Introductory Quantum Theory Notes

Francesco Chotuck

Abstract

This is KCL undergraduate module 5CCM234A, instructed by Dr Petr Kravchuk.

The formal name for this class is “Introductory Quantum Theory”.
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1 The wave function

1.1 The Schrodinger equation

Definition 1.1. The ‘position’ of a particle is determined by the complex-valued function
U(z,t), called the wave function.

Note 1.2. We can think of ¥(z,t) as the analogous to the position of a particle in classical
dynamics given by x(t).

Theorem 1.3. Since ¥ € C we can write ]\I!\Q = U*W where U* is the complex conjugate
of U.
Definition 1.4. We define a fundamental quantity

h

T o

h

where h is the Planck’s constant. It has units Js

Theorem 1.5

We obtain the wave function from solving the (time-dependent) Schrédinger equa-
tion:
0 n* o2

where U(z) is the potential energy function of the particle.

U(x,t) + U(z)¥(z,t),

Remark 1.6. The equation above is for a particle moving in one direction (the z-axis) but
this holds for a particle moving in R? by changing = + @ (or sometimes written ).

Note 1.7. Recall the total energy of a particle in motion in a dynamical system is given

by
2

D
E = — 1/ -]7

Therefore, we can think of the Schrodinger equation as describing the total energy of the
system:

zhg\ll(:c t) = —ﬁﬁ\li(:v t)+U (2)¥(z,t)
ot T 2m Ox? ’ T
Ev 22 g

2m

Remark 1.8. If the particle in motion does not have any potential energy the Schrodinger
equation can be adjusted by removing the ‘potential energy’ term i.e. the U(z) term.
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1.2 Statistical interpretation of the wave function

Theorem 1.9

The probability density of a wave function is given by

|U(z,t)|” dz = {probability of finding the particle between x and (z-+dz), at time ¢}

1\|ly|2

Suppose the graph a wave function is as the one above. The particle would be rel-
atively likely to be found near A, and unlikely to be found near B. The shaded area
represents the probability of finding the particle in the range dzx.

1.2.1 Normalisation

Theorem 1.10

/:\\p(x,t)\? _ 1

‘ Remark 1.11. This is a required condition otherwise all the statistical interpretation of

the wave function would be nonsense.

Corollary 1.12. The value

b
/ | (z,t)|* dz = {probability of finding the particle between a and b, at time t}

Definition 1.13. The process of altering the wave function such that it satisfies the
theorem above is called normalisation of the wave function.

Remark 1.14. If ¥ is a solution to the Schrodinger equation then so is AV where A € C
is a scalar. Thus, to normalise a wave function we multiply by a complex scalar which
makes the integral equal to 1.

Definition 1.15. Solution to the Schrodinger equation with integral of |¥|” is infinite or
when ¥ = 0 are said to be non-normalisable solutions.



Francesco Chotuck 5CCM234A Introductory Quantum Theory

I Note 1.16. Physically these solutions cannot exist so, they must be rejected.

Theorem 1.17
If the integral

/_OO U (2, 1) da

o0

is finite then the wave function ¥ can be normalised.

1.3 Operators and expected values

Definition 1.18. A linear operator O ) is a rule that takes a wave function W and produces
a new wave function that we denote OW. Linearity means that it satisfies the property

(/9\ (04\1’1 + 5\1’2) = O./@\I/l + 56\112

Remark 1.19. Linear operators in this module are defined O : V — V where V is the
vector space of complex-valued functions.

~ o~

Theorem 1.20. The notation O; O, means composition of linear operators i.e. (0105)(z) =

O1(0s()).
Definition 1.21. The linear operator of position, 7, for a fixed time ¢ is defined as

Remark 1.22. This is terrible notation. The operator, T, is acting on the function ¥ and
yields a new function (z ¥). We can think of (z ¥) as a function f. Therefore, f acting on
x, written f(x), in this notation is written as (Z ¥)(x).

I Note 1.23. Think of it as @(function) = function.

Definition 1.24. The linear operator of momentum, p, for a fixed time ¢ is defined
as

N . 0
(pV¥)(x) = —zhglll(x).

Theorem 1.25

If ¥ is normalised then the expectation value of a general linear operator (5, at a
fixed time ¢ is given by

(0) = /_ h U (2)(O0)(x) da.

o0
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Definition 1.26. For a particle in a normalised state ¥, the expectation value of the
position, x, for a fixed time  is

@ = [ alv@i

—00
[e.9]

_ / T (2) 2 U () da.

—00

Definition 1.27. For a particle in a normalised state ¥, the expectation value the
momentum, p, for a fixed time t is

(p) = /_ : U () (—ih%\ﬂ(:z:)) dz

_ i /_ Z () (a%\lf(x)) dz.

Theorem 1.28

For a general operator O acting on T we have

(O@)T)(y) = O(y)T(y).

1.4 The Hamiltonian operator

Definition 1.29. The Hamiltonian operator is defined as

—~ ]/52
H=—+U(z
2m+ (@),

where U(Z) is defined as

Theorem 1.30

The Schrodinger equation with the Hamiltonian operator can be written as

0 =
zha—t\lf(x,t) = HY(z,t).

Definition 1.31. An operator O for which

/ 0 (2)(00) (2) dr — / h (Ov)@)] @) dr,

—00 —00

for any ® and W is said to be Hermitian.

Theorem 1.32

The Hamiltonian operator is Hermitian.
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Proof. We will be using the following facts for this proof:
1. The sum of Hermitian operators is Hermitian.
2. The product of Hermitian operators is Hermitian.
3. A Hermitian operator multiplied by a scalar a € R is Hermitian.
Using these facts, we have to prove that p and U(Z) are Hermitian operators.

« Proof of U(Z) being Hermitian.
Suppose U(Z) is Hermitian then

/_oo U (z)[U(2)® ()| dx = /OO U(2) W ()] () do.

o0 —00

This can only happen if U(z) = U*(z) that is, U(z) € R. In this course the
potential is always real.

o Proof of p being Hermitian.
Suppose p is Hermitian, we check that the condition holds.

[ pveree = [ (s vi) e

ih /_ Z (a%\p*(x)) B(z)

= —ih/ \If*(x)aiq)(x) (integration by parts)
_ T

_ /_oo T (2) FO(x).

oo

o0

1.5 Conservation of probability

Theorem 1.33

The Schrodinger equation preserves the normalisation of the wave function.

Note 1.34. Suppose we have normalised a function at ¢ = 0, as time goes on and V¥
evolves we need to ensure that ¥ remains normalised; luckily the Schrédinger equation has
the property illustrated above

Proof. If the integral [ |¥(z, t)|> = 1 at one moment in time then it is 1 for all other
t. Thus, we want to prove that

d [~ )
— U(z,t)]" =0.
=[P =o

—0o0
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We have that
d oo

T ]\I/(x,t)|2dx:/ g‘l’(m,t)‘lf*(a:,t)dx

ot

—0o0

:/ \y*(x,t)%qf(a:,t)dﬁ/ \If(:c,t)%\lf*(x,t)dx

_ /_Z Tz, t)%(f[\ll)(x, 0 do — /: %[(ﬁ\y)(gg, PO (2, 1) da
_ Z% U_OO U (e, £) (1) (1, 1) dr — /_oo (), O (2, 1) da

=0.

Since H is Hermitian the last two integrals are equal and hence, cancel each other out. [

1.6 Evolution in time of expectation values

Definition 1.35. A commutator is defined as

AB-iB_BA
Theorem 1.36. Properties of commutator. For any «, § € C and any operator we have:
. _aﬁ+ﬁ§,@} — [ﬁ,@] + 8 [E,@}

. :A\,aﬁ—l—ﬁa} :a[A\,E] + 0 [g,é}

(A8 =-[34]

I Note 1.37. The first two properties imply that the commutator is bilinear.

Theorem 1.38

For any observable @, the time derivative of its expectation value is given by

(@ =5 ([7.6]),

where H is the Hamiltonian operator.

Remark 1.39. An equivalent restatement is

Proof. Recall,
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Taking its time derivative we have,

o= [ Z 2 [ @) 0w )] dr

ot
— / b [%ﬂl(m)]*(éq/)(x) dz + / h U*(2) (6%\?) (x) dx

—00 —00

_ 1 < /_ h [ﬁ[\y(x)]* (O0)(x) dz — / b \If*(:c)(OH\I!)(x)) d.

AV .

Since H is Hermitian we can write (with ¥ = ¥ and ® = OW),

o

/ ) [ﬁ‘l’@ﬂ*@w dz = / U (z) (HOW)(z) da.

—00 —0o0

Plugging this into the above we obtain

%«5) _ % (/m U () (ﬁf@) U(z)de — /Oo T () <(5fl> \P(x))

_ % (/_i U (2)(HO — OH)\IJ(a:)) do;
- (A0 - OR)
Ao

Theorem 1.40 (Ehrenfest theorem)

We have the following relation

0 . _ (P
8_t<x>_ )

50 = (5U@).

Remark 1.41. Consider the Classical Dynamics form of the statement above:

2p(t) = U ()

The Quantum and Classical statements are equivalent if p(t) = (p) and z(t) = (). This is
clearly not the case: in Quantum we have

26) = (F@),

whereas, in Classical we have

0 o
() = F(@)).
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I Therefore, (F(Z)) # F({Z)) always; in only certain cases the equality is achieved.

2 Simple quantum mechanical systems

2.1 Separation of variables

Definition 2.1. Solutions to the Schrodinger equation which are of the form

U(z,t) = ¢(x)D(t)
are called separable solutions.

Recall the Schrodinger equation

L0 =
zhﬁ—t\lf(x,t) = HY(z,t).

Assuming W(x,t) is separable we substitute to obtain

Db (1)

i (z) = = = (1) (Hy)(x)

ih 9®(t)  (Hy)(x) |

o(t) ot (x)
—_—

t dependence x dependence

Since, the LHS is only dependent on ¢ and the RHS is only dependent on x we must
have that both sides are equal to a constant — otherwise by varying ¢, we could change
the LHS without touching the RHS and the two would no longer be equal. So, we set

ih 0%(t) _ (Hy)(x)

= =FeR
o0 o ol
i.e. the energy.
Analysing the LHS:
L 0P(t)
——=FE7
ih T (t)
0d(t) ()
— = ——(¢
ot h ®)
= O(t) = Aexp <—%t>
— Ae 7t

Remark 2.2. In some texts the partial derivatives become total derivatives as the wave
function ¥(x,t) is no longer multivariable. This allows us to treat the PDEs as ODEs and
solve them with techniques we learnt previously.

Analysing the RHS we have the following theorem.

10
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Theorem 2.3

The time-independent Schrodinger equation is given by

_»o (z) + U(z)(x) = (x)E.

2m Ox?

Equivalently, it can be written as

(Hy)(x) = Ed(x).

Note 2.4. Due to separation of variables the partial derivative above can be written as a
total derivative and use standard techniques to solve a second order ODE.

The time-dependent Schrodinger equation can be solved for a given potential thus,
leading to the following.

Corollary 2.5

The general solution of the Schrédinger equation is given by

iEt

U(z,t) =(x)e” v

Remark 2.6. The constant A from ®(¢) is incorporated into the normalisation constant
of ¥(x,t).

2.2 Particle in a box

Definition 2.7. Suppose
U(z) =

oo otherwise.

{0 fo<az<L

We call this potential the infinite square well or a particle moving a box.

11
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Figure 1: Figure of the infinite square well

Since U(z) = 0 inside the ‘box’ the Schrodinger equation becomes
n? 0%V (x)
2m  Ox?
this takes the form of simple harmonic motion thus, the solution is given by
V2mE
h Y
where A and B are arbitrary constants. We assume E > 0 (since E < 0 does not work if
tried) which forces £ > 0. Continuity of the potential function requires that

— EV(x),

U(z) = Acos(kx) + Bsin(kx) where k =

U(0) =v¥(L) =0,
which allows us to evaluate the arbitrary constants.

T(0)=0 =A=0
U(L)=0 = Bsin(kL)=0.

The second equation implies B = 0 or sin(kL) = 0; if B = 0 then ¥(z) = 0 which is not
normalisable hence cannot be used. Therefore, sin(kL) = 0 which means that

kL =nm forn € Z.

However, k = 0 would again imply ¥(x) = 0 and the negative solutions give nothing new,
since sin(—0) = —sin(f) and we can absorb the minus sign into B. Hence, n € Z>o and
the distinct solutions are

™
k‘n = T forn e Zzo.

Since, k, depends on E we can work out the possible values of F:

m2n?h?
" omL?

12
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I Note 2.8. The existence of E,, implies that ‘quantum’ particles have discrete energy levels.

Now, we need to find B, we do this by normalising the wave function ¥ = B sin(kx):

1:/ |\Il(a:)\2dx:/ |B|? sin?(kz) dz

[e.e] o0

0 L 0o
:/ de+/ |B|? sin?(kx) daz—l—/ 0dx
—50 0 L

L
= / | B|? sin?(kx) da

0

L
= |BI’=.
2

We conclude B = \/% The wave function for a particle under the influence of this

potential is given by
2 —iFE,t
U, (z,t) = \/Zsin (%m) exp ( Zh )

Remark 2.9. Since B € C we can be B = \/%ew, which we call the phase of the wave
function, but we set this to 1.

2.2.1 Superposition of states

Definition 2.10. Superposition is the term physicists use for a linear combination or
the continuous analogue thereof, namely an integral.

Remark 2.11. This is due to the properties of the Schrédinger equation being a differential
equation: any linear combination of some solutions is also a solution.

2.3 Potential well
Definition 2.12. Suppose

r <

Nlla)

— if —L
Uy =t T
0 if |x| >

Nl VAN

)

where Uy > 0. We call this potential the finite square well or the potential well.

13
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NMie
NMie

Region 1 Region 3

U,

Region 2

Figure 2: A diagram of the potential well

We split the potential well into three regions as shown by the Figure above. The
Schrodinger equation for Region 1 and Region 3 is the time-independent equation with
no potential term i.e.

h* 9?0 (x)

2m  Ox?

= EV(z),
where F < 0. Therefore,
Region 1:  U(z) = Ae*® + Bie k=
Region 3:  WU(z) = Aze™ + Be ™

for
—2mFE

>~
Il
V
o

Remark 2.13. We use Euler’s formula to write the trigonometric functions in terms of
exponentials.

Since W(x) must be normalisable to be an appropriate solution we have that the terms
Az = 0 and By = 0 otherwise, when taking the integral over from —oo to co these terms
would diverge. Region 2 is the only region with a potential thus, the Schrodinger equation
becomes:

h 0?U(x) B
—% 2 — UO\I’(.QY) = E\If(a?)
h 0*W(x)

14
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Although, F < 0 we must have F > U, which implies, £ 4+ Uy > 0. The general
solution is
U(x) = Ay cos(kqz) + Ba sin(koex)

where
\/ 2m(E —+ Uo)
kQ = .
h
) ) .. oY (z) .
The next step is to impose boundary conditions: ¥ and 3 must be continuous
x

at —£ and Z. Note that the potential function is an even function (U(z) = U(—x)) i.e.

symmetric about the line y = x. This implies: if U(z) is a solution of the Schrodinger
equation, then W(—z) is a solution. Furthermore, the Schrodinger equation is linear and
homogeneous in ¥ i.e. we can add and subtract solutions thus, we define

U, (z):=V(x) + V(—x)
U_(z) :=V(x) — V(—2x),

which are also solutions. These new solutions have the property that the original solution
can be recovered from them,

and they are even and odd respectively.

Uy (z) =1V(z).

The even case

Suppose that the solution we are after, U(x), is even. Using the solutions to Region 1
and Region 2 and applying continuity:

koL —ko L
Ale’k% = A, cos (%) + By sin (TQ)
koL koL
Alke_k% = A2k2 sin <27) + ngg COS ( 22 2) .

Imposing that W(z) is even we must have By = 0 so, the equations above become

Ale_k% = Ay cos (%)

Alkefk% = Agkg sin (%TL) .

Taking the ration of these two equations, we find

L
k = ko tan (%) )

Expressing k in terms of ky: recall that

—2mE 2m(U0 + E)
k= 2 and ko = 2
2mU,
= k=T k.



Francesco Chotuck 5CCM234A Introductory Quantum Theory

Since, F < 0 it implies that k € R and that

2mU0

0<k < 2

Finally, we have an expression in ko only,

¢2mUO k’gL
72 — k% = k?g tan (T) .

This equation allows us to determine ky (and thus E) in terms of the parameters of
the problem.

The odd case

Suppose now that the solution, ¥(z) is odd. Doing a similar process with the even case

we have the ratio
/2ng k’gL + 7
72 —l{:%:kgtan( 5 )

16
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Graphical representation

Figure 3: A graphical solution of the even and odd case. The LHS is plotted in solid
black whereas, the RHS, if even, is plotted in solid red and if odd in dashed blue. The
red and blue circle marks represent the solution to the even and odd case; the number of
solutions depends on the parameters of the problem.

2.4 Quantum tunnelling and reflection

We now study the solutions to the problem in the previous section with £ > 0. We define
Vo = —Uy and imagine V; being positive (thus, Uy being negative).

Definition 2.14. Suppose

r <

Nl

U(x):{% -3

0 if |z| >

o |~ AN

where Vy > 0. We call this potential the potential barrier.

17
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Region 2
ZUl(z)

Vo

Region 1 Region 3

> U

o |~
Nl

We solve the time-independent Schrodinger equation for each region, and we have

ipx pT

ipT _ipz L
Ajen +A e for v < —5

U(z) = B+ew§x + B et for — % <z<
Cre'n +C e % for z > %,

Nl

ipx

where p represents momentum and is defined as p = v2mFE whereas, ps is determined
by pe = /2m(E — V). Imposing the condition that W(z) must be continuous we can
evaluate some constants, so we have

A_(p) = Stuff(p) - A4
C.(p) = Stuff(p) - A-.

However, with these constants the solution W(z) is not normalisable thus, we cannot
fix A, with the normalisable condition; we choose A, = 1, and we have

—ipL i(2pa2—p)L

o P
(p+p2)? o _ (w)Qe”’?L

p+p2
'\ (p) = —2PP2 e B
pr)= : .
i (p+p2)® | _ (w)zemf
p+p2

We have written A_(p) and C (p) to stress that these coefficients depend on the value
of p which is connected FE via E = %.
In this thought experiment we want the particle coming from the left and travelling

to the right. Analysing the solution of the Schrédinger equation:

e the term A+ei%x describes a particle moving to the right in Region 1, in the direction
of the positive x axis towards the potential barrier in Region 2.

18
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e The term A_e~% describes a particle moving away from the potential barrier, we
can think of this as a reflected particle.

e The term C+eipTx describes a particle travelling away from the potential barrier, and
we can think of it as the transmitted particle.

e The term C_e~"% describes a particle travelling from the right towards the potential
barrier. As we set up the thought experiment for a particle coming from the left in
Region 1 we set this term to 0 i.e. set C_ = 0.

Therefore, the full time-independent solution for a given p (equivalently E) is

ipx _ipz
) er +A ek for z < —%
7imt ipox __ipow
U, (x,t)=e Byeh +B_e h for —L2<az<i
ipz
Cien for z > %

2.4.1 Interpreting the scattering amplitudes

In the ‘quantum realm’ we deal with statistical interpretation of the happenings i.e. the
state of the particle is not definite, until the particle is observed the particle is both
transmitted and reflected by the quantum barrier.

Theorem 2.15

For a particle travelling in a potential barrier:

e the transmission probability is given by
2
T(p) =1C+@)I,

o the reflection probability is given by

with the condition that

3 Hilbert spaces

3.1 Vector spaces

Definition 3.1. A vector space V', over a field K, is a non-empty set (the elements
of which are called vectors), together with two binary operations + : V x V' — V and
- K x V — V which we call vector addition and scalar multiplication respectively.

Definition 3.2. A vector space, V, is said to be finite-dimensional if there exists a
finite set of vectors ey, ..., e, such that any vector v € V' can be written as

v=oe + -+ aye,

for some aq,...,a, € C. Such a set is called complete.

19
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I Remark 3.3. That is, a spanning set.

Definition 3.4. The smallest possible size n of a complete set is called the dimension
of the vector space V' and is denoted dim(V'). If no complete finite set exists, V' is called
infinite-dimensional.

‘ Remark 3.5. For convenience, the dimension of the vector space V' = {0} is defined to be
0.

Theorem 3.6. In a finite dimensional vector space V' the size of the linearly independent
set cannot be larger than dim(V).

Corollary 3.7. Any linearly independent set with dim(V) elements is complete.

Definition 3.8. A finite set of vectors {vy,...,v,} is called linearly independent is
there exists aq, ..., a, € C, for which the following holds

v+, =0 <= a;=---=aqa, =0.

Otherwise, if not all «; are zero then we call such set linearly dependent.

Example 3.9 (The vector space of all functions)

Let X be a set, and let V = C¥ be the set of all functions from X — C. We define
the addition and scalar multiplication for f, f1, fo € V and a € C as

(fi + f2)(2) = fi(2) + fa(2)
(af)(z) = af(x).

If X ={1,2,...n} we can identify V' with the vector space C". Whereas, if X has
infinitely many elements, then V' is not a finite-dimensional space.

Proof. Choose m € Zs, and select m distinct elements xq,...,z, € X (which is
possible for any m since X has infinitely many elements). Define functions fi, ..., fi
so that fi(x) =1 if x = z; and f;(x) = 0 otherwise. Consider the function

f:a1f1+"'+amfm7

where «; € C are arbitrary constants. By construction, f(z;) = «; therefore, if f =0

then o; = 0 and thus {fi,..., fin} is a linearly independent set with m elements.
Since, m was arbitrary, we deduce that V' cannot have a finite dimension — otherwise
m would have to be bounded by dim(V). O

3.2 Inner products

Definition 3.10. A norm on V is a function || - || : V' — C with the following properties:
e |lv||>0forallveV,

e [[v]|=0 <= v=0,
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« Homogeneity: ||av|| = |a|||v]| for all « € C and v € V,

« Triangle inequality: ||v, + vaf| < ||vy|| + ||ve| for all vy, v, € V.

Remark 3.11. As the norm defines the notion of distance in a vector space it also defines
a topology (i.e. a notion of a limit) in on V. For example, we say that a sequence v, € V
of vectors converges to v € V and write

lim v, = v,
n—o0

if for all € > 0 there exists an N € N such that ||v, — v|| < e for all n > N.

Definition 3.12. A vector space equipped with a norm is called a normed vector
space.

Definition 3.13. A Hermitian inner product on V is a function (-,-) : V. xV — C
which satisfies the following properties

1. Positive definite:
(v,v) >0 YveV

and (v,v) <= v=0.

2. Hermiticity:
(u,v) = (v,u)" Yu,veV,

3. linearity in the second argument,

(u, v + pw) = a(u,v) + f(u,w) Yu,v,w €V and Va, f € C,

4. anti-linearity in the first argument

(au + fov,w) = a*(u, w) + f*(v,w) Yu,v,w €V and Vo, € C.

Theorem 3.14

One can define a norm by

lvll = v/ (v, v).

Lemma 3.15 (Cauchy-Schwarz inequality)

Let w,v € V and (-, -) be a Hermitian inner product on V. Then

[, )" < (u,w)(v,v) = Jul’[[v]".

I Remark 3.16. The inequality is an equality when u is a scalar multiple of v.
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3.3 Hilbert spaces

To recap the previous section we have that
Vector spaces O normed vector spaces 2 Hermitian inner product vector spaces.
With a new property this will turn into
Vector spaces O Banach spaces O Hilbert spaces.

Definition 3.17. A normed vector space is called complete if every Cauchy sequence
in this space has a limit.

Definition 3.18. A Banach space is a complete normed vector space.

Definition 3.19. A Hilbert space is a complete Hermitian inner product space (where
the topology is derived from the norm defined by the inner product). The Hilbert space
is denoted by H.

Example 3.20

Some examples of Hilbert space:

T T I
« C" = : with inner product N I =ajb + -+ a;by.

T Tn Tn

o L?*(R) = {the vector space of square integrable functions from R — C}.

Remark 3.21. We need to refine the definition of L?(R) as we can choose a function for
which (f, f) =0 but f # 0, for example define f(z) =1 for x = 1 and f(z) = 0 otherwise.

Definition 3.22. The vector space L*(R) is defined to be the set of equivalence classes
of square integral functions R — C (two square integrable functions, f; and fo, are
considered to be equivalent if || f; — f2|| = 0 ‘almost everywhere’). The vector addition
and scalar multiplication are defined on L?*(R) are

(fi + fo)(x) = filz) + fo(2),
(af)(z) = af(x),

for f, fi, fo € L*(R) and for all a € C.

Remark 3.23. By "square integrable” we mean that for f € L?(R) the integral

/ (@) P de < oo,

i.e. it is finite.
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Proof. We prove that f + g € L*(R). Suppose f,g € L*(R) then
(@) + g(@)]* < (|f(@)] + |g(x)])*
= f(@)Plg(@)]* + 2/ f ()] |g(x)].
By the AM-GM (AM > GM) inequality we have that

[ @)lg(@)] = /1f (@) lg(2)]”

_ @+ lg@)
- 2

Therefore,
2|f(2)[lg(x)| < |f(@)[*[g(x)]",
which implies
() + g(@)]* < 2(1f(2)]|g(x) ).

We know the integral of the RHS is finite then, clearly the integral of the LHS is also
finite. [

Definition 3.24. We define the Hermitian inner product on L*(R) as:

(f.9) = / " P@)gle) do.

Remark 3.25. With this definition we can write

(0) = /OO U*(2)(O0)(z) do = (¥, OW).

—00

Proof. This inner product is well-defined:

< [ @llgto)l da

o0

<5 [ @i+ lgte) s

—00

][Zf%@ﬂ@dr

< 0.

Theorem 3.26

All finite dimensional vector spaces and L?(R) are complete, and they are all Hilbert
spaces.

Remark 3.27. In particular L?(X) is complete and hence, Hilbert for any metric space
X.
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3.4 Dual vector space

Definition 3.28. A linear functional, «, on a complex vector space V is a function
a : V — C which is linear i.e.

1. forallce Cand v € V, a(cv) = ca(v),

2. for all v1,vy € V we have a(v; + vs) = a(v1) + a(vs).

Note 3.29. We can think of linear functionals as linear maps which take in vectors and
output scalars in C.

Definition 3.30. Let ‘H be a Hilbert space. The (continuous) dual space H* is the
vector space of all continuous linear functionals on H.

I Remark 3.31. For a general vector space V we do not need continuity in the definition.

Example 3.32
Suppose H = C", if we have o € (C")* and v € C" such that

U1

V2
v =

Un

Then, we can define the linear functional « as the row vector

o = (O{l’ 7an)
so that
U1
Vg
Oé('v) = (O[l’-.- ’an> : :alvl+"'anUn-
Un

That is, a : C* — (C™)*. In conclusion, elements of (C")* are row vectors i.e.

C) ={(a,..., ) v1,..., 00 € C}.

Theorem 3.33

Let H be a Hilbert space. Then there is a canonical anti-linear bijection from H — H*.
This map is given by the inner product: given a vector u € H, define a,, € H* by

ay(v) = (u,v).

24



Francesco Chotuck 5CCM234A Introductory Quantum Theory

Example 3.34
Suppose H = C" and let

then, a,, € ‘H* is given by the row vector

oy = ul
= (uj,...,u),
where ‘1" means ‘conjugate transpose’. Indeed, for any v € H = C" we have
(V) = ujvy + - - - + U v,

= (u,v).

Example 3.35. In the case of H = L*(R) the theorem says that any linear functional
a € H* can be represented as

o0

ay(f) = / ¢ (2)f () da

(e 9]

for some g € L*(R).

3.5 Dirac’s notation

Definition 3.36. Elements of the Hilbert space, H, are denoted by |v) € H, we call this
‘ket’.

Definition 3.37. Linear functionals in the dual of the Hilbert space, H* are denoted by
(o] € H*, we call this ‘bra’

Theorem 3.38. The value of a linear functional (| on a vector |v) is denoted by

(a]v) € C.

Theorem 3.39 (Relation between bra-ket)

The bra vector is related to the ket vector by conjugate transpose:

(ul = (|lu))".

Therefore, the inner product can be written as

(), [0)) = (ulv) .

Proof. The bra vector (u| (for any label) denotes the linear functional that corresponds
to |u), i.e. (u] = ayyy. Recall, the relation Oleu> = (|u))' so, (u| = (Ju))'. Furthermore, for

any |v) € H we have

apy([0)) = (lu) , [0))
= (ulv) .
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3.6 Orthonormal basis in H

Definition 3.40. Let H be an infinite dimensional Hilbert space and let
{le1) ,|e2),...} C H be asequence of vectors. We say that the vectors |ex) are orthonor-

mal if
0 ifisj
ilej) = 0y =
feiles) / {1 if i = j.

The ¢;; represents the Kronecker ¢ symbol.

Theorem 3.41. Let {ax};2, be a sequence of complex numbers and |e;) € H. The

infinite sum
o) N
E ag lex) = lim E a leg) ,
N—oo
k=1 k=1

exists and converges in H if and only if the sum

o0
Z lag|? < o0
k=1

(that is, the sum above converges and is finite).

Note 3.42. This theorem allows us to write |v) as a linear combination of the basis of the
vector space.

Proof. This proof is NOT examinable hence, we present a sketch of the proof. It is enough
to prove Y .-, axlex) is a Cauchy sequence then, since H is complete, by definition all
Cauchy sequences converge to a limit. Thus, the sum must exist. ]

Definition 3.43. Hilbert spaces, H, with have elements which can be written in terms
of an orthonormal basis are called separable.

I Remark 3.44. In this course, all Hilbert spaces will be separable.

3.6.1 Computing coefficients of a basis

Suppose V is a finitely dimensional vector space with an orthonormal basis
{v1,...,v,}, that is

0 ifi#j
v v =0 = e
1 ifi=y.

Then, any vector @ € V can be expressed in terms of the basis vectors:
rT=a1v1+ -+ av;+ -+ anv,.

Since the basis is orthonormal if we consider v; - © we will obtain the following
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’Ui'513:al’Ui'1)1+"'+Clz"Ui"Uz'+"‘+an’Uz"’Un
—— ——
0 0
= a; V; - U;
——
1
= Q.

We now extend this idea to Hilbert spaces. Suppose that H is separable then,

o) =) axler).

Consider, the inner product

since (e;| € H* is a continuous linear functional, we can exchange the sum with the action

of {e;].

Theorem 3.45

If H has an orthonormal basis then every |v) € H can be written as

o
v) = Zak lex)
k=1

where the coefficients a; are given by

a; = (e;|v) .

Corollary 3.46. If H has an orthonormal basis then the vectors |v) € H are also written

as
00

[0) = (exlv) lex)

k=1

= lex) (exlv) .

Remark 3.47. The expression |eg) (ex| can be understood as a linear operator via the map

[v) = (lex) (ex]) [v)
= lex) (ex|v) .
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Therefore, the expression
o0
> lex) el =1
k=1

the identity operator of this space.

3.7 Delta-normalisable states
3.7.1 Motivation

In this section we introduce a new piece of technology that we will need. In the previous
section we discussed a basis composed of vector |e), with k as a discrete label. In this
section, we will discuss the case when k is a continuous label. A motivating example:
consider H = L*(R) with the functions

1
€k(.1') = E

where k£ € R. These functions are not actually elements of H because they are not

square-integrable as,
lex(x)|” de = — dx = oo.
e 27 J_o

Nevertheless, we pretend that these functions are elements of 4 and try to understand
what their inner product is:

1 = tkix\* Jikox
(enlews) = 5 [ (%) e da

o0

ikx

1 oo ei(szkl)

= o N xdx.

Clearly, this integral does not converge in the usual sense. However, we can define

/ e* dy = 2m8(k),

[ee)

where 0(k) is the Dirac delta function. Therefore,

1 B
(er lex,) = —/ elh2=k) g dy;

2r J_o
= 5(ky — k)
- 5(1{51 - /{2)

Strictly speaking |e,) & H, but it is possible to form elements of H using them. By
defining

[e.o]

w) = / alk) lex) dk

—00

for some function f(k), we have that |V) € H if f(k) is square-integrable. In fact
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() [ew) dk’)T / k) lew) dk

oo

(
_ / T ) (ew| dI / (k) lew) dk

—00 — 00

[ @i [ ot et an
= [ [t wyaa

Consider the following identity

[ e - kya = )

by changing the variable ¥’ — k/ + k the integral becomes

| st mawy = s,

as such we can write

/ T V(K — k) di / Tt 4 k)R d = a* (k).

o0 [e.9]

Therefore,
(W[ / h / T ) a(k)S(K — k) di dik
= /_Oo a(k)a* (k) dk

— [ lato an

—00

which is finite if a(k) is square integrable.

3.7.2 The Dirac delta function
Definition 3.48. The Dirac delta function is defined as

5(k) = 00 %fk‘zo
0 ifk#0

with the property that

/_Oo S(k)dk = 1.

[e.e]

Remark 3.49. Although, it is called a ‘function’ it is not truly a function, rather a distri-
bution.
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Theorem 3.50

Properties of the d-function:
« i(z) €R,
e §(z) >0,

d(z) = d(—=) (even).

[ (k) f(k)dk = f(0) (sometimes we use the notation §(f) = f(0));

[ 0(k — a) f (k) dk = f(a);
7 et*e dy = 2m5(k);

(&
—00

<€x|€y> = 0(r —y).

3.7.3 Stocktaking
Definition 3.51. We say that |e,) and |e,) are delta-normalisable if

{ezley) = d(x = y).

Definition 3.52. We say that |e;) for & € R form a delta-normalisable basis of H if
any |U) € H can be represented in the form

vy = / " ak) Jew) d,

for some function square-integrable function a(k) (i.e. a(k) € L*(R)).

I Remark 3.53. Strictly, speaking |e;) ¢ H as they are not square integrable.

I Note 3.54. We can think of a(k) as the analogous to the coefficients ay.

Example 3.55

Vectors of the form

form a delta-normalisable basis.

Theorem 3.56

If H has a delta-normalisable basis the ‘coefficients’ a(k) are given by

a(k) = (ex|¥) .
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Proof. Consider a |¥) € H where H has a delta-normalisable basis, {|e;)}, then we can
write

) = / a(j) le) di.
We have that

= /OO (ex|a(j)lej) dj
— [ ot erles) @

]

Corollary 3.57. If H has a delta-normalisable basis then every |¥) € #H can be repre-
sented as

W) = [ (v lex) dr

o0

- /_OO lex) (ex| ) di.

o0

Remark 3.58. Thus, the expression

|ty tend e = 1.

—00

4 Linear operators and observables

4.1 Linear operators

Definition 4.1. A linear operator O on a vector space V is a linear map O:V V.

Note 4.2. By linear we mean the usual linear conditions are met:
O (a|v) + Bu)) = aO |v) + SO [u).
Definition 4.3. The identity operator, denote by /1\, is defined as
T|v) = |v).

Corollary 4.4. Scalars can be written as operators. For example, the operator O+2
acts on vectors by

(@+2) W) =Ov)+2-1v).
Theorem 4.5. Operators form a vector space.
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Proof. Addition and scalar multiplication is closed i.e.
(@1 + (52) v) = Oy |v) + Oy |v)
<a6> 0) = a0 |v).
O

Theorem 4.6. The product of operators (51(/’)\2 is defined as the composition of operators
(maps)

(61@2) ) = O, (62 |v>> .

Remark 4.7. Since, composition of maps is not always commutative the same applies for
composition of operators.

Remark 4.8. Recall if |[U) € L%(R) is the function ¥(z) then, p|¥) is the function

—ihi\ll(m). However, not every function in L?(R) is differentiable, and even if they

ox

are their derivative is not necessarily in L?(R). The operator p, as well as most other oper-
ator in QM are not well-defined linear operators, they are called densely-defined linear
operators.

A densely defined linear operator O on a Hilbert space ‘H with domain D is a linear
function D — H, where D C H is a dense linear subspace. Note that the domain D need
to be supplied as a part of the definition of 0. Thus, just saying p does not strictly make
sense.

4.2 Expectation values and matrix elements

Theorem 4.9

Let O : H_— H be a linear operator on a Hilbert space H. Then, the expectation
value of O in a state |¥) € L*(R) is defined as

(VO |¥)

9 = ey

Proof. Recall the expectation of an operator is defined as

(O) = /_ T (a) (@\1:) () dz.

o0

Furthermore, if # = L*(R) the inner product is defined as
(fo)= | £yl e

If ¥ is not normalised then, we can normalise it by dividing by |¥|* = (¥|¥) thus, the

~

definition of (O) follows as above. O
Corollary 4.10. If the state |¥) is normalised, (¥|¥) = 1 then, the expectation value is

(0) = (¥|O|v).
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4.2.1 Matrix elements

Suppose that {|e1),|e2),...} C H is an orthonormal of . Then, every vector (by the
previous discussion) can be written as

o0

T) = apfex)

k=1

=D (exlW) lex) .

Since |¥) is a (column) vector, we can think of the coefficients aj, = (ex| V) as the co-
ordinates (components) of |¥) in the basis {|e1),|ea),...}. Applying the same argument
to O V) we get

O[W) = by lex)
k=1

oo
{er| OW) fe) -
k=1
The coordinates of @ |¥) in the same basis are (x| O |). Using the previous expres-
sion we can express

(ex| O W) = eklz (e;| O |T) le)

= {ex] {e;| OF) |e;)
1

]:

8

(el O1W) (e)le;) .
~——

Jj=1 y

Now substituting the expression for |¥) we have

<6k\(5|\1f>— <6k|(5<6j|\11>|€j>

Mg Mg

(ex| o lej) (e;|¥) .

Jj=1

The coordinates of the vector can be arranged into a column vector:

(e W) (1] O W)
2]

O|v
(2] W) and (e @’ )

Then we can write the identity for (e, O |¥) as the following matrix product:

<€1|@‘1’> <€1|@61> <€1|(§’€2> (e1| W)
(e2] O W) | = | (e2| Oler) (e2] Olea) - <62.|\I/>
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I Remark 4.11. If H is a finite vector space then clearly, the matrix become finite too.

4.3 Adjoint operator

Definition 4.12. Let O : H — H be a linear operator. The adjoint of @, denoted by
OF, is an operator such that

(|u>,@yv>> - (@T "y ]v)) V|u), o) € H.

I Note 4.13. Emphasis: the brackets denote the inner product.

Theorem 4.14

The Hermitian conjugate, denoted by T, can act on expressions involving numbers,
linear operator and bra-ket vectors. It turns

e numbers into their complex conjugate;
e bra into ket vectors and vice versa;
o operators into their adjoint;

Furthermore, the Hermitian conjugate reverses the order of all products.

Example 4.15
Consider the number (u| O;Os [v) then,

(16:8:1)) = (11 582 10))'
= (1)) GLO ((ul)
= (0] G106 u.

Proposition 4.16

Properties of the adjoint operator:
~N\T ~
3 1 86\ = Gt gl
- (a(91 +502) = o*0} + p*03;

.(@@y:@@.
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4.4 Self-adjoint (Hermitian) operators

Definition 4.17. Let H be a Hilbert space. A linear operator O :H — H is called
Hermitian (or self-adjoint) if O = O

Remark 4.18. The domain of a Hermitian operator Ot is the same as the domain of the
operator O.

Definition 4.19. An observable on H is a Hermitian operator on H.

Theorem 4.20

Let O be a Hermitian operator. The properties of Hermitian operators are as follows:
« matrix elements of O form a Hermitian matrix i.e. M = M L
o the expectation values O are real i.e. O € R;
o the eigenvalues of O are real;

o the eigenvectors with distinct eigenvalues are orthogonal to each other i.e. if

|W;) and |Ws) are eigenvectors of with eigenvalues \; and Ay respectively with
)\1 7é /\2 then <\I/1|\I]2> = 0.

Proof. We prove each statement in turn.

« The matrix elements of O are the numbers (ej,| O le;) so, consider

(el0len) = (el Oley)’
= (le))'0" (e
= {(¢;| Oley) .

We can exchange * <>  since (ey| O le;) is just a number.
« The expectation of (O) = (U| O |¥) then, consider
() = ((v|0w))!
= (0| O|V).
Therefore, (O) = (O)*.
» Recall what is an eigenvector: |U) of O is an eigenvector if
O|U) = \|U) for |U) £ 0.
Taking the Hermitian conjugate (1) of this equation we have
(611)" = (A
= (¥ O = A" (V|
= (U] O = N\ (9],
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Thus, if |¥) is a ‘ket eigenvector’ of O with eigenvalue A then, (V| is a ‘bra eigen-
vector’ of O with eigenvalue \*. Now consider the equation

((w10) ) = (v] (Ow)).
and apply the definition of an eigenvector, we obtain
A (UT) = A (T|D).
If | W) # 0 then (U|W) # 0 which implies
A=

« Suppose [¥;) and |W,) are eigenvectors of the Hermitian operator O with distinct
eigenvalues \; # \o. Consider,

((110) [w2) = (w1] (O]s))
Using the definition of an eigenvector we obtain

A (W[ W) = Ag (W4 | W)
= ()\1 — )\2) <\I;1|\IJQ> =0.

If Ay # Ag, we can divide by (A; — A3) and conclude
<‘I’1’\I]2> - O

Example 4.21

The following are examples of Hermitian operators i.e. observables:
« the position operator, T;
e the momentum operator, p;

-~

e the Hamiltonian operator, H.

5 The spectral theorem

Theorem 5.1 (The spectral theorem)
Let H be a Hilbert space and let O be a self-adjoint linear operator on H. Then

o (Any two eigenvectors of O with distinct eigenvalues are orthogonal to each
other);

» the set of all eigenvalues of @, which we call the spectrum, is a subset of R
i.e. all the eigenvalues of O are real;

o the eigenvectors of O form a complete basis of the Hilbert space H.
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Note 5.2. In practice, we need to distinguish between a discrete and continuous spectrum

of O.

5.1 Discrete spectrum

Suppose O is a Hermitian operator with eigenvalues (with discrete labels) {Ay, Ag,...}.
By the spectral theorem {1, Ag,...}. Let us denote the corresponding eigenvectors by

A1), [ A2), ...

(assuming for simplicity that each eigenvalue has just one corresponding eigenvector).
Furthermore, imposing the normalisation condition on |\;) we have (\g|Ax) = 1 thus, by
the spectral theorem the set of |A;) form an orthonormal basis of the Hilbert space. This
means that (Ag|\;) = 0, and any vector |¥) € H can be written as

(W) =) e |A)  where ¢ = (A W)
k=1

Example 5.3

The Hamiltonian operator, H = % acting L*([0, L]) has eigenvectors

T,)) — U, (z) = \/% sin (%n)

with corresponding eigenvalues

h2m2n?

E) — By =22
| En) 2L2m

Therefore, by the spectral theorem the eigenvectors |¥,,) form an orthonormal basis
of H.

Remark 5.4. Above, we assume the multiplicity of each eigenvalue to be 1, (by multiplicity
we mean how many eigenvectors are associated to each eigenvalue). If the number of
eigenvectors with eigenvalue Ay is nj then, we can denote them by |\g,a) where a €
{1,...,n%}. In general, we have

(Ni,a|Ag,b) =0 for i # k.

If i = k, these inner products are not constrained and depend on the choice of |\, a) for
fixed k. We can choose an orthonormal basis of eigenvectors for a given eigenvalue A,

(Aks a| A, b) = dgp

so, all together we have
(Ais @l Ak, b) = Oigdab-
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Thus, any vector can be written as

0o NG

|W) = ZZCW |Xi,a) where ¢; o = (N, a|V).

i=1 a=1

5.2 Continuous spectrum
The spectrum of O can also be continuous. For example, it could be the interval

[)\minv )\max] - R

Again, denote the corresponding eigenvectors by A\ with A € [Ayin, Amax]- Imposing
the normalisation condition we have

V) = 80— \)

hence, by the spectral theorem each |\) forms delta-normalisable basis of H so, any
|U) € H can be written as

Amax
|U) = / c(A) |A) dX where ¢(\) = (\|T).

)\min
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Example 5.5

Consider the momentum operator, p = —iha— acting on L*(R). We evaluate the
T

spectrum of p:

oV (z)
Or

= U(x) = Cre'?.

PIv) =\|V) <— —ih = A\VU(z)

We have two ways of determining the spectrum:
e we know p is a Hermitian operator, so it has real eigenvalues;

o if A € C then the exponential term diverges when imposing the normalisation
condition thus, it is not useful on the other hand, when A € R ¥(x) oscillates
and can be delta-normalised.

In conclusion, the eigenvalues of p must be real. Therefore, the spectrum of p is whole
real line i.e.
spectrum = R.

We know, check the delta-normalisation condition:

V) = / h (CA6%$>* (CN@%JC) dz

o)

> * 43 (=2)
= CAC)\/B roodx.

e}

Using the identity [~ e**dx = 276(k) and making the change of variable z = hy
we have that

Ch=eel / VNN gy

—00

= C;C)\/ h27r5()\’ - )\)

Therefore, we set

so that it is delta-normalised.

Remark 5.6. It is common to denote the eigenvector of an operator by the label of the
operator. For example, the eigenvectors of p would be denoted by |p); similarly the eigen-
values of p are denoted by p. As such we have expression as these:

s Dlp) =plp),
o (plp') =d(p —p").

Therefore, a basis of the momentum operator can be written as

V) = /_OO f(p)Ip) dp VIp) €H,
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as a function

V) = [ 1 iy

Remark 5.7. Similarly to the discrete case, we could have multiple eigenvectors for a
given eigenvalue A, which we could label as |\, a) where a € {1,...,n,}. In this case, the
above would generalise to

(A a|N,b) = 6,40(A — N),

max A
| ) :/ D “e(Ma) [A) d\,  where ¢(),a) = (\,a|T).
min ¢

Remark 5.8. The spectrum can be a mixture of discrete and continuous eigenvalues. For
example,
spectrum = [Amin, Amax] U {A1, A2, ...}

In this case we have

o ng Amax nx
v) _ZZCi,a|>\i7a>+/ Y (A a) |A) dn.
i=1 a=1 Amin  g=1

5.3 Measurements

A key axiom of quantum theory is that if a state | V) is an eigenvector of an operator O

with eigenvalue A, R
O¥) = A¥)

then, measuring the observable described by O in the state | W) will always give the result
A. Thus, we say O has the definite value A in the state |W).

Suppose, we carry out a measurement in a more general state |¥) which is not an
eigenvector of O. In general, the measurement will cause the system to transition from |¥)
to some new state |®). Assume, the outcome of this measurement is some number . We
employ the following physical intuition: if immediately after performing the measurement
of O we perform a second measurement of O, we should always get the same result A
(that is, the result of the first measurement may be random, but the result of the second
measurement must be the same as the first). The first measurement happens in the state
|W), which transitions into a state |®), as such the second measurement happens in the
state |@). By the above, we expect that O has a definite value in the state |®) thus, we
expect |®) to be an eigenvector of O with eigenvalue A, i.e.

O|D) = \| D).

In conclusion: the only possible outcomes of measuring O are the eigenvalues of (’3; if
we measure O in a state |W) and get a result A then, the system will have transitioned
to a state |®) which is an eigenvector of O with the eigenvalue A in the process of the
measurement.
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5.4 Probabilities

Let O be a Hermitian operator that describes a physical observable. Since O is a Her-
mitian operator, by the spectral theorem the eigenvectors of O form a complete basis.
Assume for simplicity that the spectrum is discrete and that each eigenvalue has multi-
plicity 1. Thus, we can write any |V) as

[e.9]

o) =3 el

=1

where |)\;) are the normalised eigenvectors of O corresponding to the eigenvalues ;.
If |¥) is normalised i.e. (U|W) = 1, implies that

1= (V|w)

= e (M)
i=1

j=1

(o]
Skl
=1

As such, we interpret the numbers |ci|2 as the probabilities of obtaining the result \;

when measuring O in the state |¥).

Theorem 5.9

If |¥) is normalised we can write |¥) = > 7, ¢;|\;), and we interpret the numbers
eil®

as the probabilities of obtaining the result \; when measuring O in the state |¥).
The numbers ¢; are called the amplitudes of |U).

Theorem 5.10

In the case of a continuous spectrum, the coefficients represent the probability density.

Example 5.11. Consider the position operator Z; we evaluate the eigenvalues and eigen-
vectors. Recall, the action of 7 is

@) (y) = y¥(y).
We solve the eigenvalue equation

T|W) =A)
= zVU(z) = A\U(x)
= (z—A)¥(z)=0.

If A€ Cand A € R then (z — \) # 0 which implies ¥(z) = 0. Similarly, if A € R and
x # A then, U(z) = 0. We conclude, A € R and x # X so, we set

U(x) =0(z — A).
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Denoting the corresponding vector by |A), we compute

DA = /_oo 5z — No(z — N da.

To evaluate this integral we recall the identity
/ 6(z —y)f(z)dx = f(y)
so, setting f(x) = d(x — ') we have

(AN) = /00 0z —N)o(z — N)dx

[e.o]

=5\ —N).

Therefore, |A) form a delta-normalisable basis. Since, we could choose A to be any real
number, the spectrum of 7 is R.
Now that we have a basis each vector |¥) € H can be expressed as

B = /_OO c(A)|A) dA.

In terms of the wave function this becomes

U(z) = / c(N)o(x — A) dA
= c(N).
Therefore, the original expression in terms of vectors can be written as

w = [ oy

o0

however, it is common to rename the integration variable A — x, so that we have

o) = /oo U(x) |z) de.

[e.9]

We conclude the coefficients, ¢(z), of the expansion of |¥) into the basis of the eigen-
vectors of T are given by the wave function, i.e.

By the theorem above we have that
e(@)* = W ()]

gives the probability density of obtaining the result x after measuring Z, which is
indeed how we interpreted the wave function before.
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Example 5.12. Suppose H = C2, since this is a finite dimensional Hilbert space we can
represent the operators as matrices. Consider the operator

5 (01
o=(10);

this operator is clearly Hermitian, as O = (. As per our discussion above we are
interested in the eigenvalues and corresponding eigenvectors of a Hermitian operator.

- 1
det(1 _/\):O
=X _-1=0
= \ = +1.

« Finding the eigenvalues of O:

Therefore, the spectrum of O is given by {-1,+1}.

« Finding the eigenvectors of 0.

— For A =1:
recall the eigenvector equation

O|0) = A|¥),

o-)

Substituting into the ansatz into eigenvector equation we have
0 1 ay _q (@
1 o/J\b) b
b\  [a
a)  \b)’
a
o= (2).

To fix a we impose that |¥) must be normalised so,

we choose our ansatz as

We conclude that a = b thus,

1= (U|v)
= (10))" [¥)
<)
= 2Jal’.
We choose a = == (we could have chosen any value a € C such that 2al* =1).

We conclude that .
1
V) = — )
=7 (1>
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By the discussion above, we recall that the eigenvector with eigenvalue A is
denoted by |A) so, this eigenvector is denoted as

2-5()

— For A = —1: By a similar process as above we conclude

-5

By the spectral theorem we know the eigenvectors, |+1) and |—1) form a basis of O:
(W) = cyr [+1) +c-1|-1).
We recall that the coefficients are given as follows:

cri = (+1]T)

()

and

S0,
W) = —|41) + = 1)
V2 v2©o
Suppose we measure O in the state |¥), and we obtain A = 41 then, the state changes
from

) = [+1),
and the probability of obtaining A = +1 is
' 121
V2| 2

6 Unitary and time evolution

Recall the time-dependent Schrodinger equation, for a wave function which depends on
both z and t¢: 5
i W(a, 1) = (ﬁm) (1)
h? 0*
We now want to interpret this equation with the bra-ket notation, for this we need a
Hilbert space.
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Theorem 6.1
The time-dependent Schrodinger equation for any H is given by

9 -
i |0()) = H9(1).

Remark 6.2. We can write the Schrédinger equation in this form for any A in which the
operator H is defined.

The Schrodinger is powerful as by just an initial value for |[¥(¢)) we can determine |¥)
at a (small) later time. Consider |U(t + dt)) for small 6t then, by the Taylor expansion
we have 5

\W(t+0t)) ~ V(1)) + (515% |V (%))

~ (1)) — Ot H V(1))

Example 6.3. Suppose H = C then, |¥) — U(t) € C (i.e. it is a number) and similarly
H becomes a 1x1 matrix (again just a number in C). As such we can solve the Schrodinger
equation:

L9
ih=U(t) = HU(D),

and we have

—iH
7t

U(t) =Ce

To fix the constant C' we need a condition for ¥ so, we suppose that at ¢t = 0 we have
U(0). Then, C'= ¥(0) and we have

U(t) = U(0)e !

Theorem 6.4
The time-dependent Schrodinger equation is solved by

B(t)) = e |T(0)).

iH

Remark 6.5. We can think of the e~ » ' term as adding time ¢ to |¥(0)).

7 Unitary operators and time evolution

7.1 Exponential of operators

Definition 7.1. If O is an operator then we define
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where 1 represents the identity operator.

I Note 7.2. This definition is obtained from the Taylor series of e*.

00

o_ 14 0 1 —|—1 0 1\ /0 1 L
< 00/ 2\ 0o)\oo
(10 . 01
- \0 1 00
11
~\0 1)~
Since, we are in a finite dimensional vector space we can identify operators with matrices

0 0) which

Example 7.3. Suppose H = C? and let O = (O 1) then,

thus, 1 represents the identity matrix. Furthermore, we notice that 02 = (O 0

implies On = <8 (1)> as well.

Example 7.4

0 2

0 _ (10 4+t 10 _|_..._|_ﬁ 10 n_|_...
° ~\o 1 0 2 nl \0 2
10 t 0

_<0 1)*(0 2t>+”'

Consider the first entry of elO:

Suppose H = C2 and let O = (1 O> then

2 n

t t
Lttt ot =e

therefore,

Generally, if O = <8 2) then,
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Theorem 7.5
Let O be a Hermitian operator and let {\,}>°, be the eigenvector basis of O. We
define e®© by its action on all |¥) € H: for all

) = Z Cn | An)
n=1
with .
e20 |0) = Z cne® |\, .
n=1

Proof. First notice that O" |ug) = A} [Ax) then, using the Taylor series definition we have:

N . )\ 2
e = <1L+04(9+(a0> +> )

2!

2!

. i,
_ <1+a0+(0‘0> +...>ch,,\n>
n=1

I
K

N )2

2
Cn <1+a/\n+ (a;f) +) |An)

3
Il
i

[
hE

3
Il
—

Cne® |\,)

Nk

i
I

O

Remark 7.6. For simplicity, we have assumed the spectrum of O is discrete and that all
the eigenvalues have multiplicity 1.

Theorem 7.7 (Properties of exponentials of operators)

For any operator O in a Hilbert space H and a € C we have:

I .
o —e"9 = 0e = 0.

Proof. We prove each point.
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o By considering the Taylor series of 20

0 .6_ 0 (20)?
8046 804 <IL+ O—i- o1 +

—0+ 04+ a0+

(5<11+a(9+( ;9)2+~->
( !>2+...>@
(5

6)

|
©>

« We present an easier proof. Suppose {|\,)} is a basis of O then, we compute

000 50‘\1, 000 BOZCnP\

= eaazcneﬁ’\" |An)
i ﬂ/\ a)\ ‘)\>

¢, el@TAn [An)

Méﬂ [

1

n

olatp)0 Z Cn [ An)

oc+6 |\Ij>

7.2 Evolution operator

In this section we verify that .
[W(1)) = e [T (0))

solves the time-dependent Schrodinger equation:

We compute



Francesco Chotuck 5CCM234A Introductory Quantum Theory

Clearly,

ih (-%at 0 )>) — —2He T |W(0))

= H|V).
Definition 7.8. We call the operator e~ the time evolution operator and is denoted
by
U(t) = e,
Theorem 7.9

Properties of U (t):

. Ulty)U(t
- (00) =

Proof. We split the proof in parts:

(t) = Ults +t).
i

Qi)

« By the definition of U(t) the result follows:

U(t2)U (1) = e Fize— 0

*ﬂ(tﬁrtz)

= €
= U(ty +to).

~ ~\T ~\ 7N
o Firstly, note that H is Hermitian and ((’)") = ((’)T> Using the series definition

we have:

(00) = () = (1 + (—g) +% (—%)1% <—§>3+

T alh
= (1)

49



Francesco Chotuck 5CCM234A Introductory Quantum Theory

7.3 Unitary

Definition 7.10. An operator, fT, which satisfies the property
ATA =1,

where 1 is the identity operator, are called unitary.

Theorem 7.11

The time evolution operator, U(t) is unitary.

~ T ~
Proof. We know (U(t)) = U(—t) therefore,

(T) 0y = T(-00()

(We have used U(0) = ¢° = 1). O

Theorem 7.12

Unitary operators preserve the inner product i.e.

(T 1wy, 0@ j2w)) = (@), o).

Proof. Consider two vectors |¥) , |®) € H, by computing the inner product we have

(T 1wy, Tlow)) = (01T 0),|e))
= (JB(1), |2(1))).

L
Corollary 7.13. As a result we have
@) I1* = 1112 ) II%
in particular if || [¥(0)) ||* = 1 then || [¥(¢)) ||* = 1 for all ¢.
Proof. By definition
@) II° = (T () = (|T(0), [¥(2))
= () 1)), 0@ 9 (0))
= ([¥(0)), [(0)))
= [ [2(0)) ||*
O

20
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7.4 Evolution in the energy basis

Suppose we are given the Hamiltonian H and some initial state |¥(0)), and we want to
find the state |¥(t)) at some t € R. We can do so by the following algorithm:

1. Find the eigenvalues, E,, and the orthonormal basis of eigenvectors {|n)}22, of H.

2. Find the expression for |¥(0)) in this basis of eigenvectors,

o0

[W(0)) = enln),

n=0

where ¢, = (n|¥(0)) if the basis {|n)} is orthonormal.

’LHt

3. Act with U(t) = e 71, -
[W(t)) =U(t)|¥(0))

'L{Itzcnh,l,

n=0

(e 9]
- o).
=0

Remark 7.14. This algorithm is for the case where the spectrum of H is discrete and all
the eigenvalues have multiplicity 1.

This gives us a concrete expression for |U(¢)). Of course, this algorithm is not al-
ways simple to carry out: firstly, we require a complete solution of the time-independent
Schrodinger equation, which is just the eigenvector equation for H,

Hn)=E,|n).
Example 7.15. In the case of a particle in a box we determined the eigenvalues to be

2n2h2
" omI?

and the corresponding eigenvectors

Therefore,
o, t) = D cne” W)
n=1
where
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8 Non-commutativity and uncertainty

8.1 Implications for measurements of operators
Let A and B be Hermitian operators with non-vanishing commutator:
[A,B] = C #0.
Here C is a new operator (not necessarily Hermitian). We now ask: is it possible for

A and B to simultaneously take definite values in a state |¥)? In other words, can |¥)

be an eigenvector of Aand B simultaneously? That is, is the following set of equations
possible:
AV) = a|¥)

B|U) =b|v),

for a,b € C. Suppose this is true then, we can compute

= ba|V) — ab|¥)
= 0.

Therefore, |¥) is an eigenvector of A and B simultancously if and only if C'|¥) = 0,
i.e. A and B commute.

8.2 Heisenberg’s uncertainty principle

Definition 8.1. The uncertainty of a normalised Hermitian operator ;1, denoted by
AA, is defined by
~ < \2
@i = ((A-D)")
N2
— (9] (A (D) |w).

Note 8.2. Operators need to be Hermitian as these are the operators which are used to
measure quantities in Quantum Mechanics.

Theorem 8.3. The uncertainty of an operator A is real and non-negative i.e. AA > 0.
Proof. We have
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by the axioms of norms. In the last equality we have used the fact that A is a Hermitian
operator. n

Corollary 8.4. Let A be an operator then, AA = 0 in a state |¥) if and only if |¥) is
an eigenvector of A.

Proof. Recall the definition of uncertainty
~ ~ N2
(A4 = (w] (A~ (D)) |0)
o 2
= [(@- @) |
by the axioms of the norm it is 0 if and only if

(ﬁ— <21>) T) = 0.

We can write this condition as

AW) = (4)| D),

i.e. |U) is an eigenvector (since (A) is a real number). O

Theorem 8.5

Let A and B be Hermitian operators and AA and AB their respective uncertainty
in a state |¥). Then, we have

A?m§>%’<[ﬁ,§]

Proof. Define

We first compute

[Ao, Bo] = [A ~ (4), B — (B)
— (4,8~ (B)] - [(A), B~ (B)]
— [4,B) - [4,(B)] - (I{A), B] - [(A), (B))

Notice that (121\> and (§> are real numbers since A and B are Hermitian operators thus,
their commutators with anything are zero. As such we have that
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Consider R R R R
(AA)*(AB)* = (U] A7 |¥) (V| Bf |¥)

= (Ao [¥))"(Ao [9)) - (Bo |¥))"(By |W))
~ 201 ~ 2
= [Atw]Zo 1]
Now, recall the Cauchy-Schwarz inequality

[Calv) " < [ ) 17 o) 11

Using this in the above expression and, we obtain

(A8 = A w3

~ o~ 2
> ’<\I]|AOBO|\IJ>‘ :

Using the fact that for any complex number z we have |z|* > |Im(z)|* = ez — Z*|?, we
get
aa2aBy = Aoz
‘ (0| Ay By | W) ‘
]_ * 2

(w1 4By ) — (9] ABo|))

Using the fact 4
(09 2B 1)) = (tw] 4,3, |w))'

= w)! B A} (]

— (¥ By 1),

)
)

=
=
=
=
v

o~ PN 2
(V| Ao By | V) — (Y| By A |‘I’>‘

(vl [A0. By 1w

B s | |

~ 2
(0| [A, B} |\If)‘ .
Taking square roots of both sides we obtain

A?mézémﬁ,éw.

Example 8.6
Applying this to A=7and B= p we have

AZ AP

v

([ P

—
~.
>t

X

N SN~ N =

Ut
S
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9 Harmonic oscillator

9.1 C(Classical solution

Definition 9.1. A system with Hamiltonian

p? mw’x

H=-—
QmjL 2

is known as a harmonic oscillator.
Example 9.2. A particle attached to a string abides this Hamiltonian.

We now solve for the equation of motion and momentum the harmonic oscillator. The
Hamilton equations of motion for this system are

. O0H p
xr = % = E7
. 0H )

Differentiating the first equation we can substitute an expression for p and so, we have

&= —wr
hence, the general solution is of the form
z(t) = Ae™' + Are ™",

I Note 9.3. We use A* as the coefficient of the second term to ensure that z(t) is real.

Similarly, we have that

= imw (Ae™" + A*e™™").
We now consider a particular linear combination of z(¢) and p(t), namely

aft) p(t) — imw x(t) _ 2mw it
2mwh h

o () = p(t) + imw x(t) iy 2mw At
2mwh h

These quantities satisfy the first-order equations

0 0

—a(t) = —iwa(t) and —a*(t) = iwa™(1).

—aft) = —iwe(t) and  —a’(t) = iwa’ (1)

These quantities play a prominent role in the ‘quantum solution’ of the Harmonic
oscillator.
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9.2 Quantum solution

Definition 9.4. A system with Hamiltonian operator

~9 249
~ p mw-T
H=-—

2m + 2

is called a harmonic oscillator.
As alluded to in the previous section, it will be useful to consider the operators:
p+imwT

and af =
2mwh 2mwh

a=

Proposition 9.5. The value of
[@,a'] = 1.

Proof. Use properties of commutators and the fact [z, p] = ih. O

Theorem 9.6

. . = 52 22
The Hamiltonian operator, H = 2- + ™2 can be expressed as

~ 1
HZM(&TZL\—FE)

Proof. Consider the following

N D+imwT\ [(p—imwT
hwa'd = hw (p ) (p )

2mwh 2mwh

=—{@+imwz)(p+imwx)

2m
1 o ~
= 2—(102 — iMWPT + IMwTP + m2wT?)
m
1 o .
= 2—(p2 + imwTp — imwpt + m*w?z?)
m
1. oA
= %(p2 + m*w’T* + imw(Z, p))
B D2 N mw?z?  hw
-~ 2m 2 2
Recall that H = % + m‘“; z S0,
i~ hw
fwa'a = H — TR

As such we can rewrite,

N 1
th@d(&@#—é).
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We would like to determine the spectrum and the eigenstates ofH i.e., solve the time-
independent Schrodinger equation

H|U) = E|W).
We can write

. 1 N
H:hw(N+§) where N = a'a.

Proposition 9.7. Properties of N = a'a.

« N is Hermitian i.e. NT = N;

e |U) is an eigenvector of H if and only if |¥) is an eigenvector of N.

I Note 9.8. The eigenvectors are the same, but the eigenvalues are different.

Proof. We prove each bullet point in turn.
e Proof is trivial.

« Suppose |W) is an eigenvector of N with eigenvalue n i.c. N|U) = n|¥). Then,
consider

f]]\ll):hwﬁ|\lf>+%|\lf)
:hw<n+%) W) .

Therefore, |¥) is an eigenvector of H with eigenvalue hw (n + %) The proof of the
converse direction follows similarly.

O
Lemma 9.9
If X\ is an eigenvalue of N then \ > 0.
Proof. Let |U) be an eigenvector of N with eigenvalue A then,
N|W) =AU = (U] N |[T) = X (T[T
Thus, we can write R
\ YN |W) _ (vlata|v)
(V|w) (V|w)
_ @) @w)
(V|w)
_ @ w)”
(V|w)
(We have used the fact @ |¥) is a number thus, (@ |¥))T(@0)) = |[a|¥)||*). Since, (¥|¥) =
[|®)]|> > 0 (since | W) # 0) and [|@|¥)|* > 0, we conclude A > 0. O

o7



Francesco Chotuck 5CCM234A Introductory Quantum Theory

Lemma 9.10
Let |¥) be an eigenvector of N with the eigenvalue A\. Then exactly one of the

statements holds:

1. A=0and G|¥) = 0 OR,

2. A#0,a|¥) # 0 and a|V) is an eigenvector of N with eigenvalue A — 1.

Proof. First, we compute

~

[N,d] = [a'a,3) = a'aa — aa'a
— (a'a—aa")a
— [a',3)a
= —[a,a"a

= —a.

Now, suppose |U) is an eigenvector of N with eigenvalue A i.e.,
N W) = A|W).

Notice that NG —aN = [N, @] allows us to write, Na = aN + [N, a]. Consider the vector
a|W¥) and act on it with N:

NG |o) = (aﬁ + [ﬁ,a]) )
= (a\ —a)|¥)
=(A—1al|¥).

Thus, we have two possibilities.
1. a|¥)=0.
Supposing this is true then,
alv)y=0
=a'a|¥) =0
= N|¥) =0.

But, since we assumed ]V]\I!) = A|VU) then, |¥) # 0 (by the definition of an
eigenvector) so, A = 0. Conversely, if A = 0 then, 0 = A |¥) = N |¥) and thus

0= (V| N[¥) = (¥|a'a|v) = a|¥)[
which implies (by the axioms of the norm) @ |¥) = 0.

2. @|V) is an eigenvector of N with eigenvalue A — 1.

o8
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Lemma 9.11

Let |¥) be an eigenvector of N with eigenvalue A. Then, A € Zso and |V), @ |¥),
@2 |W),...,a|¥) are eigenstates of N with the eigenvalues A, A — 1,LA —2,...,0
respectively. Finally, a1 |¥) = 0.

Proof. By iteration of the previous lemma we get the infinite sequence of eigenvalues and
their corresponding eigenstates.

We prove A € Zxg.

For the sake of contradiction, assume A is not a non-negative integer. Then, none of
the numbers {\, A\ — 1,\ — 2,---} (which are eigenvalues) are 0. This means, from
one eigenvalue we get an infinite sequence of eigenvalues {\, A — 1, A\ — 2,--- } however,
at eventually we will get negative eigenvalues which is forbidden by a previous lemma.
Whereas, if A is a non-negative integer we get a finite sequence of eigenvalues which
terminates at 0. Hence, A must be a non-negative integer. ]

Lemma 9.12

Let |) be an eigenvector of N with the eigenvalue A. Then, @' |¥) # 0 and @' |¥) is
an eigenvector of N with eigenvalue A + 1.

I Note 9.13. To remember that a' increases the eigenvalue by 1 we can think of 1 as +.

Proof. Note that [A, B]t = —[Af, BY] so, applying this identity to [N,a] = —a, and we
have ~ o~
[Na/d]T = _aT = _[NT76T]
— —[N,af].

~

We conclude, [N,a'] = af. Furthermore, notice that Na — aN = [N, @] which allows us
to write, Na = aN + [N, a]. Suppose |V) is an eigenvector of N with eigenvalue . We
can compute

Nwm:@W+WﬂDm
= (@'N +a')|v)
=N |0 +af |o)
=a'\|U) +a'|P)
= (A +1a' |w).

Thus, we have two possibilities.
1. a' |[¥) =0.
Supposing this is true then also @a' |¥) = 0. But we can compute
0=aa' |¥) = (a'a + [a,a']) |¥)
= (N +1)|¥)
=A+1)|V).
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Since A is an eigenvalue of N by a previous lemma we have that A > 0 so, A+1 # 0.
However, this implies that |¥) = 0, which contradicts the assumption that |¥) is
an eigenvector (as by definition of an eigenvector |¥) # 0).

2. @' |W) is an eigenvector of N with eigenvalue A + 1.
Therefore, only the second statement is possible. ]
Note 9.14. In conclusion, we see that we can lower the eigenvalue of N by applying a to

the eigenstate, and similarly we can raise it by applying a. For this reason @ and a' are
called the lowering and the raising operators.

Lemma 9.15
Let |[¥) be an eigenvector of N with the eigenvalue X\. Then, the following statements
hold

1. A € Zso,

2. there exists a state |®) = @* |¥) € H which satisfies @ |®) = 0 (in particular, it
is an eigenstate of N with eigenvalue 0),

3. we have |¥) = C(a")*|®) for some C' € C where C # 0.

Note 9.16. This lemma allows us to undo the action of @ with @' and vice versa. For
example consider the state @ |¥) with eigenvalue A — 1, and then apply a' to get back to
the eigenvalue A. We find the state

af @|v)) =afa|w)
= N|U)
= \|T).

Thus, unless A = 0, we can undo the action of @ by acting with af.
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Example 9.17

Suppose that |¥) is the eigenstate of N with the eigenvalue A = 2. Then by Lemma
9.3 we can define the eigenstates of N

|®o) =@ |¥) and |®;) =a|¥),
which have eigenvalues 0 and 1 respectively. We have

al|®,) =a'a |v)
= N |v)
= 2|T).

Moreover,

al | @) = a'a|v)
= a'aa |v)
=a'a|®,)
= N|®y)
=[®y).

In the last two equations we used that ¥ and ®; are eigenstates of N with the
eigenvalues 2 and 1 respectively. We get from these equations

1
) = —al |®
¥) = 5a' |2)

1, .
= §GT(GT |‘I>0>)

= (@) [0).

Lemma 9.18

Let |®) be such that
a|®) =0 and (P|P)=1.

Then, (up to a possible overall phase) |®) is described by the wave function

O(z) = (%) o

Note 9.19. This lemma tells us that there exists a unique normalised state |®) which
satisfies a |®) = 0.
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Proof. Recall the definition of @ % then we can write

Q|0) = 0= (p— imw?) |®) =0

L 0 :
= —zha—x(I)(J:) — imwzdP(z) =0

0 mw

= () = Ae™ 2n

with A € C. We can determine A (up to a phase) from the normalisation condition:

@lo) - | " @) da

— o
S 2
[
—o0

Using the change of variable x = y4/ % and the fact ffooo eV dy = /7, we have

<q>yq>>:,/i/ eV dy
mw J_s
R
mw

Since, we must have (®|®) = 1 it follows that

- ()"
[

Definition 9.20 (Notation). We identify the state |®) = |0) where |®) is defined as
above. The state |0) is called the ground state (or vacuum state).

I Remark 9.21. |0) # 0 and indeed |0) is an eigenvector.

I Note 9.22. We call |0) the ground state because it has the lowest possible energy.

Theorem 9.23

From |0) we can construct the state for n € Z>y,

@)y,

and (n|n) = 1.
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Proof. Recall that
n) = An(@")" |0) ;
in this proof we illustrate how to determine the constant A, from the condition (n|n) = 1.

We will do this in two ways to demonstrate two different approaches. First, we choose
A, to be real and positive. Second, we have the following useful results

olat=@lop' =0 (o]atjo)=0
(ola=(@@'o)"  (olalo)=o.

Next, we can write

(nln) = A, (n| (@")"|0)
= A2 (0] @)" (a")" |0).

Note 9.24. The trick is to move @ past a' so, that it becomes N , and we know how this
acts on |0).

We compute (n|n) for certain values of n.

e Suppose n =1 then,

(1]1) = A2 (0| aat Jo)
= 4% (0)a'a + [a.a) o)
= 40| (@' +1) o)
= 4% (0] a'alo) + A3 (0] 1|o)
iyt

Therefore, A; = 1.

o Suppose n = 2 then,

(2]2) = A3 <O\aaaT T]O}
~ A3 (0a (@a + @.al) @' |0)
= A3 (0la (a'a +1)a' o)
= A3 (0| @a'aa’ |0) + A3 (0] @a' |0)

(1|1)=1
= A3 (0|aa' (a'a + 1) |0) + A3
= (0|aa'a’a|0) +A2

~—~

0

[\)

A

Therefore, Ay = =
For the general case n, we first consider
a(@H" =aa' (@)
= (ET6+ [a, aT]) (@hrt
=a'a@)"* + @
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Consider the term
a*a(af)"—l =a'aaf (ET)”_2

=af(ata + 1)(a")" 2
- @a@E + @)
Therefore,
a(@)” = @) a @) + 2@
[terating this process k times we have
a@" = @) a @ + k(ah !
Then iterating the process n times i.e. when £ = n we have
a(@)" = (@)"a+mn(@)".
With this identity we can compute
(nln) = A7 (0]@"(@")" 0)
= A; (0]a""a(@")" 0)
= A; (0]a"! (@) a +n(@)"") |0)
= A; (0]a"~'(@")" a o) +A7n (0]a" " @") " |0)
0
= Arn (0l (@) " |0)
= Ajn(n — 1) (0]a"*(@")"*|0)

= A2n(n —1)(n —2)---1(0]a"(@")’ |0)
= A2n!(0]0)
= Ain!.

Therefore,

Ay = ——.
Vnl

Proof. We present a quicker method to compute A,,. Consider
In+1) = C,a' |n)
for some C,, > 0. We can determine C,, by imposing the normalisation condition.
(n+1n+1) = |C,|* (n|aat |n)
= 2 (n|a'a + [a,a'] |n)
= C; {n| N + 1|n)
=C%n+1)(nln)
= C2(n+1).

Therefore, C,, = and

1
vn+1
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We can then start from |0),

m=a0). 2=T2m="L0.
to conclude .
n) = %(ﬁ)” 10
O
Corollary 9.25. The state |n) is an eigenstate of N with the eigenvalue n, i.e.
N|n) =nln).
Proof. Use Lemma 9.4. [

Theorem 9.26

Let |¥) be an eigenstate of N with the eigenvalue A. Then, the following statements
hold

1. )\ZHEZZO,

2. |¥) = C'|n) for some C' € C where C' # 0.

Theorem 9.27

The eigenstates of H are the states |n), and the corresponding eigenvalues are

1
En:hw(n+§)

The spectrum of H is therefore,

b sho S
2727 27
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Appendix

A Eigenvalue and eigenvectors

Definition A.1. Let V be a vector space. If T': V — V is a linear operator then, we
call a vector v € V an eigenvector for T if

v#0 and T(v)= \v for some \ € C.
The scalar A is called an eigenvalue of T'.

Lemma A.2. Let T be a linear operator on a vector space V and v € V and A € C.
Then v is an eigenvector of T with eigenvalue A if and only if

v#0 and v € ker (T — ).

Theorem A.3
The scalar A € C is an eigenvalue of 7" is and only if det(T" — A\I) = 0.

Example A.4. Determine all eigenvalues and eigenvectors of the matrix
1 —10
4= (_ S 4> |

Solution. To find the eigenvalues we begin by solving the characteristic polynomial given
by pa(A) = det(A — AI) = 0. We have that

1-Xx =10
A= (P50 1),

det(A — I\) = (A — 6)(A +9).

Thus, the eigenvalues of A are \; = 6 and Ay = —9.
To find the eigenvectors of A, we have to solve the system (A — Al)v = 0 for A = 6, —9.

Solving the system:
-5 —10\ [z 0
amene= (5 20) ()= 6)

and so we have the system

and so

—5r—10y =0
—5r — 10y =0.

We conclude the eigenvector is of the form x = —2y thus, by choosing x = 1 the eigen-

vector
o — -2

By a similar process the eigenvector
v — 1
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Example A.5

Here we present an alternative method to finding the eigenvectors of the matrix A.
From out previous work we know A has eigenvalues A = 6, —9. We can choose an
ansatz for the eigenvectors to be of the form

(o)
v= ,
Q@
and we know this eigenvector must satisfy the following equation
1 -10 1 1
s =2l

Therefore, we have the following set of equations:

1—10aa =X

-5 —4da = A\

from the first equation it follows that

1
(1)
a=10=%

We conclude the eigenvectors of A are
= L d ~ (!
Vr=6 — 05 an Vy=—9 = 1

A.1 Diagonalisation

Diagonal matrices have nice properties which makes working with them easy.
Proposition A.6. Properties of diagonal matrices:

o The determinant of diag(as, ..., a,) is the product a; - - - a,.

o Matrix multiplication: diag(ay,...,a,)diag(b, ..., b,) = diag(aiby, ..., aby,).

o The diagonal matrix diag(ay, ..., a,) is invertible if and only if the entries a4, . . ., a,
are all non-zero. In this case, we have

diag(as, . ..,a,) = diag(a;?*,...,a;").

»'n
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Theorem A.7

To diagonalise a matrix A we need a matrix P such that
A=PpPDp!

where D is a diagonal matrix. It follows that

A O 0
0 Mo 0

B 0’
0 0 A,

where \; are the eigenvalues of A and,
P = ('vla'” 7vn)

where v; are the corresponding eigenvectors.

B Multiple eigenvalue multiplicity

example of this in a second. For now, let us consider what happens when the eigenvalues
have multiplicities, i.e. for each \; we have several eigenstates |\;, 1), |\;,2),- -+ , |\, n;), which
we assume to be orthonormal,

(Aiyal X\, b) = g 405 ;- (393)
In this case the state can be expanded as
) =YY cialisa). (394)
i=1 a=1

In this case, the probability of obtaining the result A; is ) 7%, |ci o|?. However, it is harder to
determine the final state — it is not uniquely determined by the eigenvalue A; and in general
can be any linear combination Y . ; bs|\;,a). The exact form of the final state depends on
the precise details of the measurement of O and will not be discussed here.

C Links

¢ Dirac delta function
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