z={(g,zr)eGxX:g-x=uxa}.

> IFixx(9)l =12 =) |Gl

geG rzeX

Notice that we have

(If we do a table for a group acting on a set, we notice that the LHS sums the columns
and RHS sum the rows of elements are stabilised by the G-set action). [

Example 1.34

We consider the group S,,. What is the average number of fixed points of a permu-
tation of the set X = {1,...,n}?

e When n = 2, we have two permutations, the identity and where we swap
the position of two points in space. As such, we have 0 and 2 fixed points
respectively. The average is then 2.

We can rephrase the questions as, how many numbers of orbits S, on {1,...,n}.
That is, the average number of fixed points is given by the number of orbits.

2 LAG recap

Definition 2.1. Let WW be a linear subspace of a vector space V. A complement to W
is another subspace W’ such that

e W+ W' =V and
« W W' ={0}.

Remark 2.2. WUW' is not necessarily equal to V! The word ‘complement’ has a different
meaning here from its set theoretic definition.

Remark 2.3. For any subspace W C V there is a complement.

Proof. Let {v1,...,v;} be a basis of W and complete it to a basis of V say,
{vi,..., Uk, Vk11,.-.,0n}. The span of {vki1,...,v,} is then a complement of W. O

Since the basis of a linear space is not unique it follows that the complement is not
unique.

Definition 2.4. We define the Hermitian inner product on a complex vector space
V as a function

(,):VxV—=C,
such that for any u,v,w € V and a € C it satisfies

11
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.

o {au,v) = a(u,v);

o (utw,v) = (u,0) +(w,v);
o (u,u) >0if u #=0.

Definition 2.5. On C” the standard Hermitian inner product is

Example 2.6
Suppose V' is a vector space with an inner product (either real or complex). Then
every linear subspace W has a preferred complement: the orthogonal complement.

It is denoted by W+ and defined by
t={veV:(v,w)=0forallweW}.

Where (-, ) denotes the inner product.

Definition 2.7. Let Wy,..., W, be subspaces of a vector space V. We say that V is the
internal direct sum of wy, ..., W} if every element v € V can be written in a unique

way as a sum
v=wi;+---+w, wherew; €W,

In this case we write V=W, ®--- ® W,.
Remark 2.8. Suppose V =W, & --- @& Wy and By, ..., B) are bases of Wy,..., Wy. Then
B = |_|i-c:1 B is a basis of V. Therefore,

dim(V) = dim(Wy) + - - - + dim(Wy).

Example 2.9
Let V = K" and let M be a diagonalisable n x n matrix with distinct eigenvalues

AL, ...y, Ap. Then
Kn:V)\l@'”@V)\m

where V), is the eigenspace of M corresponding to each ;.

3 Maschke’s theorem Ver 1

Definition 3.1. Let G be a group and V' be a vector space over a field K. A repre-
sentation of G on V is a group homomorphism p : G — GL(V). Any representation
p: G — GL(V) defines an action of G on V:

g-v=np(g)(v) forgeG,veV.

12
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Since p(g) is a linear map, we also have
g-(u+v)=g-u+g-v and g-(Av)=Ag-v)

for u,v € V and A € K.

Remark 3.2. We will adopt the phrase “let V' be a representation of G over K” to mean:
let V' be a vector space over K and suppose we have a specific group homomorphism
pv : G — GL(V). Furthermore, “g - v” will mean py (g)(v).

Definition 3.3. Let V be a representation of G and W be a linear subspace of V. Then
we call W and invariant subspace of V if

g-weW forallge Gand we W.

Remark 3.4. An invariant subspace W of V is also a representation of GG. Indeed, we can
take pw : G — GL(W) by pw(g9) = pv(g)|w i.e. py is restricted to W.

Definition 3.5. Let V be a representation and W be an invariant subspace. If W' is
a complement to W and W' is invariant, we call W’ an invariant complement to .
We say that V' is the direct sum of representations W and W”.

Definition 3.6. Let V' be a representation of G. We say the representation is irreducible
if the only invariant subspaces W C V are {0} and V.

Definition 3.7. Let V be a representation of G. We say the representation is completely
reducible if

LV=W&---eW,,
2. the subspaces W; are invariant and,

3. the representation of G on each W; is irreducible.

I Remark 3.8. Irreducible representation are completely reducible.

13



Francesco Chotuck 6CCM351A Representation Theory of Finite Groups Notes

Example 3.9

Let S' = {a+ib € C*: a® +b*> = 1} be the circle group. Consider its action on R?
by rotations around the z-axis. This representation

PR3 - Sl — GLg(R)

a —b 0
a+w— b a O
0 0 1
We notice the following:

o the orbits of this action are circles are parallel to the xy-plane with centres on
the z-axis, and points on the z-axis;

o the invariant subspaces are the xy-plane and the z-axis. These are complemen-
tary.

e pgrs is a completely reducible representation.

We have the decomposition R?* = RZ2GR! = {z-axis}. Both summands are irreducible
representations of S*.

Theorem 3.10 (Maschke’s Theorem V1)

Suppose G is a finite group and V is a finite-dimensional representation of G' over C
or R. Then any invariant subspace W of V' has an invariant complement 1W’.

Corollary 3.11. If G is a finite group and V' is a representation of G over C or R, then
V' is completely reducible.

Proof. We prove this by induction on n = dim(V'). By definition any one dimensional
representation is irreducible hence, it is also completely reducible. Now suppose V' has
dimension n > 1 and is not irreducible i.e. it contains a proper invariant subspace say
V1. By Maschke’s theorem we know V; has an invariant complement V5. AS such we
have V' = V; @& V5 and both Vi, V5 are representations of G. By induction V; and V5 are
completely reducible thus, V; & V5 is completely reducible. O

3.1 Counterexample

Example 3.12. Maschke’s theorem can fail for infinite groups. Let G = (Z,+) be the
infinite cyclic group with generator x. Define a representation of G' on R? by

‘k'_>1k:
px 0 1)

The vector e; = (1,0) spans an invariant subspace (i.e. the x-axis). This subspace has
no invariant complement! Indeed, any one dimensional subspace V of R? different from
span(e;) is spanned by a vector (a,1). But p(z)(a,1) = (a+1,1) € V. So, V is not
invariant.

14
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3.2 Proof of Maschke’s 1

Definition 3.13. Suppose V is a complex representation of a group G. A Hermitian
inner product (-,-) on V is called invariant, if we have

(g-v,g-w> - <U7w>
for every g € G and v,w € V.

Lemma 3.14. Suppose V is a complex representation with an invariant have a Hermitian
inner product on V. If W is an invariant subspace then the orthogonal complement W+
is an invariant complement.

Proof. Suppose v € W+,g € G and w € W. Since the inner product is invariant and
g1 W =W we have

(g-v,w) = (v,g"-w) =0.
So, g - v is orthogonal to all vectors w € W ie. g-v € W+, O

We can now prove Maschke’s theorem.

Proof of Maschke’s Theorem V1. Assume K = C (the case for R is identical). Suppose
there is an invariant Hermitian inner product on V. Then Maschke’s theorem follows
from the Lemma above: take W' as the orthogonal complement to WW. We can construct
an invariant Hermitian inner product. Taking any Hermitian inner product on V, since
G is finite we can ‘average’ to get a new inner product

1
(00w = 57 D0 0.9 )

geG

3.3 The unitary group
Definition 3.15. We define the unitary group as

Un) = {A € GL,(C): ATA = 1@} ,
where AT is the complex conjugate transpose of the matrix A, called the Hermitian

conjugate of A.

Example 3.16. The simplest example if U(1) = C* with each z € C* with ||z|| = 1. So,
we can think of U(1) as the unit circle in C.

3.3.1 An alternate definition

We can say a matrix A belongs to U(n) if and only if it preserves the standard Hermitian
inner product on C™:
<U7 w>standard = VW1 + - + UV Wy

Definition 3.17. We can reformulate the definition of the unitary group as follows:

U(n) = {A € GL,(C) : (Av, Aw)standard = (U, W)standara V0, v, w € C"}.

15
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Proof. We prove that the two definitions are equivalent. Let us write

<U7w>stand = (Ul (% N Un) . =v w.

We can restate this as
T —
(U, W)stand = v 1en 0.

Using the above definition of the inner product, for any matrix A € GL,,(C) we have
(Av, Aw)gtana = v' AT ATW.

Assume that A is a unitary matrix and so, (Av, Aw)sana = (V, W)stana- This holds if and
only if
v ATAT = v 1enw

for all v,w € C". This implies the property that

which is equivalent to ATA = ATA =1, = 1cn. O
Theorem 3.18. Unitary matrices are diagonalisable.

Proof. Let A € U(n), since C is algebraically closed then A has an eigenvalue A. Let V) be
the eigenspace. Since A preserves the standard Hermitian inner product, the orthogonal
complement W = Vi is invariant under A. It follows that A restricted to W i.e. Alw, is
also unitary. We can apply induction on this argument. ]

Proposition 3.19
Let G be a finite subgroup of GL,(C). Then G is conjugate to a subgroup of U(n).

Note 3.20. If we want to classify finite subgroups in GL,,(C) it is enough to classify finite
subgroups in U(n).

Proof. In the proof of Maschke’s theorem V1, we constructed a G-invariant Hermitian
inner product on C". We change the basis in C" to a basis which is orthonormal for the
inner product. In this new basis all elements of G are unitary matrices, and this change
of basis is given by conjugation of a matrix. Hence, G is conjugate to a subgroup of

U(n). O

Corollary 3.21
Any matrix A € GL,(C) of finite order is diagonalisable.

Proof. By the Proposition above the matrix A is conjugate to a unitary matrix, and we
know that all unitary matrices are diagonalisable. ]

16
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4 Maschke’s theorem Ver 11

Definition 4.1. Let K be a field.

o We say that K is of characteristic zero if all the elements of K : 1,1+1,1+141,...
are non-zero.

o If some of these elements is zero, then there exists a minimal prime number p such
that the sum 1+ --- + 1 = 0. We say that that the characteristic of K is p, denoted
———

p times

by char(K) = p.

Theorem 4.2 (Maschke’s theorem V2)

Let G be a finite group and K a field for which char(K) { |G|. Suppose V is a finite
dimensional representation of G over K. Then any invariant subspace of W of V' has
an invariant complement W’.

Example 4.3 (Bad example)

Consider C5 = (x | #° = €) and the field F5. Then there is a homomorphism

png,’—)GLg(Fg))
s 11
7o 1
, (12
; H<O 1)

s, (10

This has an invariant subspace which is the ‘z-axis’: think of a unit square with the
left most vertex being the origin, the bottom horizontal line is an invariant subspace.
But the other two 1-dimensional subspace given by the diagonal and the vertical line
are not invariant subspace. Maschke’s theorem does not apply here and yet.

Definition 4.4. A linear map 7 : V — V for which m o 7 = 7 is called a projection
operator.

Example 4.5. A simple projection operator is the identity map and the zero map.
Proposition 4.6. Some properties of projection operators.

1. Let m be a projection operator. Then

(a) The image of m consists of eigenvector with eigenvalue 1.

(b) We can write V' = Im(7) @ ker(m). This is because for any v € V' we can write
v=mn(v)— (v—m(v)).

Clearly, 7(v) € Im(7) and v — 7(v) € ker(m).

17
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2. Suppose W is a subspace of V. The complements W' of W are in a one-to-one
correspondence with projection operators m with image W.

Definition 4.7. Let V' and W be representations of G. A G-equivariant homomor-
phism from V' to W is a linear map ¢ : V' — W such that ¢(g-v) = g- (¢(v)).

Lemma 4.8. Let V be a representation of G and W be an invariant subspace. Suppose
7w :V — V is a G-equivariant project operator with 7(V) = W. Then W’ = ker(r) is an
invariant complemen to W.

Proof. Since 7 is a projection operator we have that V' = Im(m) @ ker(m). Take v € ker(m)
then

m(g-v) =g-m(v) =0.

We are now ready to prove Maschke’s Theorem V2.

Proof of Maschke’s Theorem V2. Choose a projection operator m with Im(xw) = W. (To
construct m we take a complement W’ to W in V and define 7 to be identical on W and
zero on W'). Define mey.v—v as follows

1 _
Tnew (V) = @ Zg' (7T(g . U)) .
geG
We show this map is indeed a projection operator. Note that

1. Im(Tyeptnew) C W. Because, W is invariant and so g - (7(g~' - v)) € W for allv € V
and g € G.

2. Thew 1S the identity on W. This is because 7 is the identity on W, and so ¢ -
(r(g7'-v)) =w for all w € W and v, g € G.

By these observations it follows that ey (Thew(v)) = Tnew(v) hence, it is a projection op-
erator on W. It is also equivariant. Hence, W/ = ker(mew) is an invariant complement
to W by the above lemma. ]

5 Permutation representations

In this section we study permutation representations which correspond to actions of G
on finite sets, or permutation of vectors of a certain basis.

Definition 5.1. Let K be a field and let X be a finite G-set. The permutation repre-
sentation of (G associated to X is constructed as follows:

1. to every x € X associate a symbol e,. Denote by K[X] the vector space of all
K-linear combinations of the symbol e,.

2. Define an action of G on K[X] by setting
g€y =€gy

and extending linearly.

18
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Example 5.2

Let Dg be the group of symmetries of an equilateral triangle. Let X = {A, B,C'} be
the set of vertices of the triangle. Clearly Dy acts on X. We now write the action as
a representation of R[X]| (the cardinality of this set is 3 since | X| = 3):

e Dy is generated by a rotation r and reflection s.
» 7 acts by rotating clockwise by 120°.
e s is a reflection that fixes A and swaps B with C.

Consider now the vector space R[X] with basis ea, ep,ec. The elements of R[X]
are linear combinations zes + yep + zec with x,y, z € R. We have that Dg acts as

follows:
r-(xea + yep + zec) = xep + yec + zea

S - (:L‘@A + yep + zec) =zey + yeo + zep.

We can identify R[X] with R by setting

ep €1
e €9

ec —r ez,

then (zes +yep+zec) — (2,9, z). So we can write the representation using matrices

prix] (1) =

O = O
= O O
— o O
O = O

1 1
0 and  pgrpx)(s) = |0
0 0

Definition 5.3. A permutation matrix is a matrix permuting the standard basis
vectors e;. It has one 1 in each row and column and all other entries are zero.

5.1 The regular representation

Definition 5.4. Consider GG as a G-set with the actio nof G' by multiplication from the
left. The regular representation of G is the permutation representation C[G| with
action g - e, = eyp,. This representation is denoted C[G]yeg-

Example 5.5. Consider a regular representation of Cy. The basis is e, e,, e,2 and e,
and the action is

1 0 00 0 0 01

o]0 100 @ oo
Pc[Cy] “lo o1 0l PClCy) “ 1o 10 ol

0 0 01 0 010

0 010 01 00

0 0 01 01 00

p(C[C4]<‘T2) - 100 01" PclCy) (x3) - 0010

01 00 1 0 00

19
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Lemma 5.6. Let K be a field. Any finite group G is isomorphic to a subgroup of GL,,(K)
for n = |G|.

Proof. Order the elements of G with g; = e. Take the isomorphism K[G] = K" that sends
eg, + eg. Then the regular representation of G' on K[G] defines a group homomorphism
preg © G — GL,(K). We want to show that this map is injective i.e. preg(g;) # len for
i > 1. We have that g; - €5, = €,.9, = €,, and so preg(gi)(€;) = €; # ey for i > 1. O

Definition 5.7. A representation V' is called faithful if py : G — GL(V) is an injective
group homomorphism.

Corollary 5.8

Any finite group is isomorphic to a subgroup of the unitary group U(n) for large
enough n.

Proof. Set n = |G| and consider C[GJ,eg. This is a permutation representation so it
preserves the standard Hermitian inner product. By the Lemma above pyes : G — U(n)
is injective. ]

Lemma 5.9

Any finite group G for which every complex irreducible representation is 1-dimensional
is abelian.

Proof. By the preceedigng lemma we may assume that G is a subgroup of GL,(C). By
Maschke’s theorem the corresponding representation of G on C" is completely reducible.
So, we can write C" =V, & --- @ V,,, where each V; is an irreducible representation of G.
By our assumption of dim(V;) = 1 it follows that m = n. Now, for any ¢ € {1,...,n} we
can choose a vector v; € V;, and construct a basis of C" i.e. {vy,...,v,}. In this basis
each ¢ is a diagonal matrix and since diagonal matrices commute it must be that G is
also commutative. ]

6 Equivalence of representation and Schur’s lemma

Note 6.1. This section is about analysing the space of G-equivariant maps between two
irreducible representations.

Definition 6.2. Let V' and W be representations of a group G over K. A linear G-
equivariant map ¢ : V. — W is called a G-equivariant homomorphism (or a homo-
morphism of representations).

Definition 6.3. Representations V' and W of GG are called equivalent or isomorphic
if there exists an isomorphism of vector spaces ¢ : V' — W which is G-equivariant.

I Remark 6.4. Recall that isomorphism establish an equicalence relation.
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Lemma 6.5. Let V and W be equivalent representations of a group GG. Then there exists
a basis {v;} of V and a bsis {w;} of W such that py(g) and py (g) are represented by the
same matrices py(9)i; = pw(9):;, for all g € G.

Proof. Consider an isomorphism of representations ¢ : V' — W. We choose a basis {v;}
for V. Define w; = ¢(v;) then, {w;} is a basis of W. Let py(g);; be the matrix for py(g)
in a basis v;. Let pw(g);; be the matrix for py (g) in a basis w;. We have the following
series of equalities:

Z pw (9)ijwi = g - w;

=g ¢(v;)
= ¢(g-v))

=¢ (Z Pv(g)z‘jvz)
= Z pv (9)ijwi.

The third equality follows from the G-equivariance. It follows that for any 4, j we have
pw(9)i5 = pv(9)i- L

Definition 6.6. Let V and W be representation of a group G over a field K. We
call V' a subrepresentation of W if there is an injective G-equivariant homomorphism
o:V=>W.

6.1 Space of linear maps and equivariant linear maps

Definition 6.7. Denoe by Mat,, ,,(K) the set of m x n matrices with entries in K. This
is a vector space mn. It has basis consistinf of matrices F; j, where E; ; the (4, j)™-entry
is 1 and all other entries equal to 0.

Example 6.8. Mat, 3 is a 6-dimensional vector space with basis
1 00 010 0 0 1 0 0O 0 00 000
00 0/’\0 O 0/’\O O 0O/)’\1 0 0/’\O 1 0)”\0 0 1/
Where we can denote in the same order the basis as {Ej 1, E1 2, E13, Ea1, By, Eas}.

Remark 6.9. An element of Mat,, ,,(K) gives us a linear map K" — K™. For general
K-vector spaces V, W we can also consider the space of linear maps ¢ : V. — W.

Definition 6.10. Let V' and W be vector spaces over a field K. The set of all linear
maps from V' to W is denoted by Hom(V,W). A linear map between vector spaces is
called a homomorphism.

Proposition 6.11
The set Hom(V, W) has the structure of a K-vector space.
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Proposition 6.12. Suppose dim(V) = n and dim(W) = m then dim(Hom(V,W)) =
mn.

Proof. Choose bases for V' and W. This associates to each map ¢ € Hom(V, W) an m xn
matrix. This is an isomorphism

Hom(V, W) = Mat,, ,,(K).
O

Definition 6.13. Let V and W be representations of G. The set of all G-equivariant
homomorphisms from V' to W is denoted

Homg(V, W) = {¢ € Homg(V, W) : ¢(g-v) = g- ¢(v) Vg € G,v € V'}.

Remark 6.14. This set is never empty as it always contains the identity map. The set
Homg(V, W) is a linear subspace of Hom(V, W).

Example 6.15. Let X = {1, 2,3} be the S5-set. Consider the corresponding permutation
representation of S3 on C[X]| = C3. We have that dim(Hom(C? C3)) =9 and

dim(Homg, (C?*, C?)) = 2.

Namely, Homg, (C*, C?) is the following subspace of Hom(C?, C?) = Mats 3(C):

S o Q

b b
a b|:a,beC
b a

6.2 Schur’s lemma

Lemma 6.16. Suppose V' is an irreducible representation of a finite group G over C.
Then Homg(V,V) = {\1y : A € C}.

I Note 6.17. This is the first half of Schur’s lemma.

Remark 6.18. This lemma does not work over R. The counterexample for this is the

representation of Cy given by x — (_01 é)

Proof. Let f:V — V be a G-equivariant homomorphism. Since C is algebraically closed,
f has an eigenvalue A. Let V) denote the corresponding eigenspace for f. We claim V) is
an invariant subspace. Indeed, take v € V) then

flg-v)=g-(f(v)) =g-(A) = Ag-v).
Therefore, g - v € V). Since V is irreducible then V), = V. So f = Aly. ]
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Theorem 6.19 (Schur’s lemma)

Let V and W be irreducible representations over C of a finite group GG. Then we have

C itv=w

Home (V, W) = {o itV W

Proof. We consider two case.

1. If V.= W then Homg(V, W) = Homg(V, V). By the lemma above it follows that
HOIIIG'(V, W) = C.

2. If V22 W. We need to show that any G-equivariant map f : V — W is zero. We
will use two claims:

(a) ker(f) is an invariant subspace of V' and Im f is an invariant subspace of W.

(b) V and W are irreducible and so they have no proper invariant subspaces.
We now consider two possibilities for ker(f).

(a) ker(f) =0. Then Im(f) C W is a non-zero invariant subspace. Hence, by (2)
Im(f) =W and V = W, which contradicts the assumption V' 22 W.
0.

(b) ker(f) # 0. Then since the kernel is an invariant subspace, by (2) we have
that ker(f) = — and f = 0 so, Homg(V, W) = 0.

]

7 Character theory

Note 7.1. The purpose of this section is to study and understand the trace of a complex
representation.

Definition 7.2. Let A:V — V be a linear map. Define the trace, tr(A), as the trace
of a the matrix corresponding to A for a given basis.

I Remark 7.3. tr(AB) = tr(BA).
I Remark 7.4. The value of the trace is independent from the choice of basis.

Note 7.5. Spoiler: two complex representation V' and W of G are isomorphic if and only
if tr(pv (9)) = tr(pv(9))-

Definition 7.6. Let V be a representation of G. The character of V' is the function

Vv G—C
g — tr(pv(g))
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7.1 Basic properties fo characters

Proposition 7.7

Let G be a finite group and V' a complex representation of G.

L. xv(ghg™") = xv(g) for all g,h € G.
2. xv(e) = dim(V).

3. xvig™) = xv(g).

Proof. We prove each statement separately.
1. pv(h) and py(ghg™"') are conjugate in GL(V) so they have the same traces.
2. py(e) is the identity map. The trace of the identity is the dimension of the space.

3. Since G is finite py(g) has finite order and so is diagonalisable by some corollary.
Choose a basis of V' which is an eigenbasis for py(g). Let Ai,..., A, be the entries
of the diagonal matrix for py(g). Sicne py(g) has finite order, for each \; we have
I\l = 1. So, \;' = A;. We conclude xy (g7 =S, A7 =Y A = xv(g)-

O
Lemma 7.8. Let V4 and V5 be isomorphic representation tehn xy, = xvs,-
Proof.

O

7.2 Characters of permutation representations

Lemma 7.9. Let C[X]| be the permutation representation of a finite group G associated
to a finite G-set X. We have that

Xepx)(9) = [Fixx ()] -

Proof. We enumerate elements of X as z1,...,z,. Let ¢ € G and let ¢ € 5, be the
permutation given by the action of g:

g Ti = To(i)-

The representation C[X]| has basis e,,, ..., €,,, which can be identified with the basis of
Cn, that is ey, ..., e,. Let A be the matrix for pc[X](g). We have that A(e;) = e, ;) thus,
the i-th columen of A is equal to the vector e,,. We conclude that a; = 1 if and only
if o(i) = 4, which implies that z; € Fixx(g). Therefore, xcix)(9) = tr(4) = >, a: =
[Fixx (g)]. O

24



Francesco Chotuck 6CCM351A Representation Theory of Finite Groups Notes

Proposition 7.10

For a finite group G the character of teh regular representation is given by

|G| if g =,

X(C[G’}(g) = {O if g # 0.

Proof. We consider two cases.
o Clearly, xcig(e) = |G| and |G| = dim(C[G]).
o If g # e we apply the lemma above.
xcial(9) = |Fixg(g)]
=Nz eG:g-z=ua}.

Since g # e then g -z # x for any x. Therefore, Fixg(g) = @.

8 External direct sums of representation

Definition 8.1. For vector spaces Vi, ..., V,, over K the (external) direct sum is defined
to be the vector space of ‘tuples’

Vi@V, {(vi,...,u,) 0, €V;Vie N\{0}}.
The dimension of the external sum is ), dim(V;).

Definition 8.2. Let Vi, ..., V, be representations of a group G over a field K. The direct
sum representation is the representation py of G on the vector space V=V, ®---V,
defined by

pv(9)((v1,- .. on)) = (pva(g)(ve), - - pvi(9) (0n))

=(g-v1,...,9" V).

Example 8.3. Let C, be the infinite cyclic group, generated by g. Let p1, po, p3 be
representations of C, on R with p;(g)A;. The direct sum of the representations pi, p2, p3
is a representation of Cy, on R? = R @ R @ R. The element g acts on by the following
matrix

A 000
pra(g) =1 0 A2 0
0 0 X3

Definition 8.4. Let A; : V; — W, be linear maps between K-vector spaces for i € N\ {0}.
We define the following linear map

A=A4¢---0A, V1V, =>Wid---aW,
(’017...,1}”)'—)(Al(Ul),...,An(Un>),
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Example 8.5. Let 4; : K® — K? and 4, : K? — K2 where

2 1 4 1 2
A= (3 2 1) and <3 4) '
Then K? @ K2 = K5 and K2 @ K2 =~ K* and A, ® A, is given by the 4 x 5 matrix

21400

1
AL @ Ay 0
0

o O W
S O N
w = O
N O

Example 8.6
Let V=V & ---V,, for any g the linear map

pv - V-V
pv(9) = pvig) @ - @ pv,(9).

Lemma 8.7

Suppose Vi,...V,, are representations of G with characters xv,,...,xy,. Then the
direct sum representation Vi @ --- @ V,, has character given by

XVi@-eV, = X\ T+ XV,-

I Remark 8.8. We cannot have xy;, = —xv, for xv,¢1, = 0 since xy (e) = dim(V).

Proof. Choose a basis in V' =V, @& - - - V;, where the first dim(V}) vectors belong to V; and
so on. Then the matrix py(g) is block diagonal and each block is given by the matrix

pvi(g). Therefore, tr(pv(g)) = >, tr(pv;(9))- O

9 The dual representation

Lemma 9.1. The map
GL,(K) — GL,(K)

A (AH7

is a homomorphism.

Note 9.2. By this lemma, for any representation p : G — GL,(K) one can define a new
representations. We do this by replacing each matrix p(g) by its inverse transpose.

Definition 9.3. For a K-vector space V', the dual vector space V* is defined as

V* = Hom(V,K)
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I Remark 9.4. V* is the vector space of all linear maps V — K.

Definition 9.5. Suppose V is a K-vector space with basis {vy,...,v,}. The basis for
the dual vector space V* has basis {v],...,v}} where v € Hom(V,K) is the linear map

* — .
(% < E ZjUj) = Z;
J

where z; € K.

Example 9.6

Let {ey,...,e,} be the standard basis C". The dual basis (C")" is denoted dy, .. ., d,.
We present e; as column vectors and J; as row vectors.

9.1 Definition of dual representation

Definition 9.7. Let py : G — GL(V') be a representation of a group GG on V. The dual
representation is given by

ovelg) : V= =V
¢ popy(g).

Lemma 9.8
Let pcn(g) = Ay € GL,(C) be a representation. Then in terms of the dual basis to

the standard basis of C" we have pcn)-(g) = (A;l)T.

Corollary 9.9. Let V' be a complex representation of a finite groyo G. The character of
the dual representation V* satisfies

xv+(9) = xv(9)

for all g € G.

10 The orthogonality fo characters

Definition 10.1. Let Fun(G, C) be the set of all functions G — C.

Proposition 10.2. The set Fun(G,C) is a vector space, with the usual addition (f; +
f2)(9) = fi(g) + fa(g).

Proposition 10.3. We have that Fun(G, C) = C[G]. The isomorphism is given by
¢ : Fun(G,C) — C[G]
[ Z f(g)eg-

geG
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Definition 10.4. We will denote by d, the fucntion that has value 1 on g and 0 on all
other elements of G. Furthermore, ¢(d,) = e, € C[G].

Proposition 10.5. The functions ¢, form a basis for Fun(G, C).

Definition 10.6. We define the Hermitian inner product on Fun(G, C). In the basis
0y we set

1 e
(6, 00) — el ifg=nh
0 ifg#h

for g, h € G.
Corollary 10.7. By this definition it follows that

(fr, f2) = <Zf1 5g,2f2 >
|Zf1 f2

geG
for f1, f2 € Fun(G, C).

Definition 10.8. An element f € Fun(G, C) is called a class function if it is constant on
conjugacy classes. The space of all such function is called the space of class functions
and is denoted by

Ce = {f € Fun(G,C) | f(ghg™") = f(h) for all g,h € G} .

Proposition 10.9. The space Cq is a linear subsapce of Fun(G, C); the Hermitian inner
product of Fun(G,C) gives rise to a Hermitian inner product Cs given by the same
formula.

Lemma 10.10

The dimension dim (Cg) is equal to the number of conjugacy classes in G.

Proof. Let C1,...,Cx be the conjugacy classes of G and let

1 if Ci,
501‘ cg = 1 g€
0 ifgé¢d;.

The functions ¢y, . . ., d¢, are linearly independent and span Cg so they form a basis. [

10.1 The main result of character theory

Theorem 10.11 (Orthogonality of characters)

Let G be a finite group, and suppose V and W are irreducible representations of G
over C. Then
1 if V2 W as representations

<XV7XW> = {

0 if V22 W as representations
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Example 10.12

11 Application of orthogonality of characters

Corollary 11.1

Let G be a finite group and let N be the number of conjugacy classes in G. The group
G has at most N distinct equivalence calsses of irreducible complex representations.

Note 11.2. We can find at most N irreducible representations which are not isomorphic
to each other.

Proof. Let Vi, ..., V,, be pairwise non-isomorphic complex irreducible representations of
G. By the theorem above xv,, ..., Xy, are orthonormal vectors in the vector space Cg.
By some lemma we know that dim(Cs) = N. Furthermore, these vectors are linearly
independent thus, m < dim(Cg) = N. O

Example 11.3

Let us apply this corollary to the group Ss. First, we notice that S has 3 conjugacy
classes, given by [e],[(12)] and [(123)]. In the previous example we constructed 3
irreducible representations of S3: the trivial, standard and sign representations. Since
the standard representation is of dimension 2 it cannot be isomorphic to the other
representations since they are of dimension 1. To prove the remaining representations
are not isomorphic we check the character of the representation: if they are isomorphic
then they have the same character.

11.1 Construction of character table

For any finite group we acn write its irreducible characters in a ta ble. In this table we:
e keep only one column per conjugacy class;

o write the number of elements in the conjugacy class in a new top row.

Example 11.4
The following is the character table of Ss.

# elements in conj class | 1 | 3 2
conjugacy class rep ¢ in S | e | (12) | (123)
Xtriv L1 1
Xsign 1] -1 1
Xstand 2|1 0 —1
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11.2 Criterion for irreducibility of a representation

Proposition 11.5

Let W be a complex representation of a finite group G. If (xw, xw) = 1 then W is
irreducible.

Proof. For the sake of contradiction, suppose W is not irreducible. By Maschke’s theorem
we can write W as the direct sum of irreducible representations say;,

W=W,® - &W,

for some m > 1. By the orthogonality of characters we have that

L= (xw, xw) <ZXW372XW>
= (wys xm)

J.k=1

> Z XW; 7XW
7j=1

[
s

Therefore, m = 1 which is a contradiction. ]

Definition 11.6. If x € Cs is the character of an irreducible representation then, we call
x and irreducible character.

11.3 Mutliplicity of irreducible subrepresentations

Let W be a complex representation of a finite group G and let V' be a complex irreducible
representation of G. In this section we investigate the meaning of (xv, xw ).
If we decompose W in a sum of irreducible representations W = Wy &- - -@&W,,,. Then,
Xw = >_; Xw; thus,
(Xv, xw) = Z(XV,XW)-
We deduce that by the orthogonality of characters this is the number of summands W;
isomorphic to V.

Definition 11.7. Let V be an irreducible complex representation of GG, and let W be an
arbitrary complex representation. The multiplicity of V' in W is defined to be (xv, xw)-

Lemma 11.8

Suppose Vi, ..., V,, is a maximal list of non-isomorphic complex irreducible represen-
tations of GG. Let W be any complex representation of G then we have that

wevi---VieVed VoV, -V,
—_—— —

mi m2

where the number of summands V; is given by m; = (xv,, xw)-
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Proof. By Maschke’s theorem we know that W is indeed isomorphic to the given direct
sum. But by the orthogonality of characters we have that m; = (xv,, xw)- ]

Corollary 11.9

If two complex representations W and W’ of a finite group have the same character
then W and W' are isomorphic.

Proof. By Maschke’s theorem we can decompose W and W into direct sums of irreducible
representations. We have that m; = (xv,, xw) = (Xv;, xw)- O

12 Multiplicities in permutation representation and
the regular representation

Proposition 12.1. Let G be a finite group and X a finite G-set. The multiplicity of the
trivial representation in C[X] is equal to the number of G-orbits in X.

Proof. By the definition of multiplicity,

1
(Xtrivial, XC[X]) = @l Z Xtrivial (9) Xc[x](9)
geG

= 1/G]Y [Fixx(g)].

geG

The second equality uses that ygivia(g) = 1 and the formula for the character of a
permutation representation. By the orbit-counting lemma we have that the last equality
is precisely, the number of G-orbits. ]

Corollary 12.2

The multiplicity of the trivial representation in the regular representation C[G] is
one.

Proof. The action of G on X = G by left multiplication has one orbit. The statement
follows from the proposition above. O

Proposition 12.3

Suppsoe V' is any complex irreducible representation of G then the multiplicity of V'
in C[G] is equal to dim¢(V).

Proof. Recall that xcig)(e) = |G| and xcig)(g) = 0 for g # e. We calculate the multiplicity
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of V in C[G]: 1
(v xeen) = 11 > xv(9)xee (9)

geG

L (w(©)[G)+0)

Nl

= xv(e)

]

Corollary 12.4. Suppose that V;,..., V) is a maximal list of non-isomorphic complex
irreducible representations of G. Let n; = dim(V;) thne we have that

k
Xc[a :ZH—FZ'XVZ, and |G| = an
i=1 i

Proof. By the proposition above the multiplicity of V; in C[G] is n; = dim(V;) and since
C[G] is a sume of V; we have that xciq = S nixy,. We write |G| = xcia(e) =

S nixvi(e) = in. H

13 One dimensional characters

Proposition 13.1. One dimensional representations over K of any group G form a group.
Proof. We check the group axioms.

o The multiplication on this group is defined by the composition of representations.
That is, if p; : G — K* and ps : G — K* are 1-dimensional representations of G
acting K their product is p(g) = p1(g) o p2(g).

o The identity element is given by piivial-
o« The inverse of p is given by p~1.

O

Remark 13.2. This is only valid in one dimensional representations because, we require
the multiplication we have defined to be a homomorphism, which requires the representa-
tions to commute. This is only possible if the representations are one dimensional as then
they are elements of K*.
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Example 13.3

We construct the character table of the cyclic group Cy. There are four complex
irreducible representation of one dimension. They are given by

pi(z) =1 pi(z) =i ps3(z)=-1 pa(z)=—i.

The following is the character table.

# elmts in conj class | 1 | 1 1 1
representative o e| x | 2° | o3

X o 171 1 1

X o1 11 ¢ | -1 —2
Xp2 1{-1]11 (-1

Voo 1| —2 | -1 ¢

We know compute a few elements of the group of representations of Cj.

PopP2 = P2
P1p2 = P3P3P3  P2-

We have obtained the following by only considering how they act on x. We notice
that we have p3p3 = p343 (mod 4) = P2

Furthermore, we can see this multiplication from the character table, for example
pip2 = p3 is equivalent to multiplying the rows x,, and x,, element wise and we
obtain the row x,,.

Proposition 13.4

The group C,, has n irreducible 1-dimensional representations py with
ke {0,1...,n— 1} such that

2mik/n 2mikl/n

pr(@) = 2 and  py(at) = e

Furthermore we have that
pklpkz — pk1+k2 (mod n)a

which precisely corresponds to multiplying the row kg with the row ko to obtain the
row ki + ko (mod n) in the character table of C,.

13.1 Product with a one-dimensional character

Lemma 13.5

Suppose V' and W are complex representations of a finite group GG and assume that
W is 1-dimensional. Then

1. The product xwxy defined by (xwxv)(9) = xw(g)xv(g) is a character.

2. It V is irreducible then yy xy is an irreducible character.
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Proof. We prove each statement in turn.

1. We construct a representation p with character xw xy.

Since W is one dimensional we have that W = C furthermore, pw (f) : W — W is
multiplication by a complex number A\, € C*. We define

p:G— GL(V)
g = Agpv(9)-

We hava that p(g) is a group homomorphism because Ay, 4, = Ag Ay, The character
of this representation is given by pz(g) = Agxv(9) = xXwXxv-

2. We now prove p is irreducible. By some proposition we only need to check that
<Xﬁ? X;7> =L

O

14 The character table of S,

We recall the conjugacy classes in S;. They correspond to types of cycles, since elements
in the conjugacy class must be of the same cycle lenght, and there are five different types
of cycles:

1. Caaaay = {e} of order 1,

2. Coany = {(12), (13), (14),(23), (34)} of order (3) =6,

3. Cray = {(12)(34), (13)(24), (14)(23)} of order 1(3) = 3,

4. Cizay = {(123), (213), (124), (214), (134), (314), (234), (324)} of order 2(3) =8,
5. Cuy = {(1234), (2134), (3214), (2314), (3124)} of order & = 6.

We construct the character table of the representations of S;. The representation is
a trivial row, next the sign representation takes odd permutations to —1 and even to 1.
The standard representation is constructed by considering the set X = {1,2,3,4}. Then
PCIX] = Pstandard D Prrivial ThUS, Xstandard = XC[x] = Xtrivial- 90 We should take the difference
(4,2,0,1,0) — (1,1,1,1,1).

We saw that multiplying a 1-dimensional representation with another representation
gives us a new irreducible representation. We only consider the representation correspond-
ing to XsignXstandard BY some corollary the sum of squares of dimensions of all irreducible
representation is 24 but

24>12+12+32+32=20

so, so there should be at least one more irreducible representation. The number of
different irreducible representation < the number of conjugacy classes which are 5. We
already have 4 so we should have one more. The dimension of this representation is given
by v24 — 20 = 2.

In conclusion, the character table is given by:
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# eltsin conjclass |1 6 3 8 6
representative o | e (12) (12)(34) (123) (1234)
Xoriv 1 I I 1
Xsign 1 -1 1 1 -1
Xstand 3 1 -1 0 -1
Xstand * Xsign 3 -1 —1 0 1
Xmissing 2 0 2 -1 0

15 The standard representation of the symmetric group

Sn

Note 15.1. In this section we define the ‘standard representation’ of S;,, and show that it
is irreducible.

Definition 15.2. Consider the tautological action of S, on X = {1,...,n}. Let C[X]

be the associated permutation representation acting on C". We have that C™ has an
(n — 1)-dimensional invariant subspace, defined by

Vvstandard = {(l‘l, R ,JTn) eC": Z[El = O} .
=1

The representation of .S,, on Viiandara is called the standard representation of S,,. We
Write pPstandard for the group homomorphism S,, — GL (Vitandard)-

Lemma 15.3

The character of the standard representation Viiandgara 0f S, is given by

Xstandard (0) = # {fixed points of 0} — 1

for all 0 € .9,,.

Proof. We can decompose the representation C* = C[X] as C" = Viandard @ Virivial-
Indeed, ((1,...,1)) = Vivia which is invariant. Furthermore, Viiangara N Viriviat = 0. So,
XCr = Xstandard T Xtrivial and we are done since Yyivial(0) = 1 and by some lemam we have
that xcn(0) = # {fixed points of o}. O

We now prove that Ystandara 1S irreducible.

Definition 15.4. Let X be a GG-set. The diagonal action of G on X x X is the action
given by - (z,2') = (g 2,9 - ')

Lemma 15.5. Let X be a G-set and C[X] be the associated representation. Consider
the diagonal action of G on X x X. Then

<X\CC[X]7 X(C[X}> = # {G-orbits in X x X}.

Proof. By some lemma we have that xcxj(g) = # [Fixx(g)]. Using the orbit couting
lemma we prove the statement. ]
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Corollary 15.6

The standard representation of .S, is irreducible.

Proof. Tt suffices to show that (Xstandard, Xstandara) = 1. Let X be the S,-set X =
{1,2,...,n}. Then Xgandard = Xc[x] — Xtriviat Dy the definition of pgadara. So,

<Xstandard7 Xstandard> = <X(C[X] — Xtrivial, XC[X] — Xtrivial)
= <X<C[X], X(C[X}) - 2<Xtrivia17 XC[X]> + <Xtrivial; Xtrivial>-

Clearly, (Xtrivial, Xtrivial) = 1. Next (Xrivial; Xc[x]) = 1 by some proposition since S,, has
one orbit in X. By some lemma

(xcix)s Xepx)) = # {Sn-orbits in {(4,7) : 4,7 =1,...,n}}.
Note that there are two S,-orbits in {(¢,7) : 4,7 =1,...,n}:
1. the set of pairs (¢, j) is an orbit;
2. the set of pairs (i, 7) iwth i # j is the second orbit.

So <Xstandard7 Xstandard> =2-241=1 ]

16 Proof of the orthogonality of characters theorem

Lemma 16.1. The projection operator 7 satisfies tr(7) = (xw, xv)-
Proof. We denote the action of g € G on Hom(V, W) as prom(v,w)(g). Then
1
tr(m) = €] Z tr (PHom(v,w) (9)) -

geG

By some lemma from above we knwo that tr(promv,w)(9)) = xv(9)xw(g). Using this we
have

tr(m) = |_C1¥| Z tr(pHom(V,W) (9))

geG

= |—(1;| ZXV—(Q)XW(Q)

geG
= (xw,Xv)-

We now prove the orthogonality theorem.

Proof. By some lemma we can write dim ((Hom)g(V,W)) = tr(r) and by the lemma
above we have tjat tr(m) = (xw, xv)- O
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17 The character table is square

Theorem 17.1 (The character table is square)

Let GG be a finite group. Then the irreducible characters of G form a basis of Cg.

In particular the number of equivalence classes of irreducible representations of
G over C equals to the number of conjugacy classes of G. We denote these numbers
by M and N respectively.

I Remark 17.2. In fact N = dim(Cg).

17.1 Shorter proof of the square table theorem

Idea of proof. To each class function ¢ on G associate an equivariant operator in any
representation V' of G. Apply this to the regular representation on G.

Lemma 17.3. Let p : G — GL(V) be a complex representation and take ¢ € Cu. Let

T:V =V be
—1
|Z¢’

geG
Then

1. T € Endg(V) i.e. T is an equivariant operator and,
2. tr(T) = (¢, xp)-
Proof. We prove each statement in turn.

1. To prove this it suffices to show p(gl)Tp(gl_l) =T for all g; € G. We compute this

geG
| Zgb gl lh gl ( )
heG
= T’

where h = g1gg; ' and the last equality uses ¢ € Cq.

2. We compute the trace:

<|G|Z¢ ) ) |G|Z¢> (97" )x0(9)

geG geq

Zfb xalg )

geG

Zaﬁ 9)xp(9)

geG

= <¢a Xp>a

using the fact that x,(g) = x,(97%).
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]

Proof of square theorem. By the orthogonality of characters theorem we know that the
characters are orthonormal in Cg thus, M < N = dim(Cg). We need to show that M = N
i.e. irreducible characters span Cg.

If this was not the case, there woudl be a non-zero ¢ € Cg orthogonal to all irre-
ducible characters. It suffices to show that if ¢ € C¢ and (¢, x,) = 0 for any irreducible
representation p then ¢ = 0.

We claim that for any irreducible representation p we have

&7 2 ol
gEG

By soem lemma this operator is equivariant and has trace (¢, x,) = 0. Hence, it is zero
by Schur’s lemma. We apply this to the case when p = R is the regular representation.

Then
0= Tr(e1) Z¢ ) (e1)
|G| =
Yo
e =
Hence, ¢(g~!) =0 for all g € G i.e. g = 0. O

Note 17.4. The equality holds for any representation p, since any representation is the a
direct sum of irreducible representations.

18 The Tensor product

Definition 18.1. The tensor product V ® W of two K-vector space V and W is the
vector space spanned by elements v ® w labelled by pairs of vectors v € V and w € W,
modulo the following relations which hold for all A € K;v € V and w € W:

(V1 +v2) W =0v; QW+ V3 @ W
VR (wy +wsy) =v @ w +v R we
(M) @w=1v® (Aw) = A(v @ w).

Remark 18.2. Formally, V ® W is the quotient of the vector space with basis v ® w by
the subspace spanned by the differences of left and right-hand sides of the above identities.

Definition 18.3. An element of the form v ® w is called a pure tensor.

Example 18.4

Consider the tensor product in C?> ® C2. The pure tensor in this space is of the
following form
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Proposition 18.5

If {v;} is a basis of V and {w;} is a basis of W, then {v; ® w;} is a basis of V @ W.
In particular, dim(V @ W) = dim(V') dim(W).

Proof. We prove the following.

e v ®@w; span V@ W. Indeed, V' ® W is spanned by pure tensor v ® w by definition.
At the same time, if
v = Z x;v; andw = Z Yjw;
( J

then v ®@ w = Zij iviyj(vz‘ ® wj)-

« v; ® w; are linearly independent. It is enough to find dim(V') dim (W) linear maps
(or functions) L;; : V @ W — K such that

We define L;; ((x1v1 + -+ + ,0,) @ (y1wy + -+ - YWy,)) = x;y;. Thsi maps equal
the values of each of the identities in the definition of the tensor product. So it is
a well-defined linear map.

]

18.1 Tensor products of linear maps

Definition 18.6. Suppose Vi, Vo, Wi, Wy are linear maps over K. Now suppose A : V; —
Wy and B : Vo — Wy are linear maps. Then, the tensor product of the linear maps
A and B is the linear map

ARB: ViV, = W, W,
(A® B)(v; ® vg) = A(v1) ® B(vs)

which extend linearly.

18.2 Symmetric and anti-symmetric tensor squares.

Note 18.7. Let V be an n-dimensional vector space over K. Then dim(V ® V) = n2. We

can write
9 nn+1) n(n-1)
n == .

2 * 2
In this section we study the decomposition of this space with the dimensions as above.

I Remark 18.8. We will assume the characteristic of the field K is not equal to 2.
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Definition 18.9. Let V' be a vector space over K where char(K) # 2. We define the
following linear automorphism

T VeV VeV
VRV v ® 0.

The symmetric tensor square is a linear subspace
SV={weVeV . r(w)=w}CcVaV.
The anti-symmetric tensor square is the linear subspace

ANV =VAV={weVeV:rw=-wcVaV.

Remark 18.10. If the characteristic of K is 2 then these two spaces are the same as 1 = —1
in such fields.

Example 18.11
Consider C? with the basis {e1, es} then

S?C? = (e; ®ep, 60 ® ez, 1 ey + 3 ® ey
which is a 3-dimensional subsapce of C2 ® C?. Whereas,
ANC*=(e;®ex —ea®ey)c

which is 1-dimensional.

Definition 18.12. Let v,w € V we define a new notation for elements of V ® V:
1
vw = §(U®w+w®v) € S*V,

1
v/\wzﬁ(v@)w—w@)v)el\z‘[

Proposition 18.13
We have taht

o VW = WU,
e VAW = —w A,
e Vv =v®uv and

e vAv=0.

Example 18.14. In these new notations we have

S*C? = (e1e9, €26, €160)c  and  A’C* = (e1 A e)c.
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Lemma 18.15
If {vy,...,v,} is a basis of V, then

{viv; : 1 <i<j<n} is a basis of S?V

and
{vi ANvj:1<i<j<n} is a basis of A%V,

Therefore,
@ and dim A%V = w

Moreover, we have a direct sum decomposition

dim S?V =

VeV =S5WaAV.

Remark 18.16. Since 72 = 1 we have a representation p of Sy on V ® V, p(12) = 7. This

n(n—1)
2

q q 1 _.Q 9 q
representation is a sum of % trivial and sign representations.

Proof. Consider the set
{viv; : 1 <i<j<n}U{v,Av;:1<i<j<n}.

The elements of these set span V®V because v; @v; = v;v;4+v;Av;. Since dim(V@V) = n?
then this is a basis of V' ® V. Hence,

VOV =(uw:1<i<j<nx®iAv:1<i<j<n)k.

Since S*V contains the first summand and A?V contains the second we have that dim(S?V)+
dim(A?V) > n?. However, S?V N A?V = 0 because T is equal to 1 on S*V and to —1 on
A?V. So the two summands ofV ® V coincide with S?V and A*V. O

Remark 18.17. We have used the fact that if U,V € W and UNV = & then dimU +
dimV < dimW.

18.3 Tensor products of representations

Definition 18.18. Suppose A : V — V is a linear map. Then the map A A : VRV —
V @V sends A’V to A2V and S?V to S?V. The first map is denoted by A?(A) and the
second is denoted S?(A).

Proposition 18.19
We have that

and
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Definition 18.20. Let V and W be representations of G. Then G is acting on V @ W
by setting

g-(WRw)=g-v@g-w,
and extending linearly. This representation is called the tensor product of represen-
tations V and W and is denoted V ® W.

Definition 18.21. Let V be a representation of G. Then the representation V ® V is
called the tensor square of V.

Example 18.22
Let V be a representation of G, Take v Aw € VAV CV ® V. Then

1

7-0rw) =g (Fesu-wav)

1
=?w®w—w®w)

=guAgw eV AV.

Similarly, g - (vw) = (g - v)(g - w). We conclude that S?V and A%V are inavariant
subsapces of the representation V ® V.

Definition 18.23. The representations S?V and A%V of G are called symmetric and
anti-symmetric representations squares of the representation V.

Proposition 18.24 (Character formulas)

Consider C and let V' and W be representations of a group G. The characters of
V @ W, 52V and A%V are given by

XV®W(9) = XV(Q)XW(Q),

X2 (9) = 5 (e (9)? + xv (),

X = 5w (6" ~ xv(e)

Proof. Fix an element g € G.

1. To compute xyvegw(g) we will choose a basis in V @ W and find tr(pyew(g)). We
choose a basis ej,...,e, in V and a basis €},..., e/, in W for which py(g) an
¢)
)

o,

pv(g) are diagonal. Thus, we can assume that py(g)(e;) = Aie; and pw (g)(€]
pje;. It is clear from the definition that e; ® € is an eigenbasis for pygw(g) as

pvew(g)(e; @ €}) = Aipj(e; ® €)). We conclude that

Xvew(g) = Z ity = (Z /\i) <Z Mj) = xv(9)xw(9)
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2. We do the same for A*V. This time the basis is ¢; Ae; for 1 <i < j <m so
1 ’ 1
2 2 2

3. The character xs2y(g) can be deduced by observing that xvegy = Xs2v + Xa2v-
O

19 Induction and restriction

19.1 Restriction

Definition 19.1. Let V be a representation of G and let H be a subgroup of G. The
restriction ResgV of V to H is defined to be the representation of H given by restricting
the map py : G — GL(V) to H.

Proposition 19.2. We have that dim Res%V = dim(V) and Xresév (R) = xv (h) for all
h e H.

I Remark 19.3.

Example 19.4

Let G = S3 and H = {e, (12)}. Let x1, x2, X3 be irreducible characters in Ss i.e. the
trivial, sign and standard representations. Let 1,5 be the characters in Sy where &,
is the trivial character and e, is the sign character. Then

Res§;(x1) = &1,
RGSE(M) = &2,
Resg(X?,) = €1+ €9,

so the matrix for the linear map C; — Cy in these bases is
1 01
011/

19.2 Induced representation

Note 19.5. Induction is a method to construct new representations. For any group, we
have the regular representation, which contains every irreducible representation.

Definition 19.6. Let H C G be a subgroup and let V' be a representation of H. The
induced representation Ind%V of G is the subspace of Maps(G, V),

dGV ={f:G—=V:flah)=h-f(z),h€ HzeG}
with the action (g - f)(z) = f(g'z).
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19.3 The character of the induced representations

Theorem 19.7

Let H be a subgroup of a finite group G and let V' be a representation of H. Then
the following formula holds.

XIndgV(g) = Z xv(z™ gx).
cH|grH=xH

Note 19.8. By zH | grH = xH we mean that we sum over the left cosets such which are
stabilised by g.

Remark 19.9. We have the following.

1. The condition grH = zH implies 2 'gx € H hence, yy(z 'gz) is well-defined
independent of the choice of x € zH.

2. If no conjugate of g lies in H then xlndgv(g) = 0 because gxH # xH for all .

Example 19.10

How to find dim(Ind§V) = Xmag v (€). Now using the formula from the theorem we

have
Z xv(z™lz) = Z xv(e)
cHlexH=xH xH
G| .
= —dimV.
| H

19.4 Frobenius reciprocity

Definition 19.11. Let H C G be a subgroup and let ¢ be a class function of H. Denote
by 1 of 1) to G by zero. Define

49(g) = Ind§ (4(g)) = ﬁ S (e lgn).

zeG

Note 19.12. By extending to 0 we mean that everything that is outside of H is mapped
to 0. Thus, ¢ extends to the whole of G and any input that is not from H is mapped to 0.

Lemma 19.13. We have that
1. Ind%(1(G)) is a class function on G;

2. we have the following equality Ind% (1(g)) = D oHlguH—aH Yz~ tgx) .
Proof. ]
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Theorem 19.14 (Frobenius reciprocity)

Let W be a complex representation of a finite group G and let V' be a complex
representation of a subgroup H of G. Then we have

<XW7 XIndgV>G = <XRes§IW7 XV>H
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Appendix
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