Probability Theory Notes

Francesco N. Chotuck

Abstract

This is the Imperial College London postgraduate module MATH70058 Probability
Theory, instructed by Dr. Ajay Chandra. The formal name for this class is “Probability
Theory”.
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Note 0.1.1 would like to preface these notes by mentioning that I have not formally
studied Measure Theory in a dedicated course. As a result, I will be recapping several
concepts from measure theory without providing formal proofs.

1 Measure Theory

Note 1.1. The idea of measure theory is that we want to assign a ‘mass’ or ‘size’ to relevant
subsets of a space in a consistent way. In particular, in probability theory, these subsets
will be ‘events’ or ‘collections of outcomes’ (which are subsets of a sample space), and the
‘mass’ is the probability - i.e. a measure of how likely that event is to occur.

1.1 Definitions

Remark 1.2. We now fix some notation. Throughout these notes we will use €2 to denote
a sample space, and for some set we write P(A) = 24 for the power set of A, i.e. the set of
all subsets of A.

Since we are interested in probability, we will use some language which reflects this, a point
w € ( is sometimes called an outcome or a realisation. We call subsets A C §2 events. It is
important to remain conscious of the difference between a realisation (sample point) w € )
and the singleton event that w occurred, i.e. {w} C Q.

Definition 1.3. Let Q be a set and @ # A C 2% be a collection of subsets of 2. We call
A an algebra for 2 if it is closed under unions and complements i.e.

e« ABec A= AUBe A

Corollary 1.4. For an algebra A, we have that @, € A and for every A, B € A then
ANBe A

Definition 1.5. An algebra A on () is called a o-algebra if is closed under countable
unions i.e. A, € A for each n € N then |2, 4; € A.

I Remark 1.6. g-algebras are also closed under countable intersections.

Example 1.7. Given (2, two examples of o-algebras on () are
Fo=1{Q,0} and F*=2%

Every other o-algebra F on 2 satisfies F, C F C F*.
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Example 1.8

Another example of a o-algebra: given any partition {D; };c; of Q with I countable,
we can define a o-algebra

o({Di}icr) = {U D;:JcC I} :

jeJ

Definition 1.9. Let A be an algebra on Q. A map p: A — [0,00] = [0,00) U {cc} is
called a set function. We say that p is

1. increasing if p(A) < p(B) for any A, B € A with A C B.

2. finitely additive for any disjoint A, B € A we have

#(AU B) = u(A) + u(B).

3. o-additive for any disjoint sets A,, € A for n € N we have

H (U Ai) = ZM(Ai)-

Remark 1.10. There is no issue with the series appearing in the above definition, which
is over non-negative real numbers. Its value is an element of the extended real line [0, co] =
[0,00) U {oo} (i.e. the series may well diverge). By convention, we set

e I+ 00 = 00,
e X X 00 = 00, and
e 00+ 00 =00

for all x € [0, o0].

Corollary 1.11. A set function p being finitely additive implies

e u(2)=0,and

o forany A, B € A (i.e. they may not be disjoint) u(AUB) = u(A)+u(B)—u(ANB).
Proof. We prove the statements.

 Consider pu(@ U @).

o The trick is to write A = (ANB)U(A\ B),B = (ANB)U (B\ A) and
AUB=(ANB)U(A\ B)U(B\ A) where all sets in the union are disjoint.

]

Definition 1.12 (Measure space).

1. A measurable space is a pair (€2, F) where €2 is a set and F is a g-algebra on €.

4
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2. A measure space is a triple (2, F, u) where Q is a set, F is a o-algebra on € and
p o F — [0,00] is a o-additive function. In this case p is called a measure on
(2, F).

Definition 1.13 (Types of measure space). Let (Q, F, ) be a measure space.
1. w is called finite if 4(Q) < co.

2. p is called o-finite if there exists sets E; € F such that pu(F;) < oo and Q =
U;L Ej.

Definition 1.14. Let (€2, F,P) be a measure space. A measure P is a probability
measure if it is o-additive and P(§2) = 1.

Remark 1.15. We often use the notation (2, F,P) to emphasise that we have a probability
measure.

Definition 1.16. If y is a o-additive on an algebra A C 29, we say p is a pre-measure

on A.

Definition 1.17. Given a measurable space (€2, F), a probability space is a triple
(Q, F,P) where IP is a probability measure on F. We often call Q2 the sample space and
F the o-algebra of events. We often say, for A, B € F,

« P(A) is the probability of event A.

e P

(

« P(AU B) is the probability of the event A or B occurring.
(AN B) is the probability of the event A and B occurring.
(

o P(A°) =P(2\ A) is the probability of the event A not occurring.

1.2 Basic results

Definition 1.18 (Notation). For a sequence of sets (A4,),>1 we write A, T Aif A, C A,
for each n and |J)~ | A, = A. Similarly, B,, | B if B, D B, for all n and (" —, B, = B.

Lemma 1.19 (Monotone convergence for probability spaces). Let (€2, F,P) be a probability
space.

1. If (A,)n>1 is a sequence in F with A, T A, then P(A,) T P(A) as n — oo.
I Note 1.20. Continuity from below.

2. If (Bp)n>1 is a sequence in F with B,, | B, then P(B,) | P(B) as n — oc.
I Note 1.21. Continuity from above.

Remark 1.22. This lemma also holds for measure spaces with a small tweak in the second
statement where we require the measure ;1 to be such that p(Bj) < oo for some k € N. We
illustrate this version of the lemma as the proof is simpler.
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3. Proof. Note that (1) and (2) are equivalent by using De Morgan’s laws to interchange
union and intersections with complements. From [DD19, Theorem 1.1.1 (iii) & (iv)].
We prove each statement in turn.

1. We write D — E for D N E°, with this notation in mind let D, = A,, — A,_1. Then
the D,, are disjoint and have J>_, D,, = A, _, D, = A, s0

n—oo

P(A) = f:P(Dm) = lim ip(pm) = lim P(A,).

m=1

2. By, — B, T By — B for some k so the above implies P(By — B,,) T P(Br — B). Since
By D B we have P(By, — B) = P(By) — P(B), and it follows that P(B,,) | P(B).

]

Definition 1.23. Continuity from above with A = & is called continuity at 0.

Lemma 1.24
A finitely additive p on (£2, F) with p(€2) = 1 is a measure if and only if it is
continuous at 0.

Proof. We prove each direction.

» Proof of (=). We first assume that p is a measure, then it is o-additive, and it
follows from the above lemma that it is continuous at 0.

o Proof of («). Conversely, we assume that p is continuous at 0. By the proof of
the lemma above, this implies p satisfies item (1) of the lemma above, that is, it is
continuous from below. We now show that p is o-additive, so that it is indeed a
measure. Let Ay, Ay, ... € F be disjoint, and set A =]~ A,. Let B, = U;;l Aj,

and note that B,, T A. Then, by continuity from below, we have p(B,) 1 u(A).

However, we also have p(B,,) = 3 7, ju(4;), and so we have > 72| u(A;) = u(A).
[
Lemma 1.25. Let (€2, F, 1) be a measure space, then
+ (subadditive) (AU B) < u(A) + u(B) for A,B € F,
o (o-subadditive) pu (U2, An) <> 07 u(A,) for Ay, Ay, ... € F.

If 1 is also a finite measure (u(2) < oo), then (inclusion-exclusion formula) for all
Ay Ay A, EF,

p (U Ai) = uA)= DT wAnA)+ ST pANANAY = (1) (AN A0

1<j<n 1<j<k<n

NA).



Francesco N. Chotuck MATH70028 Probability Theory

1.3 Borel o-algebra

Lemma 1.26 (Generating o-algebras)

Consider any set 2, and C collection of subsets of 2. Then the o-algebra generated
by C is the intersection of all o-algebras on 2 which contain C, that is

o(C) = ﬂ F

FC22 a g-algebra with CCF

Note 1.27. Given a collection C of subsets of §2, there exists a unique “smallest” o-algebra,
o(C), containing C. We read F D C, as o-algebras F containing C.

Remark 1.28. From this statement we can also deduce that the intersection of an arbitrary
collection of o-algebras is a o-algebra.

Proof. Since 2% is a o-algebra containing C, the intersection is non-empty. To prove it is
a o-algebra it suffices to check the axioms for a o-algebra are satisfied.

e We have @ € F for all F D C.

o Suppose A € o(C) then A is in each F for all F D C. Since F is a o-algebra it
follows that A¢ € F for all F D C hence, A¢ € o(C).

o Similarly, given a (A4,),>1 all in o(C), it follows that these sets are all in F. Since
each F is a o-algebra we have that | J A, € F for all F D C, and so |J A, € (C).

]

Definition 1.29. If (X, 7) is a topological space (with 7 C 2% the collection of open
sets), then

is called the Borel o-algebra of (X, 7).

Note 1.30. Let X be a topological space, set

B(X)=0({A C X : Aisopen}).

Remark 1.31. The o-algebra B(X) depends on the topology, not just X, although it does
not appear in the notation.
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Example 1.32 (B(R) o-algebra)
For X = R we have

B(R) = o({open intervals}) = o(closed intervals)

({(—o0, 2] : x € R}).

o
o

We observe that we can write open interval

o0 1'
b) = h— - b.
(a,b) nL:Jl(a o <

Similarly,

and

Thus, the Borel g-algebra also contains all sets of the form

{a’}7 (aab)v [CL?b]v (_Oovb)v (—OO,b], ((I,OO).

1.3.1 Product o-algebras

Definition 1.33 (Product c-algebra). Given two measurable spaces (21, F7), (22, F2),
we can obtain the measurable space (21 x Q, F; ® F3) by setting

FiF,=0c({A; x Ay: Ay € F1, Az € Fo}).

Lemma 1.34
We have that B(R) ® B(R) = B(R?).

Proof. We prove the double inclusion.

» Proof of C. For this inclusion, it suffices to show that for any A € B(R), B € B(R),
we have A x B € B(R?).

Note that Ax B = (AxR)N(R x B), so it suffices to show that AxR, Rx B € B(R?).
Now we note that

AxRea({C xR:C CR,C open}) C B(R?),

where the second inclusion follows from the fact that such C' C R are open in R.
The proof that R x B € B(R?) is similar.

e Proof of D. For this inclusion, it suffices to show that for any A C R? open, we have
A € B(R) ® B(R). Let X C R? be the collection of open rectangles (a,b) x (c, d)
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with a,b,c,d € Q. Then X is countable. We then remark that, by density Q?> C R
and the fact that A is open,
A= |J R

REX,RCA
Since each R € X belongs to B(R) @ B(R)

1.3.2 Cylindrical o-algebra

Note 1.35. This space is used as the basis for constructing probabilistic models of experiments
with infinitely many steps.

Definition 1.36. Let R*® = {(z1,22,...) : ; € R}. For each n > 1, we define 7, :
R>* — R™ by mapping
T = (xn)oy = (T1,. .., Tp).

We define the collection of cylinder sets C C 28™:

C={m'(A) CR®:n>1, AcB(R")}.

Proposition 1.37
The cylindrical o-algebra is then given by o(C).

I Remark 1.38. C is not a g-algebra, but it is an algebra (of sets).

Corollary 1.39

Since R is a topological space, R* is a topological space with the product topology.
Furthermore,

B(R®) = o(C).
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Example 1.40

Consider the measurable space (R*, B(R*)). Let r € R, then define the following
subsets of R>:

A, = {x = (zp)02, € R™® : limsup x,, = inf <sup xk) > r} ,

n—o00 k>n

B, = { = (z,)o2; € R* : liminf x,, = sup (Igf xk> > r} )

n—00 n

We have that A,, B, € B(R>). Since one can take

[
D)
(@

A, {r e R*® :zy, >},

3
Il
—
>
I

n

and

fov

I
(@:
DX

{r e R® :zy >r}.

3
Il
—_
b
Il

n

1.4 Lebesgue measure

Theorem 1.41 (Carathéodory’s Extension Theorem)

Let A be an algebra of sets, and suppose 11 : A — [0, 00) is o-additive and o-finite on
A. Then there exists a unique extension of i to a o-finite measure o-finite measure

p:o(A) — [0, 00].

Example 1.42 (Lebesgue measure on (0, 1])

Let Q = (0,1] and A = {(a1,b1]U(az, bo]U---U(ar, b, : 0 <a; <by <ag---<b. <1}
be the collection of all subsets of (0, 1] that can be written as a finite union of disjoint
(half-open) intervals. It turns out that A is an algebra and o(A) = B((0,1]). Let

po(F) = (bx —ax) for F € A.

k<r

Then pg is well-defined and o-additive on A. It is relatively straightforward to show
that pg is additive, the tricky part is to show that pg is countably additive on A
which requires a compactness argument. It follows from Carathéodory’s Extension
Theorem that there exists a unique measure on ((0, 1], B((0, 1])) that extends p. This
is the Lebesgue measure on (0, 1].

I Note 1.43. We quickly recap Lebesgue measure on R, as an example of completion.

Definition 1.44. Given a measure space (E,
that there exists B € £ with B D A and u(B)
of such null sets.

€, ) a null set is a subset A C E such
= 0. We often write N for the collection

10
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Definition 1.45. A measure p on (E, &, ) is called complete if N' C €. In this case
we call (E, &, u) a complete measure space.

Definition 1.46. Given a measure space (E, £, ), there exists a completion of (E, &, i)
with respect to p, which is a complete measure space (E,£*, u*) defined as follows. Let
N denote the null sets of (E, &, u).

E={AUB:A€& BeN}
=o(EUN).

For AUB € &* with A€ &, B e N, we set u*(AU B) = u(A). We sometimes just write
w instead of p*.

Definition 1.47. Define a measure p on the algebra A on R of finite disjoint unions of

intervals (a,b] in R by
p (U(%@']) = (b —ay).

j=1 j=1
The completion of (R, B(R), i) is called the Lebesgue measure on R, and is denoted
(R, M(R), 11).

Corollary 1.48

There exists a unique Borel measure on R such that for all @ < b € R we have
p((a, b)) = b — a. The measure is called the Lebesgue measure.

2 Random Variables and Integration

2.1 Measurable Maps

Lemma 2.1 (Elementary properties of the pre-image)
Let f:Q — Q.

1. The map f~! preserves all set operations:

! (U%) =Jr'4a), 1A= (F71)°
2. fH(AUB) = fLA) U F1(B).
3. fTH(ANB) = f~H(A) N f1(B).

4. 7Y A\ B) = fHA)\ f7H(B).
5. If C C P(QY) then f~H(o(C)) = (f71(C)).

Definition 2.2. Suppose (2, F) and (A, G) are measurable spaces, then f : Q — A is
called measurable (with respect to F,G) if

Geg= f1qQ)eF,

11
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ie f71(G) C F.

Remark 2.3. Notation: In the special case that (A, G) in the previous definition is given
by (R,B(R)) then f is called F-measurable (i.e., we drop the reference to B(R) when it is
clear from context). The class of such functions on (2, F) is written mJF.

Proposition 2.4

Suppose (2, F) and (A, G) are measurable spaces, and f : Q@ — A. If C C G and
o(C) = G then f is F,G-measurable if and only if f~(C) C F.

Lemma 2.5 (Composition Lemma). Suppose (4, F1), (22, F2), and (23, F3) are measurable
spaces and f : Q) — o, g : Qy — (3 are measurable (w.r.t Fi, Fy and Fy, F3
respectively), then g o f : Q; — Qg is F, F3-measurable.

Definition 2.6. Let (€2, 7)) be a topological space, and (€2, B(€2)) be the Borel measure
space on Q. Then f: Q — R is called Borel if it is B(2), B(R)-measurable.

Lemma 2.7. If f: ) — R is continuous then f is a Borel function.

2.2 Random Variables

Definition 2.8. Suppose (2, F,P) is a probability space. A function X : 2 — R such
that it is F-measureable (i.e. F, B(R)-measurable) is called a random variable (r.v.).

Remark 2.9. If X is a r.v. then {w € w: X(w) < a} € FsoP{w e w: X(w) <a}) =
P(X < a) makes sense.

Definition 2.10 (c-algebra generated by a r.v.). Let (22, F,P) be a probability space
and X a random variable. Then the o-algebra generated by X is

o(X) = X(B(R)) = {X"(4): A€ B(R)}
={{X €A} : Ac BR)}.

I Note 2.11. More generally, o(X;) = o({(X1,...,X;) € B} : B € B(R?)).

Proof. To show that o(X) is a o-algebra, we must verify the following three properties:

1. o(X) contains Q: By definition of a random variable, X is a measurable function
from (Q,F) to (R, B(R)). Since R € B(R), we have

X 1R)=0Q¢co(X).
2. 0(X) is closed under complementation: Suppose A € o(X), meaning there exists a
Borel set B € B(R) such that A = X~'(B). Then, the complement of A is given

by:
A° = (XY(B)) = X~1(B).

Since B¢ is also a Borel set (because B(R) is a o-algebra), it follows that A° € o(X).
Thus, o(X) is closed under complements.

12



Francesco N. Chotuck MATH70028 Probability Theory

3. o(X) is closed under countable unions: Let A, € o(X) for n € N, so there exist
Borel sets B,, € B(R) such that A, = X~(B,). Then, we consider the countable

union: - -
4. =Jx (B
n=1 n=1

Since B(R) is a o-algebra, it is closed under countable unions, so J°~, B, € B(R).

Hence,
X! (U Bn> = JX (B € o(X).

Example 2.12

If X is a dicrete random variable then o(X) = o({X = x1},{X = x3}),.... However,
if X is a continuous random variable then o (X) includes sets that look like {X < a},{X
or {a < X < b}.

Lemma 2.13

Let (2, F,P) be a probability space. We have that X is a random variable if and
only if o(X) C F.

Definition 2.14 (o-algebra generated by a family of r.v.s). Let (€2, F,P) be a probability
space and (X, : « € I) a collection of random variables, then

o(Xo:a€l)=o0 (U U(Xa)> :

ael

Lemma 2.15. Suppose B(R) = ¢(D) for some D C 2%. Then a function X : Q — R is
a random variable if and only if

XY (D)eF forall DeD.

Proof. We prove each direction in turn.

« Proof of (=).
Assume that X is F-measurable. By definition, this means that for every Borel set
B € B(R), the preimage X (B) is in F. Since o(D) = B(R), we have D C B(R),
which means that X (D) € F for all D € D.

« Proof of («).
Suppose that X~ '(D) € F for all D € D, and we want to show that X is
F-measurable, meaning that X 1(B) € F for all B € B(R). To do this, we define
the collection:
E={ACR|X YA e F}.
We claim that £ is a o-algebra on R, and since D C £ and B(R) = o(D), it will
follow that B(R) C &, completing the proof. We now prove our claim.

13
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— Since X7}R) = Q, and we assume 2 € F, it follows that R € £.
— If A € &, then by definition X *(A) € F. Taking the complement:

XA = Q\ X (4),

which is in F since F is a o-algebra. Thus, A° € €.
— Suppose Ay, Ay, --- € £. Then X 1(A,) € F for each n. Since F is a o-algebra,

we have:
X! (U An> = Jx ') erF
n=1 n=1

Therefore, | J7~, A, € €.

Since £ is a g-algebra and D C £, we conclude that the o-algebra generated by D,
which is B(R), must also be contained in £. That is,

B(R)=0(D) CE.

Thus, X '(B) € F for all B € B(R), proving that X is F-measurable.

Lemma 2.16

Given random variables X1, ..., X,, ..., the following are also random variables:
1. X1 + XQ, X1 - XQ, X1X2, Xl/X2 (lf X2 7A 0), CLX1 for a € R.
2. maX(Xl,Xg), min(Xl,Xg),

3. sup, X,, inf,, X,,, when they exist for every w € 2,

4. f(X;) for any Borel-measurable function f: R — R.

Definition 2.17. A random variable ( is called simple if it only takes finitely many
values i.e., there exists a1,...,a, € R and Ay,..., A, € F such that

<: Z(Ilej.
j=1

Proposition 2.18. We can write X = Xt — X~ where X* = max(X,0) and X~ =
—min(f,0).

Lemma 2.19. Given a random variable X > 0, there exists a sequence of simple random
variables (i, (s, ... such that (, T X (i.e., (, increases monotonically and converges to
X).

Remark 2.20. When X is not necessarily non-negative, we can write X = X+ — X,
where X = max(X,0) and X~ = min(X, 0), and apply the lemma separately to Xt and
X,

14
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Note 2.21. This lemma formalises the idea that any measurable function can be built
up from stepwise approzimations, much like how digital screens approximate images using
pixels.

Proof. We construct a sequence of simple functions that approximate X from below. The
idea is to partition 2 based on binned values of X. Specifically, for j,n € N, define the
measurable sets

A ={X € )27, (G + 127}

Since X is measurable, it follows that A;, € F. Now, define the simple function ¢, as:

22n

o= J-2"a,,.
j=0

Clearly, for every w € €2, (,,(w) is monotone increasing and bounded above by X (w). Also,
for any n > X (w), we have

X(w) € [Gn(w), Gulw) +277).

Thus, it follows that
|Co(w) — X (w)| = 0 asn — oc.

2.3 Distribution of Random Variables

Definition 2.22. If X is a random variable on (2, F, P) into (R, B(R)), then the distribution
(or law) of X is

for any A € B(R).
I Remark 2.23. Px is often called the push-forward of P under X.
Corollary 2.24. Py is a probability measure on (R, B(R)).

Remark 2.25. This notion is generalised by changing the space, but we only offer the
probabilistic definition.

2.3.1 Cumulative Distribution functions

Definition 2.26 (Distribution function of random variable). For a real random variable

X on (2, F,P) define

Fy :R —[0,1]
Fx(z) = Px((—o00,z]) = P(X ! (—o0, 2]).

This function is called a (cumulative) distribution function.

15
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Theorem 2.27
The cdf satisfies the following properties:

1. Fis non-decreasing, i.e. x <y implies F(z) < F(y).
2. lim, o F(z) =1 and lim,_,_, F(x) = 0.

3. F is right continuous, i.e. lim,_,,+ F(z) = F(y).

Proof. We prove that this definition of the cdf satisfies each property.

1. Let 21 < x9. Then:
(=00, 1] C (=00, 2],

so by monotonicity of measures:
Fx(21) = Px((—00,21]) < Px((—00,22]) = Fx(z2).
Thus, Fx is non-decreasing.

2. As x — oo:
lim Fy(z) = lim Py ((~00,a]) = Px (U(—oo,x]) = P(R) = 1.

As ¢z — —oc:

T—r—00 T——00

lim Fx(z) = lim Px((—o0,z]) = Px (ﬂ(—oo,—x]) = P(2) = 0.

3. We show that: .
lim Fy (m + ﬁ) = Fx(z).

n—oo

Note:
1
Fx (:L‘—i—;) —Fx(z) =P <X <z+1)=P(X € (z,z+ 2]).

Since (z,x + %] is a decreasing sequence of sets as n — oo, we apply continuity
from above:

Tim P(X € (2,2 + i) =P (ﬁ(m,m—i— %]) =P(2) =0.

So:
lim Fx (z+ 1) = Fx(x),

n—oo

which proves right-continuity.

16
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2.3.2 Discrete distribution functions

Definition 2.28. Discrete distribution functions are of the form

Fdisc<~r> = ijl{arjﬁz}(x)

jeJ

where p; > 0 and . ;p; = 1, which gives a distribution Pgisc on (R, B(R)) where

Paie(A) = > p; for A € B(R);

zeJ
Tj €A

(by ‘disc” we mean a discrete random variable).

Note 2.29. That is, the distribution function is a step function with steps at each of the
points x; in J which are of “size” given by the probability of the point (mass function).

Example 2.30

Example distributions:

o Uniform on {1,..., N}: we use the following data J = {1,..., N}, z; = j and

» Bernoulli with parameter p € [0, 1]: we use the following data J = {0, 1}, 29 =
0,7y =1and po =1—p,p1 =p.

+ Geometric with parameter p € [0, 1]: we use the following data J = N, z; = j
and p; = (1 —p)’~'p.

» Poisson with parameter A > 0: we use the following data J = N, z; = j and

e\

j!

b =

Proposition 2.31. Properties of the discrete distribution.
e Fjiec is not continuous.

o FV

qise = 0 is Lebesgue measurable almost everywhere.

2.3.3 Absolutely continuous distribution functions

Proposition 2.32

Suppose Fy is continuously differentiable, then it is the cdf of some random variable
with probability density function given by

f@) = Fx(x).

17
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Definition 2.33. Absolutely continuous distribution functions are of the form

Faclt) = / " f)dy

where f : R — [0,00) is Lebesgue measurable with 7 f(z)dz = 1. We call f the
probability density function (pdf) of F' (sometimes just density).

Example 2.34

Examples of AC distribution functions.

o Uniform on [a,b]: f(z) = 'l{xbe_[zjb}}'

« Normal/Gaussian with mean y € R and variance o2 > 0:

fa) = e (—%) |

« Exponential with rate A > 0: f(z) = Ae 1,50

Proposition 2.35. Fjc is absolutely continuous with F'(z) = f(z).

2.3.4 Singular continuous distributions functions

Definition 2.36. We say a measure p on (2, F) is concentrated on a set A € F if for
every B € F disjoint with A we have u(B) = 0.

Definition 2.37. We say a distribution function Fgc is singular continuous if

e Fyc is continuous,

« there exists A € B(R) such A is of Lebesgue measure 0 and Pgs¢ is concentrated on

A.

Remark 2.38. When we imagine distribution functions, we often think of absolute continuous
or discrete classes. When writing a proof be sure to consider the SC case.

Proposition 2.39. A continuous distribution function can either be singular or absolutely
continuous.

Example 2.40

An example of a SC distribution would be the Cantor staircase.

Theorem 2.41 (Lebesgue decomposition)

Given a distribution function F' on R, there exists unique distribution functions
Faise, Fac and Fse such that

F = paiscFaise + pacFac + pscFsc

where pgise, pac, psc > 0 and sum to 1.

18
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Proof. Not examinable. Omitted. [

3 Integration and Expectation

3.1 Definitions

Definition 3.1. Let (Q, F, u) be a measure space. A function ¢ : @ — R is called a
simple function if there exists an n € N and E,,..., E, € F, aq,...,a, € R such that

Y= Z arlg,.
k=1

Note 3.2. That is, a simple function is a measurable step function taking only finitely
many steps.

Definition 3.3. If ¢ is a non-negative simple function as above, then we define the

integral of ¢ w.r.t. u by
/gpdu = Z%M(Ek)-
k=1

Definition 3.4. For a non-negative measurable function f (i.e. f is F-measurable) we
define the integral by

/fdu=sup{/cbdu:cbsimple,0§¢§f}-

Note that the supremum may be +oo.

Definition 3.5. We say that a measurable function f (i.e. f is F-measurable) is

integrable if
[ 151du <o

(note this is well-defined since | f| is F-measurable). If f is integrable, then its integral is

defined by

[ran=[ran- |1 an
where f* = max(f,0) and f~ = —min(f,0) are the positive and negative parts of f,
respectively.

Definition 3.6 (Notation for integral over a subset). If A € F and f is integrable, then

we define /AfdM _ /flA dj = /Qf(x)lA(x) d(x).

Definition 3.7. A property is said to hold y-almost everywhere (abbreviated p-a.e.)
if it holds except on a set of y measure zero. If p is a probability measure, we say
p-almost surely, abbreviated p-a.s.
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Remark 3.8. If f =g a.e. (ie. p({w: f(w) # g(w)}) = u({f # g}) =0), then

/ﬂMZ/gW-

Note 3.9. It means that the set where the property fails is so small that it has no
measurable impact. If something happens almost surely, it means it will happen except in
an “infinitely rare” scenario.

Theorem 3.10 (Properties of integral)
Let f, g be integrable functions on a measure space (2, F, ) and « € R.

+ (Monotonicity) If f < g p-a.e., then [ fdu < [ gdpu.
« (Triangle inequality) | [ fdu| < [|f|dp.

« (Linearity) [(af +g)dp=o [ fdu+ [gdu

o (Unitarity) [14du = p(A).

Remark 3.11. Note a little care has to be taken with our notation u(-), which has different
meanings depending on what type of object the argument is, e.g. u(la) = u(A): the
left-hand side is shorthand for the integral of a function, whereas the right-hand side is
simply the measure of a set.

3.2 Key theorems
Definition 3.12. f, — f pointwise if f,(w) = f(w) for all w € Q.

Definition 3.13. f, — f a.e. (or a.s. for probability measure) if

p{w € Q: fulw) = f(w)}) = 0.

Theorem 3.14 (Fatou’s Lemma)
Let (fn)n>1 be a sequence of non-negative measurable functions, then

/lim inf f,, dp < lim inf/fn du.
—00

n—00 n

I Remark 3.15. Note we are not excluding the case when the integrals are infinite.

‘ Note 3.16. Note that in words the result can be interpreted as ‘some mass may escape to
infinity’
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Theorem 3.17 (Monotone Convergence Theorem (MCT))

Let (fn)n>1 be a sequence of non-negative measurable functions, such that for all
n € N we have f, < f,.1 and f, — f a.s., then

/fndu%/fd,u, ie. lim/fndu:/lim fndu.
n—o0 n—o0

I Remark 3.18. Note we are not excluding the case when the integrals are infinite.

Corollary 3.19. Note, as a corollary to the MCT we get the following result for series
which is often useful. If (f,,),>1 is a sequence of non-negative measurable functions, then

/i::fnduzi::/fndu-

Theorem 3.20 (Dominated Convergence Theorem (DCT))

Let (fn)n>1 be a sequence of measurable functions such that f,, — f a.e., and suppose
that there exists an integrable function g such that |f,| < g for all n (i.e. g dominates
the sequence |f,|). Then f is integrable and

/fndu%/fdu as n — 0o.

Corollary 3.21 (Reverse Fatou’s Lemma). Let (f,),>1 be a sequence of measurable
functions, and suppose that there exists an integrable function ¢ such that f,, < g for all
n. Then

/lim sup f, dp > lim sup / fndp.

n—o0 n—oo

Proof. Apply Fatou’s Lemma to h, = g — f,, so it is important that f,, < g so that h,, is
non-negative, and [ gdu < 0o, so we can cancel the contribution from these terms. [

Product measures

Theorem 3.22 (Measure on product spaces)

Let (A, A, pua) and (B, B, up) be measure spaces. Let £ = A ® B, then there exists
a unique measure 4 (sometimes denoted as s ® pup) on A ® B such that

(St % S2) = pa(S1)ps(S2).
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Theorem 3.23 (Fubini’s and Tonelli’s theorems)

Let (Q, F,P) = (1 X Qy, F; ® Fo,P; ® Py) be a product probability space, and let
f(w) = f(wy,ws) be a measurable function on (0, F), the functions

g f(x,y)dPa(y) and y+— . f(x,y) dPy(x)

are Ji1-F5 measurable respectively.
Suppose that either

1. f is integrable on 2, or
2. f>0.
Then

[rw=[ ( [t Pi(a)) apals) = [ | ( [t ) ) ).

where in case (2.) values may be oo.

3.3 Expectation

Definition 3.24. If X is random variable on (2, F,P) with associated distribution Px
on (R, B(R)) then we define the expected value of X with respect to P as

]E[X]:/QXd]P’:/X(w)IP(dw):/Ra:d]P’X:/Rfo(x)dx,

where fy(x) is the density function (if it exists).

I Note 3.25. We can abuse notation and think of dPx = fx(z) dx.

I Remark 3.26. The density function exists if it the distribution is not singular.

Corollary 3.27. In the discrete case, we define the expectation to be
E[X] =) apx(z).

Definition 3.28. Given p > 1, a random variable X with E (|X|") < oo, we say X has
finite p-th moment, and we often write X € LP(Q).

Definition 3.29. Given a random variable X with E (|X|) < oo, the expectation or
mean or first moment of X is defined as

p=px =E(X).
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Definition 3.30. We introduce some notation for the expectation of random variable
on some event A € F

E[X: A] = E[X1,] :/XdIF’.

Remark 3.31. This is not to be confused with the conditional expectation E[X | A] which
we will talk about later.

Definition 3.32. If a random variable X = X+ — X~ we call X integrable if E(X) <
oo and E(X~) < oo. In this case we can define

E(X)=EX") —E(X").
Lemma 3.33. If X and Y are integrable functions on (2, F,P), then:
1. X>0 = E[X]>0.
2. X >Y = E[X]>E[Y]
3. X >0and P(X > 0) > 0 then E[X] > 0.

Lemma 3.34
Let X be a random variable on (2, F,P) with distribution Py, i.e.,

Px(B) =P(X~'(B)) =P(X € B), B € B(R).

Suppose h : R — R is a Borel measurable function. Then, h(X) is integrable on
(Q, F,P) if and only if A is integrable on (R, B,Px) and

E[(X)] = Px(h),

In particular, if it exists, we have

E[X] = /RdePX(m).

Lemma 3.35. If X is a non-negative random variable, then

E[X] =0 < P(X >0)=0.

Proposition 3.36

If F is a distribution function of a random variable X, then

E[h(X)] :/Rh(x) dF(z).
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3.4 Some useful inequalities

Lemma 3.37 (Markov’s inequality)

For any non-negative random variable X and a > 0 we have

P(X > a) < %E(X).

I Remark 3.38. The lecture notes call this “Chebyshev’s inequality”.

Proof. First, notice that, Vw € €Q,

0 if X(w) <A,

X(w) = Mxza(w) = {)\ if X(w)> A\

Taking expectation on both sides yields,
E[X] = E[Alix>n] = AP(X > A),

which completes the proof. Il

Lemma 3.39 (Chebyshev’s inequality)

Suppose X is a random variable, then for any b > 0 we have

Var(X)
v

P (X - E[X]| >b) <

Definition 3.40. A function f : (a,b) — R is convex, if for any x,y € (a,b) and
p,q € [0,1] such that p + ¢ = 1 we have

flpx+qy) < pf(x) +qf(y).

I Note 3.41. In simple terms, a convex function graph is shaped like a cup U.

Proposition 3.42. Testing for convexity on an interval I.

o A funcion f is convex if f”(z) >0 for all z € I.
e A function f is concave if f”(x) <0 for all € I.

o A function f(z) is convex if and only if —f(x) is concave.

Theorem 3.43 (Jensen’s inequality)
Let f: (a,b) = R be convex and X a random variable then

FE(X)) < E(f(X)).

Proof. Omitted. Not examinable. ]
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Theorem 3.44 (Cauchy-Schwarz inequality)
If E(X?) < oo and E[Y?] < oo then XY is integrable and

E(XY)] < E(XY]) < VE(XE(Y?).

Proof. Omitted. Not examinable. ]

4 Independence

4.1 Definition of Independence

Note 4.1. The rule of thumb should be familiar, “independence means we can multiply”,
P (ﬂ ) =[[B¢) and E (H ) = TEO).

Definition 4.2 (Independent events). Let (2, F,P) be a probability space, the events
(A;), € F are independent if

(1) -t

Definition 4.3 (Independent random variables). The random variables X and Y are
independent if for each pair of Borel sets A, B € B(R) we have

ie.

P(X € AY € B)=P(X € AP(Y € B).
In general the random variables (X;)! , are independent if for all By,..., B, € B(R),

we have
P(X, € By,....X,€B,) =P(X; € B)---P(X,, € By).

Remark 4.4. The sequence of random variables is independent if and only if o(X7), ..., 0(X},)
are independent.

Definition 4.5. Let (2, F,P) be a probability space, then the sub-c-algebras Gi, G, ..., C
F are called independent if, for all A; € G; the events (A;); are independent i.e.

P(A;, N---NA,) = [[P(4).

Note 4.6. That is, I pick an event (set) from each subalgebra and compute its probability
measure. If it is equal to the product then the subalgebras are independent.

I Remark 4.7. This definition extends for o-algebras too.

We illustrate theorems which will help when checking independence of o-algebras.
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Definition 4.8. A collection of sets A is called a m-system if A, B € A implies ANB € A.
Definition 4.9. A collection of sets B is called a A-system if

e Q€B,

e« ABeBand BC A= A\ BE¢€B,

e Ay,...JA,,...,eBand A, T A= AeB.

Theorem 4.10 (Dynkin 7-\ system)
If Ais a m-system and B is a A-system such that A C B, then o(A) C B.

Proof. Not examinable. Omitted. L

Lemma 4.11

Suppose that the collection of m-systems A;,..., A, C F are independent, then
o(Ay),...,0(A,) are independent.

Note 4.12. Independence of Ay, ..., A, means that for any A; € A; (for each j), we have:

]P(Al NAsN---N An) = P(AI)P(AQ) e ]P)(An)

The goal is to show that this property extends to all elements of the o-algebras o(A;).

Proof. Fix Ay, ..., A, with A; € A; for 2 < j < n. Define £ as the collection of events
in F that are independent of A,,..., A,, i.e.,

L={AeF:P(ANnAynN---NA,) =PAP(A)...P(A4,)}.
We claim that £ is a A-system. To prove it. Define FF = A, N---N A, then:
1. Containment of €2: Since () € A;, we have
PQNF)=PQ)P(F) =P(F),
so Qe L.

2. Closure under differences: If A, B € £, then using the definition of independence
and properties of probability:

P((A\ B)NF)=P(ANF)—P((AN B) N F).
Since A, B € £, we substitute:
P((ANB)N F) = P(AN B)P(F),
and thus,
P((A\ B)NF) = (P(A) — P(AN B))P(F) = P(A\ B)P(F).
Therefore, A\ B € L.
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3. Closure under increasing limits: Suppose By, Bs,--- € L with B,, 1 A, then
using monotone convergence:

P(B,NF)T(ANF)).
Since B, € L,
P(B,NF) =P(B,)P(F).
Taking limits,

P(ANF) = lim P(B, N F) = lim P(B,)P(F) = P(A)P(F).

n—oo n—oo

Thus, A € L.

Since L satisfies the three properties of a A-system and contains A;, by the 7\ theorem,
we conclude that:
o (./41) C L.
Since A,, ..., A, were chosen arbitrarily, the same argument applies inductively to show
that:
o(A1),0(As),...,0(A,) are independent.

]

Definition 4.13 (Notation). We write B, = B(R) for a bounded Borel measurable
function.

Lemma 4.14
A family of random variables Xi,..., X, are independent if and only if for any
bounded measurable functions fi, ..., f, € By(R), the expectation satisfies:

E(f1(X1) -+ fu(Xn)) = E(f1(X1)) - - - E(fu(X0)).

Proof. We prove both directions separately.

» Proof of («). To show independence, we choose specific indicator functions:

— Take f; = 1p, for Borel sets By, ..., B,.

— Then the expectation identity reduces to:
Ellp, (X1) - 15,(Xn)] = E[1p, (X1)] - - E[15, (X)),
— By the definition of expectation, this simplifies to:

P(X, € By,..., X, € By) =P(X, € By)---P(X, € By).

This is precisely the definition of independence.

» Proof of (=). The proof proceeds by approximation:
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— First, recall that any bounded measurable function f; can be approximated
by simple functions:
k=1

for some scalars ¢, and Borel sets Bj,.

By linearity of expectation:

E(fM(0) - 0X)) = 3 en oo E(Ly,, (X0) -+ 1p,, (X)),

— By independence:
E(1p,, (X1)---1p,, (X)) = E(1p, (X1)) - E(15,, (X5)).
— Substituting this back:

E (A7) [ (X)) = (Z cnEllp, <X1>]> - (Z cv.Ells,, (Xm) .

k1

— Since simple functions converge to f; in expectation,

Definition 4.15. A sequence of random variables (X;)I , are pairwise independent

if for all 7 # j we have X; and X; a re independent.

Definition 4.16. Given two random variables, X and Y, with finite second moment, we
define the covariance of X and Y by

Cov(X,Y)=E[(X —EX))(Y —E(Y))] =EXY) -E(X)E(Y).
We also write Var(X) = Cov(X, X).

Note 4.17. This equality holds because E[c] = ¢ for a constant ¢, thus E[X - E[Y]] =
E[X]E[Y], since E[Y] is now treated as a constant.

Definition 4.18. Therefore, the variance is defined as
Var(X) = E [(X — E[X])*].

Definition 4.19. A family of random variables X, ..., X, with finite second moment
are said to be uncorrelated if for all 7 # j we have that

E(X:X;) = E(X3)E(X;),
that is Cov(X;, X;) = 0.

Proposition 4.20
A standard trick.

E[|Z]] < VE(Z2?) = /Var(Z)
when E[Z] = 0.

Proof. By Jensen’s inequality. [
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4.2 Independence in product spaces

Lemma 4.21

Given random variables X, ..., X,, the map

Q—R"”
wi X(w) = (X1(w),. .., Xn(w))
is F-measurable, that is X ~'(B) € F for every B € B(R").

The map X is called a random vector, and it induces a joint measure Px on
(R™, B(R™)) by setting
Px =P(X (D))

for B € B(R").

Proof. Since each X; : 2 — R is a random variable, we know that X is F-measurable,
meaning that for any Borel set B; € B(R), we have:

X;1(B)) e F.
Since the product o-algebra B(R") is generated by sets of the form

B=B; X By x---x B,
where each B; € B(R), we examine the preimage:

X' B)={weQ| X(w) € By xByx---x B,}.

By definition of X, .

X1(B) = [ X;71(B)).

j=1

Since each X j’l(Bj) € F and F is a o-algebra (hence closed under finite intersections), it

follows that X ~!(B) € F for all such rectangles B. Since the collection of these rectangles
generates B(R"), by the definition of a o-algebra, we conclude that

X' (B) e F VB e B(R").

Thus, X is F-measurable. O

Lemma 4.22

Given X as above, the following are equivalent.
1. X4,...,X, are independent.
2. Px =Py, ®---®Px,.

3. Writing Fx for the multivariate c.d.f. for X and F; for the c.d.f. for X;

Fx(x1,...,2,) = Fx,(x1) -+ Fx, (z,).
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Proof. We prove the equivalence of the three conditions.

« (1) = (2)
By definition, X1, ..., X,, are independent if and only if for all Borel sets By, ..., B,,

P(X, € By,...,X,€B,) =P(X; € B)---P(X,, € B,).
This is precisely the definition of the product measure Px =Py, ® --- ® Py, .

« (2) = (3):
By definition, the cumulative distribution function (CDF) is given by

Fx(x1,...,2,) =P(Xy < 1,..., X, < zp).
Since the joint measure factorizes as Px = Py, ® --- ® Px,,, we obtain
Fx(x1,...,2,) = Px,((—00,21]) - - - Px,, ((—00, y])-
Since the marginal CDFs are given by Fx,(z;) = Px,((—00,z;]), we conclude:

Fx(xl, Ce ,S(Zn) = FXl(SL’1> .. 'FXn(SL’n).

e (3) = (1):
Assume the CDF factorises:

Fx(xy,...,2,) = Fx,(x1) -+ Fx,, (z).
Then, for any intervals (—oo, x;], we have

Since this holds for all such intervals, the X;’s are independent. ]

5 Modes of Convergence

5.1 Definitions

Definition 5.1. Let (2, F,P) be a probability space and (X,,),en be random variables.
We say that (X,,),en converges almost surely to a random variable X if and only if

P(lim Xn=X> — 1.

n—0o0

Remark 5.2. Note that, almost sure limits are unique up to almost sure equality. If
((Xn)nen), X and Y are random variables on a given probability space (€2, F,P) such that
X, &2 X a.s. and X, =2 Y, then it must be that X =Y a.s.

Definition 5.3. Let (2, F,P) be a probability space and (X,,),>1 a sequence of random
variables. We say that (X,,),>1 converges to X in probability if Ve > 0,

lim P(| X, — X| >¢) = lim P(w e Q: |X,(w) — X(w)] >¢)=0.

n—o0 n—oo
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Note 5.4. Think about predicting tomorrow’s temperature. Suppose each day’s forecast
fn(x) is getting better at approximating the actual temperature f(z). If there are occasional
bad predictions, but they affect fewer and fewer locations, then the predictions converge
in measure (/probability if measure is on probability space) to the true temperature.

Definition 5.5. Let (©, F,[P) be a probability space. For p > 1, we define the LP-space
as
LP(Q)={X:Q=>R:E(|X|") < co}.

A random variable X belongs to LP(() if its p-th moment is finite.

Note 5.6. The LP-spaces provide a natural setting for studying functions and random
variables under an integrability framework.

Definition 5.7. For p > 1, we say a sequence of random variables (X)), € LP(Q)
converges in LP to a random variable X if

lim E (| X, — X[?) = 0.

n—oo
Lemma 5.8. Convergence in LP({2) implies convergence in probability.
Proof. By Markov’s inequality, for any p > 0:

E(| X, — X|P
P, x| > o < E =)

Since E(|X,, — X|P) — 0 as n — oo, it follows that:
P(|X, — X| >¢) <E(]X, — X|P)e™" — 0.

Thus, X,, — X in probability. ]
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Exam Questions 5.9 (Exercise in lecture notes)

Show that convergence almost surely implies convergence in probability, but that the
converse is not true.

Solution. We prove each part separately.

e Fix e > 0. Since X,, — X almost surely, we have

lim P({w: | X,(w) — X(w)| <e, Vn>m.(w)}) =1

n—o0

P (gxolo () {w: [ Xn(w) — X (w)] < 5}> — 1.

Equivalently,

I
\.l—‘

m=1n=m

P (U N {w: Xaw) ~ X(w)| < e})

so taking complements:

Therefore, for all € > 0,

lim P (U {w: [ Xp(w) — X(w)| > 8}) =0,

m—r0o0

which implies:
lim P (| X, — X|>¢)=0.

n—o0

Thus, almost sure convergence implies convergence in probability.

» Consider the following counterexample. Define a sequence of random variables
on [0, 1] equipped with the Lebesgue measure:

X, () 1 ifwe [& L] forj=0,...,2" -1,
n\W) =
0 otherwise.

where n = 2F + j and k := |logy(n)|. We claim: X,, — 0 in probability, but
not almost surely. For any ¢ > 0, since X,, € {0, 1},

1
P(|X,| >s):]P’(Xn:1):§—>O as n — 0o,
so X, 50, However, for any fixed w € [0, 1], the dyadic intervals [QJ—k, 72%1} cover

[0,1] as k — 00, so w lies in infinitely many such intervals. Hence X, (w) =1
infinitely often, and

IP’(lim Xn:0>:07£1.
n—oo

32
Therefore, X, L 0, but X,, /4 0 almost surely.




Francesco N. Chotuck MATH70028 Probability Theory

Exam Questions 5.10 (Exercise from lecture notes)

Given a random variable X, show that one can construct a new probability space
(Q, F,P) containing a sequence of independent and identically distributed (iid) random
variables X1, X5, ... such that

Py =Py, for all j.

Solution. Define the sample space as Q = RY, the space of all infinite sequences
W = (wi,ws,...) where each w; corresponds to an outcome of X;. Equip this space
with the product o-algebra F = B(R)®N, which is the smallest o-algebra making the
coordinate projections 7; : Q — R, given by 7; (@) = w;, measurable.

Let Px be the probability measure induced by X. Define the infinite product measure
P = ]P?}N on (€2, F). By the definition of the product measure, for any finite subset
of indices {1,...,n} and any Borel sets By, ..., B,, the measure satisfies

P(X, € By,..., X, € B,) =Px(By)---Px(B,).

This ensures that the coordinate random variables X; = m; are independent and
identically distributed, each satisfying Py, = Px.

5.2 L? Weak law of large numbers

Definition 5.11. We say an infinite family of random variables (X; : i € I) is uncorrelated
(resp. independent) if for every finite J C I, the subfamily (X : j € J) is uncorrelated
(resp. independent).

Lemma 5.12. Given a sequence of random variables (X,,),>; with finite second moment
and uncorrelated, we have

Var (i Xi> = zn:Var(Xi).

=1

Proof. By the definition of variance, we have:

Var (ZZ:;Xi):E ZZ:;Xi—E<2n:Xi>r

i=1
Using the linearity of expectation, we rewrite:

Thus, substituting this back:

Var (i: X,) =E
i=1
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Expanding the square,
Var (Z X¢> =E (Z(Xz‘ —E(X))+2 Y (X~ E(X))(X; - ]E(Xj))> :
i=1 i=1 1<i<j<n
Using the linearity of expectation:
Var (Z Xz-) =) E((X: —E(X))) +2 Y E((X —EX)(X; - E(X)))).
i=1 i=1 1<i<j<n

By definition, the first sum represents the variances:
> Var(X;).
i=1

The second sum represents the covariances between different variables:

2 Z COV(XZ‘,XJ‘).

1<i<j<n

Since the X; are independent, we have Cov(X;, X;) = 0 for all 7 # j, which simplifies the

expression to:
Var (Z Xi> = ZVar(Xi).

=1

Exam Questions 5.13 (Exercise from lecture notes)

Given a random variable X with finite second moment and any ¢ € R, one has

Var(cX) = ¢* Var(X).

Solution. Using the definition of variance and linearity of expectation,
Var(cX) = E ((cX — E(cX))?) =E ((¢(X — E(X)))?) .
Factoring out ¢? and using the definition of variance,

Var(cX) = ¢’E ((X — E(X))?) = ¢ Var(X).

Theorem 5.14 (L? Weak law of large numbers)

Let X, X5, ... be a sequence of identically distributed, uncorrelated random variables
with finite second moment. Then, the sample mean

— 1 &
X, = p Z X; = E(X;) in L? and in probability.

=1
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Remark 5.15. Since the random variables X7, Xo,... are identically distributed, their
means and variances are the same for all j. Therefore, rather than writing E(X;) and
Var(X;) for each j, we simplify the notation by defining E(X;) and Var(X}), which remain
valid for all j due to the identical distribution assumption.

Proof. We first prove that X,, — p = E(X;) in L?, meaning that E(|X, — pu|>) — 0 as
n — 0o. Using the definition of variance, we compute:

E (X, — p)?*) = Var(X,,).

Expanding X, in terms of its definition,

— 1
Var(X,,) = Var (— J>
n
J=1

Using the variance scaling property Var(cY) = ¢? Var(Y),
— 1 -
Var(Xn) = EVar ZXJ .
j=1
Since the X are uncorrelated, we use the additivity of variance,
ar (Z Xj> = Var(X;)
j=1 j=1

By the assumption that the X, are identically distributed, all have the same variance
Var(X;) = Var(X;), so

3

Var(X,,) =3 ZVar (Xy) =— Var(Xl).
j=1
Since Var(X}) is finite by assumption, it follows that
Var(X,) = 0 asn — oo,

Thus, X, — p in L?, proving convergence in mean square.

Since convergence in L? implies convergence in probability, we conclude that X,, — p in
probability as well.

O
5.2.1 Applications
I Note 5.16. We use the WLLN to prove the following theorem.

Theorem 5.17. Let f be a continuous function on [0, 1]. Then for every € > 0, there
exists a polynomial g such that

sup [f(z) —g(z)] <e.

z€[0,1]
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Theorem 5.18

Let f be a continuous function on [0, 1]. Then for every n € N, the corresponding
Bernstein polynomial f,, is defined by

— kf% f <§) (Z)pk(l —p)"

These polynomials satisfy the uniform approximation property:

sup |f(p) — fu(p)] = 0 asn — oo.
pE[O,l]

Proof. Let € > 0. We aim to show that there exists N such that for all n > NV,

sup [f(p) — fu(p)| < e

p€(0,1]

The proof follows from an application of the weak law of large numbers.

Fix p and consider a sequence of i.i.d. random variables X, Xs,... such that P(X; =
1) =pand P(X; =0) =1 — p. Then we have

E(X;) =p, Var(X;)=p(l-p).

Define S, = >~} _; Xi. Then S, follows a Binomial distribution,

B(s, = m) = (1 )or 1=y,

Taking expectation of f(S,/n),

(Sufn) me/n m) =3 ) (1)1 9 = o),

Since the weak law of large numbers (WLLN) tells us that S,,/n — p in probability, we
want to estimate |f(S,/n) — f(p)| uniformly in p. Since f is uniformly continuous on
[0, 1], there exists 6 > 0 such that

[z =yl <o = [f(x) - fly)l <e/2.

Since S, /n — p in probability, we bound the probability of deviations using L:-WLLN:

B(IS,/n — pl > 6) < GEI(S,/n — p)] = 5 Var(S,/n) =

Since Var(X;) = p(1 — p) is bounded independently of p, choosing
el + D7

20%n

ensures that for n > N,

[fu(p) = F(0)] = E[f(Sn/
< E|f(Sn/

n) — f(p)|
n) — f(P) s, /m-pi<sy + E[f(Su/n) — f(P)1{s,/n—p>5}-

36



Francesco N. Chotuck MATH70028 Probability Theory

Using uniform continuity,
<e/2+ 2l flloc)P(|Sn/n —p| > 9).
Since P(|S,,/n — p| > d) — 0, we obtain

|fulp) = f(D)| <e/2+¢/2=¢.

Thus, f,, converges uniformly to f. [

5.2.2 Truncation and WLLN 2

Note 5.19. Truncation is an important tool in probability theory that allows us to extend
results that rely on moment conditions to sequences of random variables that may not
satisfy those moment conditions. This version of the weak law of large numbers imposes a
stronger independence condition but a weaker integrability assumption.

Theorem 5.20 (WLLN with Truncation). Let X7, X5, ... be a sequence of i.i.d. random
variables. Suppose that b, > 0 with b, — oo and define the truncated variables

Xk = XiL{x, <bn)-

Additionally, assume the following conditions hold:

N2
n-P(|X:| >b,) — 0, and b_QE[X’n,l] — 0.

n

Then, defining the sum
Sp=>_ X,
k=1

we have that: |
b,

Proof. Let ¢ > 0. Our goal is to show that as n — oo,

(S, —nE[X,1]) = 0 in probability.

1 —
P (b—\Sn — E[S,]] > e) — 0.
Applying the union bound, we obtain the estimate

PG%&—EG&>5)SPG%EfEEm>5)+M&#§J

To bound P(S, # ?n), we observe that S, # S, if and only if at least one X}, exceeds
the truncation threshold b,,. Using the union bound again, we obtain

P@;%E@gp(LﬁX@%X@ﬁ)gnmuﬂ>b@.

k=1

By assumption, nlP(|X;| > b,) — 0, so this term vanishes.
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To bound P (i@n — E[S,]| > 5), we apply Chebyshev’s inequality:

P (%y?n _E[S,]| > g> < 821b2]E (S, — E[S.)?].

Using Var(S,,) = n Var(X,,1), we substitute to get

1 — — n —
P <E|Sﬂ — E[Sn” > 6) < 5217% Var(Xn,l).
Since Var(X, 1) < E[YEJ], we obtain
I - — p—
P (E|Sn —E[S,]| > e) < 526721E[X”’1]'

By assumption, b%E[Yil] — 0, so the probability vanishes.

Since both terms in our bound vanish as n — oo, we conclude that

1 _
P <b_‘5” ~E[S,]| > 5) - 0.

Theorem 5.21 (WLLN2)
Let Xi, X5, ... be iid. random variables with E(|X|) < co. Define the partial sum

-
k=1

Then, the weak law of large numbers states that

1
—S, —E(X7) = 0 in probability.
n

Proof. We choose the truncation sequence b, = n and observe that, from the conclusion
of the weak law of large numbers (WLLN) with truncation, we have E[X,, ;] — E[X/]
by the dominated convergence theorem. To complete the proof, we verify the two key

assumptions required in the truncated version of WLLN.

To verify that nP(]X;| > n) — 0, we use Chebyshev’s inequality, which states that for

any random variable X7,
E[|X
P(|X:1| > n) < X))
n

Multiplying by n on both sides gives
nP(|X1] > n) < E[|X1]1(|X1] > n)].

Since E[|X;|] < oo, the right-hand side vanishes as n — oo by dominated convergence.
Hence, the first assumption holds.

38



Francesco N. Chotuck MATH70028 Probability Theory

Next, we verify that b%E[Yil] — 0. Since b, = n, this reduces to proving that

1 . —o
-EX — 0.
n [ n,l]

Using integration by parts, we express the expectation as

2

EX,] = / WP( X s > y)dy.
0

Since 7,111 is truncated at n, we split the integral as

2

EX,] = / 2P(|X1] > y)dy.

Changing variables by setting ny = u, we obtain

IR s
—/ 2ngP(| X:| > ng)dy.
nJo
To apply the bounded convergence theorem, we note that by Chebyshev’s inequality,
2ngP(| X:1| > ny) < 2E[| X, ).

Since nP(|X;| > n) — 0, we conclude that for any fixed g, the term ngP(|X;| > ng) — 0
as n — 00. The bounded convergence theorem then ensures that
1 =2

“E[X

| —0.
n

n,l1

Since both assumptions hold, we conclude that the WLLN with truncation implies
WLLN2. ]

5.3 Borel-Cantelli Lemmas

Definition 5.22 (limsup/liminf of events). Let (2, F,P) be a probability space and
(A,)n € F, we define the following events:

e ¢} [e.e]
limsup A,, = ﬂ U Ap =A{w € Q:w € A, for infinitely many m}
n—00 n=1m=n

= {A,, occurs infinitely often} = {A,,i.0.}.

liminf A,, = U ﬂ Ap ={w € Q:w e A, : for all but finitely many m}

n—00
n=1m=n

={w € Q: Imy(w) € Ns.t. w € A, for all m > my(w)}

= {A,, keeps occurring eventually}

I Note 5.23. Intuitively, lim sup A,, captures recurrence, while lim inf A,, describes stabilisation.
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Corollary 5.24
By definition limsup,, A4,,, liminf, A, € F.

Lemma 5.25. We have that

]-limsupn A, = lim sup ]'An and 1lhninfn A, = lim inf 1An'
n—00 n—o00

Proof. Omitted. ]

Exam Questions 5.26

Let X and X,, be random variables. Let ¢, > 0 with ¢, — 0 and define
A, ={|X — X,,| > e}

Then,
{X, = X} D {4, io.}"

For any € > 0, define B = {|X — X,,| > ¢}, and let B® = {B¢ i.0.}. Then,

o

{X, = X} =((BY)".

Jj=1

Solution. For the first statement, note that if X;, — X, then for every w, there exists
an N(w) such that for all n > N, |X,,(w) — X(w)| < €,. This means that w belongs
to only finitely many A,,, implying it is not in {A, i.0.}. Taking complements, we
obtain the result.

For the second statement, observe that X,, — X means that for each fixed j, there
exists an N (w) such that |X,, — X| < ¢, for all n > N. This means w does not belong
to By’ infinitely often, i.e., w ¢ B% for all j. Taking the intersection over all j gives
the desired result.

Note 5.27. These conditions describe almost sure convergence in terms of event sequences.
The first result states that convergence happens whenever large deviations A,, do not occur
infinitely often. The second result refines this by showing that convergence is equivalent to
the deviations | X, — X| eventually being smaller than any given ;. This formalises how
almost sure convergence excludes infinitely large fluctuations and ensures stabilisation over
time.

5.3.1 BC1

Lemma 5.28 (Borel-Cantelli 1)
If Y P(A,) < oo, then P(A, i.0.) =0.
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Note 5.29. BC1 intuitively tells us that if the total probability mass assigned to a sequence
of events is finite, then they cannot keep occurring infinitely often.

Think of each A,, as a rare event. If their total probability sum > P(A,,) is finite, then the
events do not have enough probability weight to persist indefinitely.

Proof. Define the random variable

N=> 14,
k=1

which counts the number of times the events Ay occur. Our goal is to show that P(N =
o0) = 0, meaning that only finitely many of the A; can occur.

Taking expectations, we apply Fubini’s theorem to interchange summation and expectation:
EN]=E> 14 => E[1a]=) P(A).
k=1 k=

k=1 1

Fubini’s theorem justifies this interchange because indicator functions are non-negative
and the series > P(Ag) is finite by assumption.

Now, we invoke a measure-theoretic result: if a non-negative random variable has a finite
expectation, then it is finite almost surely. The intuition here is that if N = oo with
positive probability, then its expectation would also be infinite. Since we have shown
E[N] is finite, we conclude that P(INV = oco) = 0, meaning N < oo almost surely.

Since N = oo corresponds precisely to the event that A, occurs infinitely often, we obtain

P(A, i.0.) =0.

Exam Questions 5.30 (Exercise from lecture notes)

Suppose we are given a sequence of random variables X,, and a random variable X
such that, for any ¢ > 0,

D P(IX, — X| > €) < o0.
n=1

Then X,, — X almost surely.

Solution. By the Borel-Cantelli lemma, define the event
B = {|X,, — X| > ¢ infinitely often}.

Since the given assumption ensures that » P(B®) < oo, it follows that B° has
probability zero for all ¢ > 0. Thus, its complement ﬂ]‘?’;l(ij)c has probability
one for any sequence €; — 0, ensuring X,, — X almost surely.
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Exam Questions 5.31

Define a metric on random variables by

d(X,Y):E[ X — Vi ]

14X — Y]

Then d metrises convergence in probability, i.e., X,, — X in probability if and only
if d(X,,,X) — 0.

Solution. First, note that d(X,Y) > 0 and d(X,Y) = 0 if and only if X =Y almost
surely. Also, d(X,Y) = d(Y, X). To show the triangle inequality, consider

| R
1+ |z —y| 1+ |z —y|

Using the inequality

R D 2y
— < _l’_ ,
l+jz—yl “14+|lz—2|+|z—y| 1+4+|z—y]

it follows that d(X,Y) < d(X,Z) 4+ d(Z,Y), proving that d is a metric.

For convergence, suppose X,, — X in probability. Given € > 0, there exists N such
that for all n > N, we have P(|X,, — X| > ¢) < e. Then,

< 2e

d(Xn, X) =E { X, — X]| ]

Thus, d(X,, X) — 0.

Conversely, if d(X,,,X) — 0, then for any € € (0, 1], there exists N such that for

n> N, d(X,,X) < <=. Applying Chebyshev’s inequality,

1+¢”

|Xn_X|

P(|X, — X < (1 -E|———
(X0 = X|> &) < (1+ B | =

] <e(l+e) < 2,

which implies X,, — X in probability.

Exam Questions 5.32

If X,, — X almost surely, then for any continuous function f, we have f(X,) — f(X)
almost surely.

Solution. Since X, — X almost surely, there exists a probability-one set where
X, — X pointwise. Given that f is continuous, we obtain f(X,) — f(X) on this
set, proving almost sure convergence.
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Theorem 5.33

X, — X in probability if and only if, for every subsequence ny, there exists a further
subsequence ny, such that Xnkj — X almost surely as j — oo.

Proof. We prove each direction in turn.

e Proof of =. Suppose X,, — X in probability. Given a sequence ¢, | 0, there exists
a subsequence n, with
P(| Xy, — X| > &) < 27F.

Summing over k, we obtain
D P(IX,, — X| > &) < 0.
k=1

By Borel-Cantelli, with probability one, | X, — X| < ¢; for all but finitely many £,
implying X,,, — X almost surely. The same holds for any subsequence.

» Proof of («). Suppose that for every subsequence ny, there eixsts a sub-subsequence
ny, such that Xnkj — X as j — oo almost surely. Then, since convergence almost
surely implies convergence in probability, we know that every subsequence of X,, has
a sub-subsequence converging in probability to X. Since convergence in probability
is metrizable (i.e. it induces a metric), this last fact implies X,, — X in probability.

]

Corollary 5.34

If X,, — X in probability, then f(X,) — f(X) in probability for any continuous
function f. Moreover, if f is bounded, then

E[f(Xn)] = E[f(X)].

Corollary 5.35. If X,, — X in probability, and |X,[,|X| <Y with E[Y] < oo, then
E[X,] — E[X].

Proof. To show f(X,) — f(X), by the theorem above it suffices to show that for every
subsequence ny, there exists a further subsequence ny, such that f (Xnk]_) — f(X) almost
surely. Since X,, — X in probability, Theorem 1 ensures that there exists a subsequence
Xy, converging to X almost surely. By continuity of f, we then obtain f(X,,) — f(X)
almost surely, as desired.

For the second statement, we apply the bounded convergence theorem. Given that f is
bounded, every subsequence of E[f(X,,)] has a further subsequence converging to E[f(X)],
ensuring overall convergence. ]

Example 5.36

Suppose that (X,,)22; is a sequence of random variables, and there exists a random
variable X such that every subsequence of X, has a further subsequence that converges
to X almost surely. Must it be the case that X, converges to X almost surely? False:

Consider a sequence X,, that converges to X in probability but not almost surely.
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5.3.2 Strong law of large numbers

Theorem 5.37 (Strong law of large numbers)

Let X1, X, ... be independent random variables with E[X;] = u and sup,; E[X}] < oc.
Define S, = > ; X;. Then,

S
— — p almost surely as n — oo.
n

Proof. Without loss of generality, set © = 0 by considering X/ = X,, —u. We aim to show
Sp/n — 0 almost surely. To do so, we estimate moments of S,, and apply Borel-Cantelli
1. Second moments are insufficient, so we use fourth moments:

B[Sy = Y E[XX;XX).

1<i g k,1<n
By expanding and using independence,
E[SY] = nzn:E[X;*] + (Z) Y EXZE[XY.
i=1 1<i<j<n
Since E[X}'] < O, this gives
E[S}] < nC + 6n°C < Tn*C.

Using Chebyshev’s inequality,

) ™2C 7C
>ce | < =

niet  n2et’

Since the right-hand side is summable in n, Borel-Cantelli implies that for any € > 0,

Sh ¢
AE:{wEQ: (w)‘>ei.0.}
n
has probability 1. Thus, S,,/n — 0 almost surely. O

5.3.3 BC2
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Example 5.38

Can we state a converse to the Borel-Cantelli lemma? That is “If >~ | P(4,) = oo,
then P(A, i.0.) =1"

Solution. NO! Consider the probability space (2, F,P), where Q = [0, 1] is endowed
with the Borel o-algebra and Lebesgue measure. Define the sequence of events

1
P(A,) = —
(An) ==
Summing over all n, we obtain
ILUSEDBERRS
n=1 n=1 n

However, we analyse the probability of infinitely many of these events occurring. The
event A, i.0. corresponds to the set of points that belong to infinitely many of the
intervals A,,. This set is precisely {0}, since any other point in [0, 1] will eventually
not be covered by the shrinking intervals [0, 1/n] as n — oo.

Since a single point has Lebesgue measure zero, we conclude that
P(A, i.0o.) =P({0}) = 0.

Thus, even though the series Y IP(A,,) diverges, A,, does not occur infinitely often with
probability one, refuting the naive converse statement of the Borel-Cantelli lemma.

Lemma 5.39 (BC2)
If the events (A,)%, are independent and Y~ P(A,) = oo, then

n=1

P(A4, i.o0.) = 1.

Note 5.40. The Second Borel-Cantelli Lemma states that if independent events occur
frequently enough (i.e., their probabilities sum to infinity), then they must happen infinitely
often with probability one. The key idea is that as N — oo, the probability of avoiding all
future events shrinks exponentially to zero, ensuring that some events must keep occurring
indefinitely.

Proof. To show that A, happens infinitely often with probability one, we consider the

tail events: o =
Ay io.= () | 4m

n=1m=n
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This means that if we can show P(B,) = 1 for every n, where B, = |J°_ A,,, then
the result follows. Define the truncated sequence By, = Uﬁzn A,,. Since By, T B, as
N — oo, by continuity of probability it suffices to show P(B%,,) — 0 as N — oc. Using

independence, we compute:

P(,) = P ( N Ain) N

By the inequality 1 — x < e™* for x > 0, we obtain

N N
P(B5,) < [] e ") = exp (— > IED(Am)> -
Since ) IP(A,,) = oo, the exponent diverges to —oo, implying P(B%,,) — 0 as N — oo,
and hence P(B,,) = 1. Thus, P(4, i.0.) = 1, completing the proof.

O]

Example 5.41

The first Borel-Cantelli lemma helps prove that sequences of random variables converge
almost surely, the second lemma can be used to show that they do not converge almost
surely under certain conditions.

Theorem 5.42. Let X7, X5, ... be independent and identically distributed (iid) random
variables with E[|X}|] = co. Then:

P(|X,| >nio.) =1.
Moreover, defining S, = 37, X, and setting

C = {w € Q: lim S converges in ]R} ,

n—oo 1

we have P(C') = 0.
Proof. For the first part, we use the integral identity:

E[|X,[] = / TRIX > y)dy.

Since this expectation is infinite, it follows that Y>> P(|X,| > n) = co. By the Second
Borel-Cantelli Lemma, we conclude that P(|X,,| > n i.0.) = 1.

For the second part, we show that C' is disjoint from the event {|X,| > n i.0.}, which
has probability 1. Fixing w € C', we have

0= lim Sn(w) = lim

n—o0 n n—00

n+1 n+1

(5n+1 (W)  Xnga (W) _

By the algebra of limits, we also obtain

X
n+1 (U)) = 0.
n+1
This contradicts the fact that | X,,| > n infinitely often. Thus, if w € C, then w ¢ {|X,,| >
n i.0.}, implying P(C) = 0. O
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6 Tail o-algebra and 0 — 1 laws

6.1 Definitions

Definition 6.1. Given a sequence of random variables (X,,)>° ,, the o-algebra is defined

as

T =()o(Xn Xns1,-..).
n=1
The events in T are called tail events.

Note 6.2. T captures the idea of the “indefinite future”. Roughly speaking 7 contains the
events which are determined by (X,,)>%,, but changing finitely many of the values does
not affect if the event holds or not.

Example 6.3

Some examples.

1. For any sequence of events A, Ay, ... with A, € o(X,), the event {4, i.0.}
belongs to the tail T.
Intuition: A tail event is one that remains unchanged if we ignore a finite
number of initial terms. Since infinitely many occurrences of A,, depend only
on sufficiently large indices, it qualifies as a tail event.

2. If S, = 377, X, then the event {S,, converges} is in 7.
Intuition: The convergence of .S,, depends on the behaviour of the sequence as
n — oo and not on any finite prefix, making it a tail event.

3. For S, as above and A C B(R), the event {lim,,_,, S, exists and belongs to A}
is not necessarily in 7.
Intuition: The existence of a limit depends on the entire sequence rather than
just its tail, so it may not satisfy the definition of a tail event.

4. For S,, as above and A as before, the event defined as
{lim,,_,0 S, /n'/? exists and belongs to A} is in 7.
Intuition: Normalised sums like S, /n'/? often stabilise in the limit under the
central limit theorem, making their limiting behaviour dependent only on the
tail of the sequence.

Theorem 6.4 (Kolmogorov 0 — 1 law)
Suppose (X,,)>, are independent, if A € T then P(A) € {0,1}.

Proof. We aim to establish that 7 is independent of itself, i.e., for any event A € T,
P(A) =P(ANA) = P(A)>%

We proceed by proving the independence of certain o-algebras and using a m-system
argument.
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 First, we claim that for every n € Ny, the o-algebras o(Xj,...,X,) and
0(Xni1, Xnyo, ... ) are independent. This follows from the fact that o(Xy,..., X,)
and
U;; 0(Xnt1, Xpso,...) are both independent m-systems containing 2. By the
m-system theorem, the o-algebras they generate are independent.

o Next, we extend this to show that o(Xj, Xs,...) and T are independent. Since
T C o(Xpi1, Xy, ... ) for all n, it follows that 7 is independent of (X7, Xo, ... ).
Taking the increasing union over all k, we see that | J,-, o(Xy,..., X)) and T are
independent m-systems, and therefore their generated o-algebras are also independent.

Since T C o(Xy, Xs,...), the independence of o(X;, Xs,...) and T implies that T is
independent of itself. This completes the proof.
H

6.2 'Two series theorem

Theorem 6.5 (Kolmogorov’s Maximal Inequality)

Let (X,)22 ; be a sequence of independent random variables with finite second moments
such that E[X,,] = 0. Define the partial sums

Sn = ZX]
j=1
Then, for any > 0 and n € N,

2
P <max |Sk| > x) < E[Sn]

1<k<n x2

Note 6.6. The Kolmogorov Maximal Inequality is an improvement over what can be
obtained using Chebyshev’s inequality due to the inclusion of the maximum on the left-hand
side.

Proof. Define the event
B:{max |Sk|2x}.

1<k<n

To bound P(B), we decompose it into disjoint events. Let
A = {|Sk| > = but |S;| <z for all j <k}

so that Aj represents the first time Sj exceeds x in absolute value. The sets A are
disjoint, and we can write

n

k=1

Using expectation decomposition,

B[S > E[S31] = YOEIS?L,).

k=1
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Since Ay provides information about Sy rather than S, we write S, = Sk + (S, — Sk)
and expand:

E[S?1,4,] = E[S?14,] + 2E[Sk(S, — Si)1a,] + E[(S, — Sk)*14,].
By independence, S,,— S is independent of Sy, and since 14, is o(Xj, ..., Xj)-measurable,
E[Sk(Sy — Sk)14,] = E[Sk14,]E[S, — Sk] = 0.

Thus,
]E[SZlAk] = ]E[SlzlAk]
Substituting into the original inequality,

k=1

Since |Sy| > x on Ay, it follows that S7 > 22, yielding
E[S714,] > 2°P(A4,).
Summing over k,

E[S}] > 2* ) P(A;) = 2’P(B).

k=1
Rearranging gives the desired result.
E[S7]
P(B) <
[l
Lemma 6.7. Let X; > Xy > --- > 0 be a non-increasing sequence of non-negative

random variables. If X,, — 0 in probability, then X,, — 0 almost surely.
Proof. Since X,, — 0 in probability, we have for every € > 0,
P(X,>¢) =0 asn— oc.

Define the events A, = {X,, > ¢}. Since X,, is non-increasing, the sequence of events
(A,) is also non-increasing, meaning

Al DA DA D L

Thus, P (N2, 4,) = lim, . P(A,) = 0. This implies that X,, — 0 almost surely, since
the probability of the event that X, remains above ¢ infinitely often is zero. As ¢ was
arbitrary, we conclude that X,, — 0 almost surely. O]

Theorem 6.8 (Two Series theorem)

Let (X,,)9%, be a sequence of independent random variables with finite second moments
such that

ZE[Xn] < 00, and ZVar(Xn) < 00.
n=1 n=1

Then, with probability 1, the series > | X,,(w) converges.
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Proof. Without loss of generality, assume E[X,] = 0. Define the partial sums S, =
;-1 X; and consider the event

A={weQ: S,(w) is Cauchy} .
To prove P(A) = 1, define
Wy(w) = sup |Sp(w) — Sm(w)].

n,m>M

By Lemma 1, it suffices to show Wj; — 0 in probability. Fix ¢ > 0, then

P(Wy >e) <P <sup | Sy — S| > 5/2> :

m>M

Since S, is a sum of independent random variables, Kolmogorov’s Maximal Inequality
gives

P( sup [S, — Syl >¢e/2) <e? E[X?].
(sup 150~ Sl 2 e2) <= Y EIX2
= j=M+1

Since Y Var(X,,) < oo, the right-hand side vanishes as M — oo, implying Wy, — 0 in
probability. Thus, S, is Cauchy almost surely, proving the theorem. ]

6.3 Kolmogorov’s SLLN

Lemma 6.9 (Toeplitz lemma). Let (a,)32; be a non-negative sequence such that b, =

Z?Zl a; — 00 as n — 00. Suppose x, — = as n — 00. Then,

n
E a;T; — T asn — oo.
j=1

1
bn
Proof. Without loss of generality, assume x = 0 by setting y,, = x, —x. For € > 0, choose

N; such that n > Nj implies |z,| < /2. Since b,, — oo, there exists Ny > N; such that
n > N, ensures

1
™ Zaj|xj| <eg/2.
n

For n > N5, we estimate

n Ny n
1 1 1
b—zaa‘l’j < b—zaﬂfﬂ to- > ajlayl.
=1 " =1 " j=N1+1
Using |z;| < /2 for j > Ny,
b, — b
<e/2+4(g/2) N < ¢
Thus, the result follows. O

Lemma 6.10 (Kronecker’s lemma). Suppose b, > 0 and b, — coasn — co. If > |z,
converges, then

1 n
b—ija:j—M) as m — 00.
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Proof. Define S,, = >

j=1
Z bjIj == bnSn - b()So + Z Sj_l(bj — bj_l).
j=1 j=1

Setting a; = b; — bj_; > 0, we obtain

1 & 1 &
b_ ijl’j = Sn — b_ ZSj_laj.
n =1 n =1

Since S,, converges, lim,, .., S, = S exists. By Toeplitz’s lemma,

x; and let by = Sy = 0. Applying summation by parts,

lim —ZS] 1a; = hm Sp_1=29.

Thus,
lim — bej—s S=0.

n—00 b

Theorem 6.11 (Second moment SLLN)

Let (X,)22 ; be a sequence of independent random variables with finite second moments.
Suppose that b, — oo as n — oo and that

= Var(X,)
Z b—2 < 0.

n=1
Then, defining S,, = 2?21 X, we have

1

™ (S, —E[S,]) = 0 with probability 1 as n — oo.

Proof. We begin by expressing the normalised sum:
1 1 <, X, —E[X]]
— (S, —E[S,]) = — E [y A—r L
bn (S [S ]) bn s J bj

By the two-series theorem, the series

converges almost surely, given that

= Var(X,,)
Do <
n=1 n

Since the conditions of Kronecker’s Lemma hold, the desired result follows. ]
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Theorem 6.12 (Kolmogorov’s SLLN)

Let (X,,)22; be a sequence of independent and identically distributed (iid) random
variables with finite first moment. Define E[X,,] = p and the partial sum

Sn = iXJ
j=1

Then,
S,

— — 4 almost surely as n — oo.
n

n

Proof. Define the centred sequence Y,, = X,, — p. Then, S, —nu = ijl Y;, and we aim

to show that
Sh 1
_ ILL — —
n n

Z Y; = 0 almost surely.

j=1
Applying Kolmogorov’s inequality and the Borel-Cantelli lemma, we establish that

o0

Var(X,,)
D<o
n=1 n

By the Second Moment SLLN, which follows from Kronecker’s Lemma, we obtain

1 n
— E Y; — 0 almost surely.
n

=1

7 Convergence in distribution

7.1 Definitions
Lemma 7.1 (Stirling’s formula). n! ~ v/2mn (2)" as n — oco.

Theorem 7.2 (De Moivre-Laplace theorem)
Let X1, Xs, ... be iid random variables with P(X; = +1) = 1/2. Define the sum

oSy
j=1

Then, for any a < b,

S /” 1 >
Pla< =2 <p| — — e 2dr asn — oco.
(_\/ﬁ_> a V27T

52




Francesco N. Chotuck MATH70028 Probability Theory

Sketch of proof. The probability mass function is given by

2n
P(Sy, = 2k) = 272",
(52 ) (n + k:)
Applying Stirling’s approximation,

( 2n ) ~ g (2n)%" V2m2n

n+k " =k em) it k) k)

simplifies to .
P(Sy, = 2k) = (Wn)’l/ze’”’” 2 where 2k = 2v/2n.

A change of variable z <+ k introduces a factor (n/2)'/2, yielding the limiting density

1 —x2/2

—e
V2T

Example 7.3

A natural first attempt to define convergence in distribution might be to say that a
sequence of random variables X, converges to X in distribution if their cumulative
distribution functions (CDFs) satisfy

Fx,(x) = Fx(x) for all z.

However, this naive definition fails in many cases.

Let X be a random variable and define
1
X, =X+ -
n
Clearly, X,, — X almost surely. However, examining the CDFs,
Fx, (x)=Fx(z —1/n) —» Fx(z—), asn — oo,

where F'y (x—) denotes the left-hand limit of F'y at . Thus, the convergence of CDFs
does not hold at points of discontinuity:.

Definition 7.4. Given a function f : R — R, we say that © € R is a point of continuity
of f if f is continuous at x. For a distribution function F', this is equivalent to

lim F(y) = F(z).

We denote limy, F'(y) := F(z—), so the above becomes F(z) = F(z—).

Definition 7.5. Given distribution functions Fy, Fy, ..., F,,... and F, we say that F,, =
F' (converge weakly) if, for all points of continuity = of F,

lim F,(z) = F(x).

n—oo

Given random variables X7, X, ... and X, which may be defined on different probability
spaces, we say that X,, = X (converge weakly or in distribution) if Fx, = Fy.

23
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Remark 7.6. The actual definition coincides with the naive definition when F’ is continuous.
If F' is not continuous, it can have at most countably many points of discontinuity. This
means that if F,, = F, then we can still determine F' from lim,,_,o, F),(z) on the set of =
where this limit exists.

Exam Questions 7.7

Let X ~ Uniform([—1,1]) and define X,, = (—1)"X. We show that X,, does not
converge in probability to X, but X,, = X in distribution.

Solution. For convergence in probability, we check
P(X, - X| > 2).
Since |X,, — X| = 2|X]| for all X # 0, and P(X # 0) = 1, we have
P(|X, — X| > £) = P2IX| > ) = P(IX] > £/2).

Since X ~ Uniform([—1, 1]), this probability does not tend to 0 as n — oo, proving
that X,, does not converge in probability.

For convergence in distribution, we compare cumulative distribution functions. The
CDF of X is 1
x
Fx(z) = 5 TE€ [—1,1].

Since X,, has the same distribution as X, we have

FXn<LU) = Fx(x)

Thus, for all continuity points of Fly,

lim Fx, (z) = Fx(x),

n—oo

7.2 Quantile function

o4
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Exam Questions 7.8
Let (Q, F,P) be the probability space where Q = (0,1), F = B(0,1), and P is the
Lebesgue measure. Given a distribution function F', define

X(w)=sup{y €R | F(y) < w} =: F }w).
We verify that X has CDF F'.
Solution. By definition, for any =,
P(X <z)=P(Fw) <2).
Since F~!(w) is the generalized inverse of F, this simplifies to

P(X <z)=Pw< F(x)) = F(x),

since w ~ Uniform(0, 1). Thus, X has the desired distribution.

Definition 7.9. For a distribution function F', the quantile function is defined as
FHw)=sup{y €R: Fy) <w}, we(01).

This function is non-decreasing and left-continuous.
Lemma 7.10. Let F'~! be the corresponding quantile function. Then:

o F~!is non-decreasing and left-continuous.

o F~1is continuous at w if and only if

we Q. ={we(0,1):a(w) =bw)},
where a(w) = sup{y € R: F(y) < w} and b(w) = inf{y € R: F(y) > w}.

o The set (0,1) \ 2 is at most countable.

Proof. To see that F~! is non-decreasing, we observe that for w < ', we have
FHw)=sup{y e R: F(y) <w} <sup{y € R: F(y) <w'} = F1{).

To establish that F~! is left-continuous, we assume that w, is an increasing sequence
converging to w, i.e., w, T w. Then, we compute

lim F~H(w,) =sup F Y (w,) =sup{y € R: F(y) < w,}.

n—oo

By properties of the supremum, this can be rewritten as

Since w, T w, we have
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Thus, lim, o F~}(w,) = F~(w), proving left-continuity. To analyse the continuity of
F~1 we note that continuity occurs when

FHwt) = FYw) = FHw-).

It suffices to show that F~'(w+) = F~'(w,) = b(w). For any decreasing sequence w,, | w,
we compute

lim F~(w,) =inf F*(w,) = infsup{y € R: F(y) < w,}.

n—o0

By properties of the infimum,

sup (ﬂ{y eR: F(y) <wn}> :

n=1

Since w, | w, we conclude

sup{y e R: F(y) <w}=inf{y e R: F(y) <w}° = b(w).

Lemma 7.11 (Weak convergence implies a.s. convergence)

If F,, = F, then there exist random variables X,,, X on the same probability space
such that Fy, = F,,, Fix = F, and X,, — X almost surely.

Proof. Let the probability space (2, F,P) be given by Q@ = (0,1), F = B(0,1), and P as
the Lebesgue measure. We aim to show that we can take X,, and X to be the quantile
functions of F,, and F, respectively.

Let €. denote the set of continuity points of the quantile function F~!. Since Q \ Q. is
countable, we have w € €., which proves the desired result. Fix w € Q..

We first establish the lower bound:

liminf F, H(w) > F~H(w).

n—oo

To prove the above, note that for any y < F~!(w), we have F(y) < w since w € €, (that
is, I is not flat at w).

Suppose that such a y < F~!(w) is also a continuity point of F. Then, as F,(y) — F(y),
there exists some N, such that for n > N,, we have F,,(y) < w. This implies that for
such y and for all n > N,, it holds that

Fl(w) > y.

n

This follows from the fact that F,!(w) is defined as a supremum over a set to which y
belongs.

Now, assume for contradiction that the equation does not hold. Then, there exists § > 0
and a subsequence n; such that

F N w) < F Y (w) =6, forall k.

26
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However, since F' has a continuity point at some y satisfying y < F~'(w) and y >
F~Y(w) — 4, we can find N, such that for all n > N,,

Fl(w) >y >F'w) -9,

which yields a contradiction. By a symmetric argument, where we reverse the inequalities,
we obtain:
limsup £, '(w) < F'(w).

n—oo

Theorem 7.12

The sequence X, converges in distribution to X, denoted X,, = X, if and only if, for
every g € Cy(R),

Elg(X,)] — E[g(X)] asn — co.

Note 7.13. This is an equivalent characterisation of weak convergence, which extends
naturally to random variables taking values in spaces beyond R.

Remark 7.14. In what follows, we denote by Cj(R) the space of continuous and bounded
functions g : R — R, sometimes written simply as Cj.

Proof. We prove each direction in turn.

« Proof of (=).
For any g € Cy, we then have

lim E[g(X,)] = lim E[g(Y,)] = Elg(Y)] = E[¢(X)].

n—o0 n—o0

The first and last equalities follow from the fact that expectation depends only on
the distribution function, and the middle step follows from the Bounded Convergence
Theorem.

» Proof of («).
Define, for any = € R and € > 0, the function:

L, y<u,
Gz (y) = 1-%2, z<y<z+e,
0, y>x+e.

Note that g, . is continuous and bounded.

For any continuity point x of F', we show that Fx, (z) — Fx(z). Given € > 0,

limsupP(X,, < ) = limsup E[lx, <5] < limsup E[g, . (X,)].

n—o0 n—o0 n—o0

Using expectation properties,

]E[gx,s(X)] = E[l{XSx—i-s}] = P<X <+ 8)'

o7
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By right continuity of F', we obtain
PX <zx+4+¢e) = P(X <z)ase 0.

Thus, we conclude
limsup P(X, < z) <P(X < x).
n— o0
A similar argument establishes the reverse inequality for lim inf, yielding the desired
result:

X, = X.

Lemma 7.15 (Continuous Mapping Theorem)
Suppose that X, = X, then for any g € C(R), we have g(X,) = ¢(X) as n — 0.

I Note 7.16. This lemma shows that weak convergence is preserved by continuity.

I Remark 7.17. We write C(R) D Cy(R) for the space of continuous functions g : R — R.

Proof. Let h € Cy(R), then ho g € Cp(R), and so by Theorem 1 applied to the function
h o g, we obtain

E[h(g(Xn))] = E[2(g(X))].
It follows, by using the theorem above in the other direction, that ¢(X,) = g(X). O

Theorem 7.18 (Helly’s Selection Theorem)

Let (F,)s2; be a sequence of distribution functions. Then there exists a subsequence
(F,)52, and a right-continuous, increasing function F' such that, for every continuity
point z, F,, (z) — F(z) as k — oo.

Remark 7.19. The Helly selection theorem does not guarantee that the limiting function
F is a distribution function.

Proof. Since each F), is bounded by 1, we apply a diagonalisation argument, as used in
the proof of the Arzela-Ascoli theorem, to extract a subsequence F,,, such that, for every

q € Q,
khm }nk(Q) =:G(q)
—00

exists. The function G is increasing on the rationals. We extend it to the reals by defining
F(z) =inf{G(q) : ¢ € Q,q > z}.

Since G is increasing, this definition ensures that F'is also increasing and right-continuous.
To confirm right continuity, consider a sequence x; | x. Then,

lim F(z;) = inf F(x;).
j

J—00

o8
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By the definition of F,
inf F'(z;) = inf inf{G(q) : ¢ € Q, ¢ > z;}
J J

—inf{UG(q)lquaQ>xj}

=inf{G(q) : ¢ € Q,q¢ > z} = F(x).

Thus, F' is right-continuous. Now, let  be a continuity point of F', and let € > 0. There
exist rationals qq, go, 7 such that ¢; < ¢o < x < r, satisfying

F(x)—e < F(q1) < F(g2) < F(z) < F(r) < F(z) +e.

Since F' is increasing,

F(g) < F(z) < F(r)< F(z)+e¢
Since F,, (q2) — G(q2) and G(q2) > F(qu), for sufficiently large k,
F(z)—e < Flq) < Fo,(q2) < Fy,(x) < F,,, (1) < F(z) +¢
Thus, F,,, () — F(z) O

7.3 Tightness

Example 7.20

Let X be a random variable taking values +1 with expectation E[X] = 0. Define the
sequence X, = nX. By Helly’s selection theorem, there exists a subsequence X,
and a function F' such that the cumulative distribution functions satisfy

Fx, (z) = F(z) for all continuity points z of F.

We claim that F' cannot be a distribution function of a probability measure. We argue
by contradiction by assuming that F' is a distribution function. Let Y ~ F. Then,
for every compactly supported function g € Cj, we compute the expected value:

Elg(Y)] = lim E[g(X,,)] = lim (ggm) " 1g<—nk>) —0.

k—o0 k—o0 2

However, we can construct a sequence of compactly supported functions g, satisfying
0 <g,<1and g, — 1 pointwise. Applying the bounded convergence theorem, we
obtain

lm Elg, (V)] = 1.

The issue arises because Helly’s selection theorem permits mass to “leak” to +oo,
preventing F' from being a valid probability distribution function. To correct this
issue, an additional condition must be imposed on the selection theorem to prevent
leakage to infinity.

Definition 7.21. A family (P; : ¢ € I) of probability measures on (R, B(R)) is said to
be tight if, for every € > 0, there exists a compact set K. such that

supP;(R\ K.) <¢

i€l

29
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We say a family of distribution functions (F; : ¢ € I) is tight if the corresponding family
of probability measures is tight.

I Note 7.22. This definition is equivalent to P(X,, & K.) < ¢.

Exam Questions 7.23

A family of distribution functions (F; : i € I) is tight if and only if, for every ¢ > 0,
there exists M, > 0 such that

sup (1 — F;(M.) + F;(—M,)) < e.

i€l

Solution. We prove each direction in turn.

« Proof of (=). By definition, for each € > 0, there exists a compact set K. such

that
sup P;(KY) < e.
i€l
Since probability measures on R are tight, we can take K. = [—M., M.]| for

some sufficiently large M. > 0. Then,
Pi(K?) = 1 — Fi(Mc) + Fi(—M.),
which implies the desired inequality.
» Proof of («). Choosing K. = [—M,, M.], we obtain
Pi(K?) =1— F(Me) + Fi(—=Me) <e.

Thus, the family of probability measures is tight, proving the claim.

Theorem 7.24 (Helly’s selection theorem (tight version))

Let (F,); be a sequence of distribution functions that is tight. Then, there exists
a subsequence (F,, )72, and a distribution function F' such that F,,, = F' as k — oo.

Proof. Construct the subsequence F,,, and the function F' as in the proof of the Helly
selection theorem. It remains to show that

lim F(t)=0 and tlim F(t) =1
—00

t——00
Let € > 0 and choose M, such that
sup (1 — Fo(M,) + Fo(—M.)) < e.

Now, consider x < —M,, which is a continuity point of F'. Then,

F(z) = lim F),, (z) <limsup F,, (M) < e.

k—o0 k—o0
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This shows that limy;_, ., F'(f) = 0, noting that F' is increasing and non-negative.

Similarly, we choose y > M., which is a continuity point of F. Since F,(y) is increasing
in n, we obtain
inf F,(y) >1—e.

Thus,
F(y) = lim F, (y) > liminf F,,, (M) > 1 —e.

k—o0 k—oo

Theorem 7.25 (Lévy metric)

Given two distribution functions F' and G, the Lévy metric is defined as
d(F,G)=inf{e >0: F(x —¢) —e < G(z) < F(zx +¢) + ¢ for all z € R}.

Then d is indeed a metric, and it satisfies d(F,,, F) — 0 if and only if F,, = F.

Proof. To verify that d is a metric, we check the following properties:
By definition, d(F,G) > 0 for all distribution functions F' and G.
o If d(F,G) =0, then for every € > 0, we have
Flx—e)—e<Gx)<F(rx+e)+e, VreR.

Taking € — 0, it follows that F(z) = G(z) for all z, so F' = G.
o The definition of d(F,G) is symmetric in F' and G, so d(F,G) = d(G, F).
o Given three distribution functions F, G, H, we need to show that

d(F,H) <d(F,G)+d(G,H).
By definition, for any e, > d(F,G) and €3 > d(G, H), we have
F(x —e1) —e1 < G(x) < F(zr+¢e1) + ¢y,
and similarly for G and H. Combining these inequalities gives the required bound.

To show that d(F,,F) — 0 if and only if F,, = F, we note that weak convergence
F, = F means that F,(z) — F(z) at all continuity points of F'. The definition of the
Lévy metric ensures that for sufficiently small €, the deviations between F,, and F are
controlled uniformly, establishing equivalence. ]

Corollary 7.26

Let (F},) be a sequence of tight distribution functions, and assume that there exists
a distribution function F' such that every weakly convergent subsequence F,, of F),
satisfies F},, = F. Then it follows that F,, = F.

Proof. Suppose, for contradiction, that F,, # F. Then, there exists a subsequence (F},,)
such that F,,, # F. Since (F},) is tight, Helly’s selection theorem ensures that (F,, ) has
a weakly convergent subsequence (F), ) that converges to some function G.

By assumption, every weakly convergent subsequence of (F},) must converge to I, so we
must have G = F', implying F,,, = F', a contradiction. ]
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8 Limit Theorems

8.1 Characteristic functions

I Note 8.1. Characteristic functions are the Fourier transform of probability measures.

Definition 8.2. The characteristic function of a random variable X is a function

QZSX R—-C
0»—)E(ei6x)
:/ewwdFX(:c):/ewfo(x) dx.
R R

Remark 8.3. Since ¢x only depends on the distribution function of X, we can also talk
about the characteristic function of a probability measure 1 on R, which we write ¢,,.

Lemma 8.4

Elementary properties of the characteristic function.

1. ¢x(0) = 1.
2. ¢x(=0) = ¢x(0).
3. |ox(9)] < 1.

4. ¢x is uniformly continuous.

5. If E(|X|") < oo for some n € N then ¢y is n-times differentiable with
¢g?)(9) =E ((iX)"e”*) uniformly continuous.

6. If X and Y are independent and oo € R then

Pax+y (0) = dx(ad)py (0).

Proof. We prove each statement in turn.
1. ¢x(0) =E[1] = 1.

2. We use the definition of the characteristic function:

¢x(=0) = Eexp(—if X)] = E [exp(i0X)] = ¢x(0).
3. We use the modulus property of expectations:
|0x(0)] = |E [exp(i6X)]| < E [lexp(i0X)[] = 1.
4. We consider the difference:
ox(0+ h) — ox(0)] = |]E [exp(iGX)(eihX - 1)” <E Heihx - 1H :

Since |e?™* — 1| < 2, the right-hand side tends to zero as h — 0 (uniformly in 0) by
the bounded convergence theorem.
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5. Assume E[|X|"] < oo for some n € N, and prove by induction for 0 < k < n that
¢ is k-times differentiable with

$(0) = E [(iX)" exp(i6X)] .
The base case k = 0 is immediate. Assuming the result holds for k£, we compute

(0 + h) — 6% (9)

exp(ihX) — 1

}Llil(l) - = ’lgr(l)E (1X)" exp(i6X) -
Since X 1
lim PO — 1y
h—0 h

we need to justify interchanging the expectation and limit. Using the dominated
convergence theorem, we obtain

hX)—1
Xkexp(iQX)%

S |X|k+1.

Since E[| X |*1] < 0o, we conclude
$0) = E [(iX)"! exp(i6X)] .

6. Using linearity and independence, we get
Gax1y(0) = Elexp(if(aX +Y))] = E [exp(iacd X ) exp(ifY)] .
By independence,
E [exp(iad X ) exp(i#Y)] = E [exp(iaf X )] E [exp(ifY)] .

Thus,
Pax 1y (0) = ox(ab)y(0).

Definition 8.5. The moment generating function is defined as
Mx (t) = E(e"Y)

for t € R. However, this function may or may not be defined, depending on the
distribution of X.

I Remark 8.6. On the other hand, the characteristic function always exists.

Lemma 8.7

Let X be a Gaussian random variable with mean p and variance o?. Then the
characteristic function of X is given by

1 g 2p2
ox(0) = exp <z',u0 - 50202> = 0370
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Proof. We express X as
X=pu+o2z,

where 7 is a standard normal random variable. By the properties of characteristic
functions,

ox(0) = exp(ipb)pz(c0).
Thus, it suffices to show that

We compute

b2(0) = \/LQ_W /R exp(if) exp (—%ﬁ) .

Rewriting the exponent,
1 1
exp (—i(x —i6)? + 502> ,

we recognize a Gaussian integral:

oo (10) [ Lo (Lo )t s ()

To validate the integral property rigorously, we show that ¢, satisfies the differential
equation

¢7(0) = —002(0), ¢2(0) =1.
This follows because
¢, (0) = iE[Ze"?] = iE[Z cos(0Z)] — E[Zsin(0Z)).
Since Z is symmetric and Z cos(67) is odd,
E[Zsin(62)] = 0.
Further computation shows
¢z (0) = —0E[cos(62)] = —0¢2(0),

which confirms the required form. ]

8.1.1 Uniqueness
Lemma 8.8. Let X, Y be independent random variables. Then, we have
E [exp(—itY)px (V)] = E [y (X —¢)].
Proof. First, note that the subscripts X and Y in ¢ x and ¢y indicate that these characteristic

functions are defined using the laws of X and Y, rather than their specific values.

Since X and Y are independent, the joint law of (X,Y") is given by the product measure.
We write Ex for expectation with respect to X, and Ey for expectation with respect to
Y, so that

E=ExEy = EyEx.
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Defining ¢y = ¢x and ¢ = ¢y, we can rewrite the desired identity as
Ey [exp(—itY)o1(Y)] = E [¢2(X —1)].
We now compute
Ey [exp(—itY)¢p1(Y)] = Ey [exp(—itY)Ex [exp(i1Y X)]] .

By interchanging the order of expectation using Fubini’s theorem (which is justified since
¢1 and ¢o are both bounded by 1), we obtain

= ExEy [exp(iY (X — )] = Ey [¢2(X — 1)].

Theorem 8.9 (Inversion formula)

Let X be a random variable with characteristic function ¢ x. Then, for any continuity
point x of F'y(x), we have

Fy(z) = lim | (% /_ " expl—ist]éx(s) exp {—;—;} ds) dt.

a—o0
= —00 9

Proof. Let Z be a standard Gaussian random variable independent of X, and for a > 0,
define

Xo=X+a'Z
Then, as a — oo, we have X, — X almost surely, which implies X, = X. Therefore, for

every continuity point z of Fly,

Fx(z) = lim Fx, ().

a—0o0

We now compute Fy, (z):
FXG<£L'> = ]EXEZ |:]_{X + a’lZ S .CIZ‘}:| .

Rewriting the expectation, we obtain
a(z—X) 1

oo V2T

FXa((L') = ]EX 6_t2/2dt.

Changing variables, we express it as

T

FXa(ilj') = ]Ex/ a €_a2(t_X)2/2dt.

oo V2T

Using Fubini’s theorem, which is justified since all terms are positive, we obtain

Fx,(z) = / “2_7TEX e .

By expressing the expectation in terms of the characteristic function, we get

Fy (z) = / ’ j;_FEX (bug(X — )] dt.
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Using the characteristic function of a Gaussian, we have

FXa (QJ) = /:E \/C;—WEZ [e*imz@((aZ)] dt.

Applying the lemma above, we can write

2

Fx, (z) = /Oo \/C;_W/oo 217m exp|—its|opx(s) exp [—%} dsdt.

Theorem 8.10 (Uniqueness of characteristic function)

Given two probability measures p, v on (R, B(R)), we have

¢p = ¢, ifandonlyif p=rw.

Proof. This result follows from the inversion formula and the fact that a distribution
function is uniquely determined by its values at its points of continuity.

To see why, suppose that F; and F, are two distribution functions that agree on R\ D,
where D is the set of all points that are discontinuous for either F; or Fy. Since every
distribution function has at most countably many points of discontinuity, the set D is
countable.

For any x € R, we can choose a sequence x,, |  with z,, € R\ D. By the right-continuity
of distribution functions, we have

Fi(z) = lim Fi(z,) = lim Fy(x,) = Fy(z).

n—o0 n—oo

Since this holds for all x € R, we conclude that F} = F5, and thus, y = v. O

8.1.2 Results

Theorem 8.11 (Density inversion formula)
Let p be a probability measure on (R, B(R)) such that

[ 18,®)las < oo,

Then, g is absolutely continuous with respect to the Lebesgue measure with a
bounded, uniformly continuous density f, given by

1

fulz) = %/Rexp[—iea:]gbu(@)dﬁ.

Remark 8.12. The theorem above is a Fourier inversion formula. If we already knew that
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p had density f,,, then we would have
6,(0) = [ explitaf,(a)d.

Proof. For any two continuity points z < y of F},, we have

Rt~ ) = i [ (o [ ewloistousren |- 2 ds) ar

a—r 00
xT —00

Since

< |¢x(s)l,

expl-istlox(s)exp |~

which is integrable over (s,t) € (—00,00) X (z,y) by assumption, we apply the dominated
convergence theorem to interchange the limit and integral:

o0

Fu(y) — Fu(z) = / ’ (% / h exp[—ist]gzﬁx(s)ds) dt.

Since intervals (x, y) generate the Borel o-algebra, this density function uniquely determines
1 O

Lemma 8.13

Given any random variable X and § > 0, we have

)

P(X| > 2/0) < 5 / (1= 6 (6))de.

—0

where the right-hand side is a real number.

I Note 8.14. This lemma shows how continuity at 0 relates to tightness.

Note 8.15. Note that the realness of the right-hand side follows from the symmetry of the
integration domain, as ¢x(—0) = ¢x(0).

Proof. We compute
5 5
/ (1 —o¢x(0))dd =25 — / E[exp[if X]|d0.
-5 -5
Rewriting in terms of cosine,
5
=20 — / E[cos(0.X)]do.
-5
Using expectation and integral exchange,
5
=20 — E/ cos(6.X)do.
-5
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Evaluating the integral,

— 25— 9E {Sm((SX)} .

Thus, we obtain

P(|X| >2/6) =E [1)x2/5] < 2E [(1 — ﬁ) 1|X>2/5} .

Using the bound (1 — sin(r)/r) > 0, we conclude
5

P(X| > 2/0) < 5 / (1= 6 (6))do.

—0

Theorem 8.16 (Lévy’s Continuity Theorem)
Let p, be a sequence of probability measures on (R, B(R)):

1. If g, = p as n — oo, then ¢, (6) = ¢,(0) for every 6 € R.

2. If ¢,,(0) = ¢(0) for every 6 € R, and ¢ is continuous at 0, then ¢ = ¢, for a
probability measure p, and p, = @ as n — oo.

Remark 8.17. In the second statement of Lévy’s continuity theorem, continuity at 0 of
¢ is crucial. Consider the sequence X,, = nZ, where Z is a standard Gaussian random
variable. Then,

ox, (0) = exp[-n26?/2] — 1{6 = 0}.

However, Fx, (z) — 1/2 for every z, meaning X,, does not converge in distribution (they
are not tight).

Proof. We prove each statement in turn.

1. For any fixed 6, the function g(z) = expl[ifz] is bounded and continuous. Since
[y, = [, We obtain

P (0) = /}Rexp[i@x]dun(:c) — /Rexp[z'ﬁx]d,u(x) = ¢,(0) asn— oco.

2. We first note that, since |¢,.| < 1 and ¢,, — ¢ pointwise, we must also have
9] < 1.

Additionally, we have that ¢(0) = lim,,_,» ¢,,(0) = 1 and that ¢ is continuous at
0. It follows that, for any € > 0, there exists § > 0 such that |¢(d) — 1| < €/4 for
all |§] < §. We then obtain

1 0 1 0
5/ (1= ¢(0))do < 5 /_5 6(6) — 118 < /2.

—6
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By the bounded Convergence Theorem, we also have

nh—>nolo(5/ — ¢, (6 5/ (1 —¢(0))dl < €/2.

Combining this convergence with the previous lemma, there exists some N such
that for all n > N,

i (1=2/0.2/01) < 5 [ (1= 0, (00a8 <

This shows that the sequence pu, is tight. It follows that there exists a probability
measure p and a subsequence p,, such that p,, = pas k — oo.

By Part 1 of Lévy’s Continuity Theorem, we already have that ¢,,, (0) — ¢,(0) as
k — oo for all § € R. However, since we also have that ¢, (¢) — ¢(0) for all 0, it
follows that ¢, = ¢.

Since weak convergence is metrisable, every subsequence of j,, has a further subsequence
that weakly converges to a probability measure g with ¢; = ¢. By uniqueness, we
must have i = pu, forcing the entire sequence p,, to weakly converge to . O

8.2 Central limit theorem

I Note 8.18. Before stating and proving the CLT we need to list some lemmas we will use.

Lemma 8.19. For z € R and n € N, we have the inequality

P P ).
m:

o
2 —mm((n+1)!’ nl

Proof. By Taylor’s theorem with integral remainder, we obtain for any n

) L V) ‘n+1 T )
e’ = Z (iz) + / (z —s)"e"ds.
m! nl Jo

m=0

The remainder term on the right-hand side needs to be estimated using the given bounds.
The first bound follows from

Z‘n+1 x )
/ (x — s)"e"ds| <
0

nl =+ 1)

For the second estimate, we apply integration by parts:

i/ (x — s)"e"ds = T +/ (z — )" el ds.
nJo n 0

Thus, we rewrite the remainder as

l’n—&-l x ]
' / (x — s)"eds| =
n! Jo

’.CElTH_l

N

ﬁ /Oz(:c —8)" e —1)ds|.

Using |e** — 1] < 2, we obtain

l’n+l x ]
' / (x — s)"eds| <
n! Jo

Thus, combining both bounds, we conclude the proof. O

2|z|"
nl
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Lemma 8.20. If E[X?] < oo, then the characteristic function ¢x () satisfies

2

ox(t) =1+ itE[X] — %E[XQ] + Rx (1),

where Rx(0) = 0 and lim;_,q Rx(t)/t* = 0.

Proof. We start by defining the remainder term:

bx(t) — 1 —itE[X] + ﬁE[Xﬂ

[Rx(t)] = ]

Expanding e”X using Taylor’s series,

. +2
= ‘E {e”X —1—itX + EXQ}

By the Taylor expansion remainder bound (from the lemma above),
< E [min (tX]?, 2[tX )] .

Since [tX > < 2|X|? and E[|X|?] < oo, by the Dominated Convergence Theorem, we
conclude
E[min([¢]|X]* 2| X]*)] =0 ast— 0.

Thus, lim;_,o Rx (t)/t* = 0. O
Lemma 8.21. We have the following:
1. If 2 € C and |2] <1, then |e* — 1 — 2| < |2|%.

2. For 0 >0 and zy,...,2,,wy,...,w, € {z € C: |z] <0}, we have

n n n
HZZ'—H’UJ,L' §9"71 E |ZZ—U)Z|
=1 =1 =1

Proof. We prove each statement in turn.

o Trivial.

o We proceed by induction. For n = 1, the statement is immediate. For n = k 4 1,

we have
k

k
Zk+1 H 2 — Wk+1 H w;| -
i=1

=1

k+1 k+1

=1

=1

Applying the triangle inequality,

k k
IERIE
i=1 =1

Bounding |zx11| < 6 and using induction, we obtain

< |2k41] + |21 — Wit

k
[
i=1

k+1 k+1

i=1

=1

k

S Qk Z |ZZ — w2| + 0k|2k+1 — Wk+1|-
i=1

Summing completes the proof.
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]

Lemma 8.22. Let ¢, be a complex sequence with ¢, — ¢ € C as n — 00, then
(I+¢,/n)" — e asn — oo.

Lemma 8.23. Define r = sup,, |¢,|. Choose § = ¢’/ so |(14-c,/n)|,|e*/"| < 6. Applying
the lemma above, we estimate

n

(L ca/n)" — e[ <01 1+ cofn— e/,

=1

Using the lemma above,
114 cp/n — /™| < |en /.

Since e®/™ — €, continuity implies (1 + ¢, /n)" — ¢°.

Theorem 8.24 (Central limit theorem)

Let X;, Xs,... be a sequence of i.i.d. random variables with finite second moment,
satisfying E[X;] = pu and Var[X;]| = 0. Define the partial sum

Sn=X1+Xo+---+ X,.

Then, the normalised sum
_ Sp—np

n

converges in distribution to a normal distribution:

Zn

Z, = N(0,0%) asn— oco.

I Note 8.25. Since the random variables are identically distributed we can pick say Xj.

Proof. We prove the theorem using characteristic functions. The goal is to show that the
characteristic function ¢z, (6) of Z, converges to that of N(0,c?), which is e—0?0%/2,

Since adding or subtracting a constant does not affect the variance, we assume without
loss of generality that u = 0, so E[X;] = 0.

From the definition of characteristic functions and using a lemma from above, we have
for small ¢

. H2
6x,(0) =B =1 - Lo? 1 Ry, (0),
where the remainder term Ry, () satisfies
. Rx,(0)
iy 5 =

Since 5, = X7+ Xo+ - -+ X, the characteristic function of the normalised sum is given
by
$2,(0) = s,/ ym(0) = éx,(0/v/n)".
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Using the expansion for ¢y, ,

ox,(0/v/n) =1— %02 + Rx, (6/v/n),

we raise this expression to the nth power:

2

¢z,(0) = (1 — 29—”(;2 + Rxl(e/\/ﬁ)>n.

Define

n(0) = =7+ nB, (0/ V).

By a lemma from above, we know that nRx,(6/y/n) — 0 as n — oo, implying that
cn(0) — —%. Applying a lemma from above, we conclude

(1 + Cn—w)) — ¢n0) 5 =0*%)2,
n

Thus, we have
2 .2
¢Zn<0) N 6—0 o /2’

which is the characteristic function of N(0,0?). By Lévy’s Continuity Theorem, we
conclude that
Z, = N(0,0%) asn— oco.

0J []

9 Conditional Expectation

9.1 Definitions

Definition 9.1. Let (Q2, F,P) be a probability space, and let G C F be a sub-c-algebra.
Given a random variable X with E[| X|] < oo, we say a random variable Y is a conditional
expectation of X given G if

1. Y is G-measurable.
2. For any A € G, we have E[X - 14] = E[Y - 14].

Remark 9.2. Keep in mind! The conditional expectation is a random variable not a
number.

Lemma 9.3. Let X,Y and G be as in the definition above, then E(|Y]) < E(].X]).

Proof. Defining A = {Y > 0}, we have A, A€ Gand |Y| =Y -14—Y -14.. We have
that
E(Y-14) =E(X -14) <E(|X|-14)

Adding these two inequalities gives the desired result. O
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Exam Questions 9.4 (Exercise from lecture notes)

Let X be a random variable such that X and —X have the same distribution, and
let G = o(|X|). For any bounded measurable function h € By, show that

Y= %(h(X) + h(=X))

is a conditional expectation of h(X) given G.

Solution. We need to show that Y is the conditional expectation of h(X) given
G = o(|X]), meaning that:

1. Y is G-measurable.
2. For any A € G, we have E[A(X) - 14] = E[Y - 14].
We do each step in turn.

1. Since G = o(|X]), a function of X is G-measurable if it can be written as a
function of | X| alone. Notice that:

Y = 2 (h(X) + h(~X))

depends only on | X|, since X and —X have the same distribution. Specifically,
if we define g(|X|) = 1(h(X) + h(—X)), then Y = g(]X]) is G-measurable.

2. We need to verify that for any A € G,
E[R(X) - 14] = E[Y - 14].

Since A is measurable with respect to G = o(|X|), it follows that if w € A,
then it must also be in A for both X (w) and —X (w). Using the symmetry of
X, we obtain:

E[R(X)-14] = E[h(—X) - 14].
Taking the average of both sides gives:

E[H(X) - 14] = ZEIR(X) - 14] + 2E[(~X) - 1]

Rewriting this,

E[R(X)-14] =E %(h(X) +R(=X))- 14| =E[Y - 14].

This confirms that Y satisfies the definition of E[h(X) | G].
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Theorem 9.5 (Uniqueness of conditional expectation)

Let X and G be as in the definition of conditional expectation, and suppose that Y
and Z are both conditional expectations of X given G. Then Y = Z almost, surely.
As such we can write E(X | G) for the ‘unique’ conditional expectation of X given G.

Proof. Let A, ={Y —Z > 1} then A, € G and we have
E[Y -14,]=E[X -14,] =E[Z-14,].
So we have E[(Y — Z) - 14,] = 0, but on the other hand

BI(Y - 2)14,] 2 - P(4y),

so we must have P(A,,) = 0 for all n. It follows that

IP(Y>Z):IP’(GAn> —0,

and by symmetry of the argument we also have P(Y < Z) = 0. U
Example 9.6

Let G = o(D) for a partition D = {A,,..., A} C F of Q where P(4;) > 0 for each
. Then for any integrable random variable Y, we have:

ElY 6]=3" P&i)mmmui.

Solution. Let Z be the right-hand side of the equation above. By uniqueness, we
just need to show that:

1. Z is G-measurable.
2. For every A € G, E[Z14] = E[Y1,4].

For (1), we simply observe that every 1,4, is clearly G-measurable. For (2), we can
easily check that for any 1 <i < n,

B(Z14) = 3 G BV LaJElLy L]

i=1

1
= E[Y14|P(A;) =E[Y14].
The conclusion then follows since every A € G can be written as A = UiE 1 A; for

some subset I C {1,...,n}. Therefore,

EY14] =) E[Y1s]=> E[Z14]=E[Z14].

el el
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Remark 9.7 (Notation). Note that one often writes, for events A of positive measure,

]P(lA)IE[YlA] _E[Y | A].

We won’t use the above notation so often, but note that the above is a number but often
E[Y | ] denotes a random variable—be careful.

Remark 9.8 (Notation). Given a collection of random variables X1, Xs,..., X, and an
integrable random variable Y, we write

E[Y | X1, Xa, ..., Xn] = E[Y | 0(X1, Xa, ..., X0)]-

Exam Questions 9.9

Let Y, Xy,..., X, be random variables with Y € o(Xj,...,X,). Then there exists a
measurable function f : R™ — R such that Y = f(Xj,...,X,). This indicates that
the conditional expectation above is really guessing Y using the values of X;,..., X,,.

Solution. We prove the above statement for Y > 0, the general case follows by
writing Y =Y+ — Y. Weset X = (Xy,...,X,), so that X : (2, F) — (R", B(R"))

is a measurable map. It follows that
G :=0(X1,...,X,) ={XY(B): BeBR"}).

Note that, for every A € G, there exists B € B(R™) such that we can write:

14(w) = 1p(X(w)).

This verifies the claim when Y is an indicator function. If Y is not an indicator
function, we know that there exist simple functions Y,, 1 Y. It follows that there
exist simple functions f,, such that Y, = f,(X). In particular, for every w € Q, we
have

lim f,(X(w)) =Y (w),

in particular the former limit exists. We would like to take f = lim,,_, f,, but we
don’t know that lim,, ., f.(z) exists for every x € R" (we only know this for z in

the image of X). However, we can just set:

lim,, .o frn(x) if the limit exists,
fla) = { =2l

0 otherwise.

This function is measurable and satisfies the desired property.

Remark 9.10. Sometimes you’ll see the notation E[Y | X = z], denoting a “function of z”.
Note that E[Y | X = z] is uniquely defined only up to P-almost everywhere equivalence.
To relate this notation to what we saw earlier, if we write E[Y | X] = f(X) for some
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measurable f : R — R, we have:

E[Y | X = 2] = f(2).

9.1.1 Existence

Theorem 9.11 (Radon-Nikodym Derivative)

Let p and v be finite measures on a measurable space (€2, F). Then there exists a
non-negative measurable function f : 2 — R and a set B € F such that u(B) =0
and, for all A € F

V(A):/Afdu—l—y(BﬂA).

I Remark 9.12. When v < p on can take B =&, so v(BNA) = 0.
Proof. Omitted. Not examinable. ]

I Remark 9.13. The statement of the theorem is examinable.

Theorem 9.14 (Existence of conditional expectation)

Let G be a sub-c-algebra of F and Y be an integrable random variable. Then there
exists a random variable Z such that Z is the conditional expectation of Y given G.

Proof. We prove the claim for Y > 0, the general case follows by writing Y =Y — Y,
invoking existence for Y* and Y, and then verifying that

EY |G]=EY" |G| -E[Y™ |d]

works. Now, since Y is integrable, the function v(A) = E[Y'1,4] defines a finite measure on
(€, G). In particular, writing P for the restriction of the probability measure P on (€2, F)
to (2, G), it follows from the Radon-Nikodym theorem that there exists a G-measurable
function f such that, for every A € G,

BV1i) = [ fdP = B[fL)

9.2 Properties

I Remark 9.15. Recall that E(X | G) is a function on €2, not a number.

Proposition 9.16. Let (2, F,P) be a probability space, X, Y integrable random variables,
G C F a sub-o-algebra and a,b € R. Then, the following properties hold:
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1. EE(X |G)) =E(X).
2. If G ={2,0}, then E(X | G) = E(X).
3. If X is G-measurable, then E(X | G) = X almost surely.
4. (Linearity). E(aX +bY | G) = aE(X | G) + bE(Y | G) almost surely.
5. (Monotonicity). If X <Y almost surely, then E(X | G) < E(Y | G) alsmost surely.
6. (A-inequality). |E(X | G)| < E(|X| | G) almost surely.
Proof. We prove each statement in turn.

1. Take Q € G
2. If G ={@,Q} the E(X | G) is a constant function, so that E(E(X | G)) = E(X).
3. This follows from the definition of conditional expectation.

4.

Proposition 9.17
Let G C F be a g-algebra and Xy,...,X,,..., and X be integrable random variables.

1. (Monotone Convergence) If X,, T X almost surely, then

E[X, | G] T E[X | G] almost surely.

2. (Fatou’s Lemma) If X, > 0 almost surely, then
E[liminf X,, | G] <liminf E[X,, | G] almost surely.
3. (Dominated Convergence) If | X,| < Y almost surely for some integrable
random variable Y, and X,, — X almost surely, then

E[X, | G] = E[X | G] almost surely.

4. (Jensen’s Inequality) If ¢ is a convex function such that ¢(X) is integrable,
then
H(E[X | G]) <E[¢p(X) | G] almost surely.

Theorem 9.18 (Tower property)
Let G; C Go C F be o-algebras and Y be an integrable random variable. Then

EEY | G) [ G1) =E(EY |G) [ G2) =E(Y | Gy).
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I Note 9.19. In a repeated conditional expectation the smallest o-algebra wins.

Proof.

O

Theorem 9.20 (Factorisation property)

Let X and Y be integrable random variables with XY integrable as well, and suppose
G C F be is a o-algebra and X is G-measurable. Then

E(XY | G) = X -E(Y | G).

Proof.

O

10 Martingales

10.1 Definitions

Note 10.1. A martingale formalises the idea of a ‘fair game’, that is your expected fortune
in the future is always the same as your current fortune.

Definition 10.2. A filtration (of o-algebras) on a probability space (2, F,P) is an
increasing sequence of o-algebras (F,)5, such that

FicFC---CF,C---CF.

Note 10.3. Usually n is interpreted as a time parameter, and F,, as the knowledge (or
information) accumulated by time n. Note that in this interpretation we never forget
anything, knowledge is accumulated. We typically start from ‘time zero’ i.e. n = 1, but
this is not always the case, so take a little care.

I Remark 10.4. We can relabel and use n = 0.

Definition 10.5. We sat a sequence of random variables is adapted to the filtration F,
if for each n € N, the random variable X, is F,-measurable.

Definition 10.6. The natural filtration, (G,)%°,, associated with the sequence of
random variables (X,,)5°, on (2, F,P) is given by

G,=0(X1,Xs,...,X,) =0 (U a(Xl-)) for each n > 0.
i=1
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Proposition 10.7

Given a sequence of random variables, there is a sort of ‘default’ filtration we can
choose. This is the natural filtration.

Proof. This is a choice we make, but I chose to write as a proposition. ]

Definition 10.8. Let (F,)5°; be a filtration and (X,)$,; be a sequence of random
variables adapted to the filtration. We say (X,,)%, is a
« martingale for the filtration (F,)5%,, if for each n the following hold

n=1
— E(]X,]) < o0, and
— E(Xpi1 | Fn) = Xon.

« a submartingale if E(|X,|) < oo, and E(X,,11 | Fn) > X,.

« a supermartingale if E(|X,,|) < 0o, and E(X,,41 | F) < X,

I Remark 10.9. We call E(X,, 11 | F5,) = X,, the martingale property.

Note 10.10. If we think of X, as your ‘fortune accumulated by time n’ when making some
series of bets, then a martingale is a fair game, in the sense that E(X,,11—X,, | F,) =0 a.s..
A submartingale is a favourable game to you, and a supermartingale is an unfavourable
game to you. This may sound like the names ‘sub’ and ‘super’ are the wrong way round,
but this is how they have stuck and it is now universally accepted. As mentioned in the
introduction to this chapter, a good way to remember is to think back to the idea of a
martingale being something that prevents the horse’s head from rearing up, i.e. it keeps
the horse’s head ‘in check’. A submartingale may not achieve its goal on average, the horse
wants to rear-up and indeed it is able. A supermartingale might over-achieve, the horse’s
head is forced down on average.

Proposition 10.11 (Elementary properties)

Suppose (X,,)> ; is a sequence of random variables adapted to a filtration process.

1. (X,)52, is a submartingale if and only if (—X,,)?, is a supermartingale, with

n=1
respect to the same filtration.

2. (X,)22, is martingale if and only if it is submartingale and supermartingale.
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Exam Questions 10.12 (Exercise from lecture notes)

Let (X,)r, be a martingale for a filtration ()5, then for any n > m, one has

E[X, | Fn] = Xin-

Solution. We prove the statement for all n > m by induction.

o Base Case: For n = m + 1, we recall the martingale property, which states
that for a martingale (X,,), we have

E[Xn1 | Fo]l = X0,  as.
Applying this directly to n = m, we obtain:

E[Xi1 | Fn] = Xon-

e Inductive Step: Assume that for some n > m, the desired property holds,
i.e.,

E[X, | Fn] = Xm.
We need to show that it also holds for n + 1, i.e.,

E[ X1 | Fn) = X

Using the tower property, we write:
ElXni1 [ ] = E[E[Xp i1 | Fal | Fin]-

Now, by the martingale property, we know that

E[Xni1 | Fo] = X
Substituting this into the previous equation gives:

ElXns1 | Fon] = E[Xa | Fl

By the inductive hypothesis, we already assumed that

E[X, | Fn] = Xin-

Thus, we conclude:
E[ X1 | Fn) = Xon-

Lemma 10.13. Let X be an integrable random variable and G C F be a sub-o-algebra
such that ¢(X) and G are independent (that is, X and G are independent). Then

E(X | G) = E[X].
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Proof. Clearly E[X] is G-measurable since it is a constant. Note that if we write X =
X — X, then both Xt and X~ are also independent of G. Therefore, by linearity of
conditional expectation and expectation, it suffices to prove the claim for X > 0. By the
uniqueness of conditional expectations, it suffices to check that for all A € G, we have

E[X1,4] = E[E[X | G]14] = E[X]P(A).

Now, know that there exists simple functions Y,,, measurable with respect to o(X), such
that Y, 7 X as n — oo. We also have, by monotone convergence for conditional
expectations, that E[Y;14] T E[X14] and, by monotone convergence for expectations,
that E[Y,,] T E[X]. Therefore, we can finish the proof by observing that for any B € o(X),
one has, by independence,

E[1p14] = E[15]P(A).

It follows that E[Y,,14] = E[Y,,]P(A), which finishes the proof. O

Example 10.14 (Sum of i.i.d. random variables of mean 0)

Let (X,)22, be a sequence of i.i.d. random variables with E[|X;|] < oo, E[X;] = 0,
and let (F,)%, be the natural filtration associated to (X,)5,. Then the sequence
(Sp)52, defined by

Sp=X1+- -+ X,

Moreover, suppose that E[X?] = 0% €
2 is also a martingale

is a martingale for the filtration (F,)3°

n=1-
[0,0), then the sequence of random variables M, = S? — no
for the filtration (F,,)%°

n=1"

We prove each statement in turn.

o For the first statement we first note that E[|S,|] < nE[|X;]] < co. For the
martingale property, we have

In the second equality we used that S,, is JF,-measurable and in the third
equality we used that X, is independent of F,.

o For the second statement we note that E[|M,,|] = E[S?+no?] = nE[X?]+no? <
oo. To verify the martingale property, we observe that

E[Mni1|Fa] = E[Spyq — (n+ 1)0?| 5]
=E[S? + 25, Xp1 + X2 — (n+ 1)0*|F,]
= 52 — no® + 25, E[X 1| Fn) + E[X2, | Fn] — 0°
=52 — no® + 25, E[Xp1] + E[X?,] — 0°

n
2 2
=S, —no" =M,

In the third equality we used that E[S, X, 1|F,] = S,E[X,1+1|F,] since S, is
Fnp-measurable, and in the fourth equality we used that X, is independent of
Fu.

81



Francesco N. Chotuck MATH70028 Probability Theory

Example 10.15 (Product of non-negative independent random variables of mean 1)

Let (X,,)22; be a sequence of i.i.d. non-negative random variables with E[X;] = 1,
and let (F,)5, be the natural filtration associated to (X,,)o2 ;.
Define a filtration by setting F,, = o(Xi,...,X,). Then, the sequence (M),
defined by
M, =]]%;
j=1

is a martingale for the filtration (F,,)p2,. We first note that E[|M,[] = E[[[}_, X;] =

1 < oco. To verify the martingale property, we have

n+1

[1x;
j=1

n

E[Mp41|Fy) = E fn] = [[ X% ElXonl 7l = [[ X - ElXnsa] = M,
=t T

J=1

Example 10.16 (Martingale from Conditional Expectations)
Let Xo be a random variable with E[|X«|] < oo and let (F,)5, be a filtration.
Define the sequence (X,,)%; by

X, =E[X, | Fal.

n=1"

Then (X,,)52, is a martingale for the filtration (F,)2°

Proof. We first note that
E[[Xil] = E[E[| Xeo| | Fi]] < E[E[|Xoo| | Fal] = E[|Xoo|] < 0.

In the first inequality, we used Jensen’s inequality for conditional expectations, which
states that E[| e | | G] > |E[e | G]|. In the last equality, we used the tower property.
To verify the martingale property, we observe:

EXni1 | Ful = E[E[Xoo | Fra] | Fol = E[Xoo | Fu] = X

In the first equality, we used the tower property. [

10.2 Martingale transform

o

Note 10.17. We now describe using martingales a gambling strategy. Think of (X,)2%,
as representing your running score in a game, with Xy = 0 and higher scores being better.
Then

E(Xp+1 — Xpn | Fn) =0 is a game

E(Xpn+1 — Xn | Fn) <0 is an unfavourable game

[e.9]

oo 1 1s called

Definition 10.18. Given a filtration, a sequence of random variables (H,,)
previsible if H,, is F,,_; measurable for each n.
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Note 10.19. A previsible process (Hy, )52, can be thought as a betting strategy, where H,
is the amount you bet at the beginning of round n before you see the score update.

Definition 10.20. Let (X,,)2°, be adapted to the filtration (F,)5, and let (H,)22, be
previsible to the same filtration. We define a new sequence

(HO X)n = in(Xk — Xk—l)

which we call the martingale transform of (X,,) by H,.

I Remark 10.21. This is the discrete version of a stochastic integral.

Exam Questions 10.22
Show that, in the setting above, (H e X),, is F,,-measurable.

Solution. To show that (H e X), is F,-measurable, we recall that the stochastic
integral (or discrete-time martingale transform) is defined as

(HoX)n=> Hy(Xp— Xi).
k=1

Since we are given that (X,),>¢ is a super-martingale adapted to the filtration
(Fn)n>0, we have that each X, is F,,-measurable. Moreover, the sequence (H,,),>1 is
previsible, meaning that H,, is F,_;-measurable for all n > 1. To prove (H o X),, is
Fn-measurable, we proceed by induction:

« Base Case (n =1).
(H.X)l == Hl(Xl — X(])

- Since X7 is Fij-measurable and X is constant, X; — X, remains Jj-measurable.
- Since H; is Fop-measurable (by previsibility), the product H;(X; — Xp) is
JFi-measurable.

» Suppose (HeX),, 1 is F,,_1-measurable. We show that (HeX), is F,-measurable.
(HeX),=(HeoX), 1+ H,(X, — X,_1).

— By the induction hypothesis, (H ® X),_; is F,_j-measurable.

— Since H,, is F,_j-measurable and X,, — X,,_; is F,-measurable (as X, is
adapted to F,,), their product is also JF,-measurable.

— The sum of an F,,_;-measurable variable and an F,,-measurable variable
remains JF,,-measurable.
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Theorem 10.23
Suppose that (X,,)22, is a super-martingale for the filtration (F,,)$° , and that (H,, )

n=1
is a non-negative previsible process with each H, bounded. Then, the sequence

(H e X),, is a super-martingale for the filtration (F,)52,.

Remark 10.24. The analogous result holds for sub-martingales, and the result also holds
for martingales even if (H,)5° ; is not necessarily non-negative.

Note 10.25. The result essentially states that a strategy based on a previsible, bounded
process cannot systematically turn a super-martingale into a martingale or sub-martingale,
reflecting the principle that one cannot use a betting strategy to get ahead in an unfavorable
game.

Proof. Since each H,, is bounded and X, is a super-martingale, we have E[|(HeX ), || < cc.
We now show that
E[(H o X)calFo] < (H 0 X),.

By definition of the martingale transform,
E[(H o X)ni1|Fn] = E[(H ® X)p + Hp 1 (Xni1 — Xo)[Fn].
Since expectation is linear, we split the terms:
= (H o X), + E[H 11 (Xpn1 — Xo)|Fl.
Since (X,,)5°, is a super-martingale, we know that
E[Xn 1] Fn] < X,

Additionally, since H,; is previsible, we have H,.; being F,-measurable. Thus, we
obtain:

E[Hn+1(Xn+1 - Xn)|~’rn] - Hn—l—lE[Xn—H - Xn|~’rn]
By the super-martingale property, E[X,,;1 — X,,|F,] < 0, which implies
E[Hn+1(Xn+1 - Xn)’Fn] < Hn+1(Xn - Xn) =0.

Thus, we conclude
E[(H @ X)ni1|Fn] < (H 0 X),.

In the last inequality, we used that H,,.; > 0. However, this argument also applies to
sub-martingales. In the case of martingales, we simply have

E[Hn+1(Xn+1 - Xn)"’rn] =0

without any assumptions on H,, 1. O

10.3 Stopping times

Definition 10.26. A NU{co}-valued random variable 7 is called a stopping time with
respect to the filtration (F, ), if, for each n, the event {r < n} is F,-measurable.
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Note 10.27. We no show that you cannot beat the house by “stopping” when you feel like
it.

Lemma 10.28. Let 7 be a stopping time with respect to the filtration (F,)32, and
let (X,)52, be adapted to the same filtration. Then, the stopped process (X x,)52, is
adapted to the filtration (F,,)5%,.

Proof. We will write (X;1,)5, as a martingale transform. We define, for n € N, the
process H,, = 1{;>,3. We claim that H, is previsible, so it suffices to show that {7 > n}
is F,,_1-measurable. To see this, note that {7 > n} = {7 < n}° and that

{r <n}= O{T:k} € Fo1.

Thus, {r > n} € F,_1, proving that H, is previsible. Now we observe that

(HoX)y =Y Hy(Xp— Xi)

k=1

= Lo (X — Xi)

k=1

= Z(Xk — Xk-1)

= ArAn — XO~

Since we have that (H e X)), is F,,-measurable, and X, is Fo-measurable, it follows that
X an 18 Fp-measurable. ]

Corollary 10.29. If (X,,)2°, is a super-martingale and 7 is a stopping time, both with

respect to the filtration (F,,)%,, then the stopped process (X,1,)52 , is a super-martingale.

Proof. This follows from setting H,, = 1;;>,) in Theorem 1, then we have X;,, = (H o
X), + Xo. However, we know that (H e X), is a sub-martingale and the constant
process Z, = X for all n is a martingale. Since the difference of a sub-martingale and a
martingale is a martingale, the result follows. O]

Lemma 10.30. Let (X,,)2, be a martingale for the filtration (F,)>, and let ¢ be a
convex function such that, for any n € N,

Ell¢(Xn)[] < o0

Then (¢(X,,))5%, is a sub-martingale.

Proof. Suppose that (X,,)5°, is a martingale. Then, by Jensen’s inequality for conditional
expectations, we have

]E[¢<Xn+1)|]:n] > ¢<E[Xn+1|}—n]) = ¢(Xn)

When ¢ is increasing and (X,,)52, is a sub-martingale, we also have
Elp(Xns1)|Fn] 2 Q(E[Xn11]Fn]) = ¢(Xn).
Thus, (¢(X,))52, is a sub-martingale. O

85



Francesco N. Chotuck MATH70028 Probability Theory

10.4 Upcrossing

Definition 10.31. Let a,b € R with a < b, and let (X,,)2, be a sequence of random
variables. We define the stopping times:

To=—1, 71 =inf{n>my o: X, <a}, 7o =inf{n > 1:X,>b}
We define the number of completed upcrossings by time n as:
U, :=sup{k : 7o < n}
Note 10.32. This process records alternating times where the process first drops below a,

and then later rises above b. Each such pair defines an “upcrossing” from below a to above

b.

Note 10.33. U, counts how many times the process has gone from below a to above b by
time n.

Theorem 10.34 (Upcrossing inequality)

Let (X,,)°, be a submartingale with respect to the filtration (F,,)°, and let a < b
be real numbers. Then for any n € N,

(b— a)E[U.] < E[(X, — a)"] = E[(Xo — a)"]

I Remark 10.35. Where Y = max(Y,0).

10.5 Martingale Convergence Theorem

Theorem 10.36
Let (X,)2, be a sub-martingale with

supE[X[] < oco.
neN

Then, there exists an integrable random variable X such that X,, — X almost
surely as n — oo.

I Note 10.37. Recall X;} = max(X,,0).

Corollary 10.38

Let (X,)2, be a super-martingale with X,, > 0 almost surely, then there exists an
integrable X such that X,, — X almost surely as n — oo. Moreover, E[X] < E[X].
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11 Mastery material

I Remark 11.1. This is from [DD19, Section 4.3.3.] and [DD19, Section 4.4.].

11.1 Prelimary definitions

Definition 11.2. We say a measure p is absolutely continuous with respect to v,
and write p < v if v(A) = 0 implies u(A) = 0.

Definition 11.3. Two measure p and v are said to be mutually singular if there is
a set A with u(A) = 0 and v(A°) = 0. In this case, we also say p is singular with
respectively to v and write u L v.

11.2 Radon-Nikodym derivatives

Remark 11.4. In this section we assume the following. Let u be a finite measure and v a
probability measure on (2, F). Let F,, 1 F be o-algebras. Let u, and v, be the restrictions
of u and v to F,.

Theorem 11.5 (Generalised Radon-Nikodym theorem)

d
Suppose i, < v, for all n. Let X,, = dMn and let X = limsup X,,. Then
VUn

pu(A) = /4Xdu+u(Aﬂ{X = 00}).

I Note 11.6. We call X, the Radon-Nikodym derivative.

Note 11.7. What is this theorem saying? The total y-measure of a measureable set A (i.e.
A € F) can be decomposed in an absolutely continuous part (given by the integral) and
singular part.

Remark 11.8. The term p,(A) = [, X dv is measure < v. In the next lemma we show
that X, is martingale, as such using the martingale convergence theorem (of supermartingales)
we have that v(X = oo) = 0. This is because the expectation E,[X] < E,[Xo] (i.e. is
bounded) therefore, X cannot be infinite otherwise the expectation would be unbounded. It
follows then ps(A) = p(AN{X = oo}) is singular with respect ot v. Therefore, u = i, + fis
dpr
v

gives the Lebesgue decomposition of p, and X, = almost surely.

To prove the theorem we need the following lemma.

Lemma 11.9 (Radon-Nikodym derivative is a martingale)
X,, (defined on (2, F,v)) is a martingale with respect to J,.
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Proof. We observe that by definition X,, € F,,. Let A € F,,. Since X,, € F, and v, is
the restriction of v to F,, we have

/Xndl/:/Xndl/n.
A A

Using the definition of X,, and the Lebesgue decomposition we can can write

[ X, = ) = )

where the last equality holds since A € F, and p, is the restriction of u to F,. If
A€ F,_1 C Fn, using the last result for n = m and n = m — 1 gives

/ Xpdv = u(A) = / Xp_1dv
A A
so E[X,, | Frne1] = X1 O

Proof of the theorem

Proof. Suppose X,, is a nonnegative martingale with respect to a filtration (F,), and
suppose X,, — X v-a.s. by Martingale Convergence Theorem.

To prove the Radon-Nikodym derivative, assume without loss of generality that p is
a probability measure. Define:

ptv _ Mt Vp
2 ) pn_ 2 )

where pu,, and v, are the restrictions to F,. Let:

= dun, Ly, = dﬁ, so that Y,, + Z,, = 2.
dpy, dpy,

Y,

Then Y,,, Z, > 0 are bounded martingales, and Exercise A.4.6 shows they converge to:

dp 7 dv

y-4% 7%
dp’ dp

(*)

Step 1. Prove u(A) = [, Y dp.
From the definition of Y,,,

,u(A)—/Yndp—>/de,
A A

by bounded convergence. Hence:
1(A) = / Ydp forall Ac|F,.
A n

The 7-\ theorem extends this to all A € F, completing the first half of (*).
Step 2. Use the martingale ratio to express X.
From Exercises A.4.8 and A.4.9, we know:
Y, Y

X, = Z—: - =X p-as.
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Note that Y + Z =2, s0 p(Y =0,Z = 0) = 0, and we avoid dividing by zero.

Define: .
W == Z . 1{Z>0}'

Then:
1 - ZW ‘l‘ 1{Z:0}.

Step 3. Show u(4) = [, X dv.
We compute:

M(A):/de:/YWZd,O—I—/l{Z:()}de
A A A

From (*), dv = Z dp, and:

YWZ =X 1750, so YWZ=X v-as.

/YWde:/Xdu.
A A

Step 4. Show the second term in (a) is [, 1{x—cc} dpt.
Note from (*) that du =Y dp, and:

Hence:

{X =00} ={Z=0} pas.

/1{Z=0}YdP=/1{X=oo}dM~
A A

Conclusion. Combining (a), (b), and (c), we obtain:

u(A):/XdV+/1{XOO}du,
A A

which proves that X = %7 completing the Radon—Nikodym theorem.
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Example 11.10 (Approximating Radon-Nikodym Derivatives via Partitions)

Suppose F,, = 0l : 0 < k < K,,), where for each n, the sets Iy, form a partition
of ), and each partition refines the previous one.

Assume that u,, < v,, meaning that v(I;,) = 0 implies p(l;,) = 0. This ensures
that the Radon-Nikodym derivative on each partition piece is well-defined.

Define the process:
(k)
Xp(w) = —
) )

This defines a step function measurable with respect to F,, and (X,), forms a

martingale. Importantly, this process approximates the Radon-Nikodym derivative

dp
dv’

for w € I .

Concrete Example: Let 2 = [0, 1], and define the dyadic intervals:
Iin=[k27", (k+1)27"), 0<k<2",

and let v be Lebesgue measure. If p is absolutely continuous with density f, then

1

Xn(w) = 2:

f(z)dx

Ik,n

is the average value of f over I ,, and as n — 0o, X, (w) — f(w) almost everywhere.

11.2.1 Kakutani dichotomy for infinite product measures

Let 1 and v be measures on the sequence space (R", R") (a product o-algebra) that make
the coordiantes ,(w) = w,, independent. Define:

Fo(z) = p(&n < @), and  Gy(z) = v(§ < )

Assume F,, < G,,, and let ¢,, = dF -~ be the Radon-Nikodym derivative. To avoid technical
problems, assume ¢, > 0, G,,- almost surely. Define

Fo=0&n:m<n)

Let u, and v,, denote the restrictions of ; and v to F,,, and define:

By the Radon-Nikodym theorem, X,, — X, v-a.s.

Note 11.11. The sequence (X,,) forms a non-negative martingale under v, so it converges
almost surely and in L' to a limit X = fl—’;, when p < v.

Since we assumed ¢, > 0, G,-a.s., and the sum Y °_ log(¢n,) > —oo is a tail event,
Kolmogorov’s 0-1 law gives:

v(X =0)e€{0,1}
Hence, by the Radon-Nikodym theorem again:

either y v or plv
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Note 11.12. This is Kakutani’s dichotomy: for infinite product measures built from
sequences of absolutely continuous components, either the entire product measure is absolutely
continuous, or it is singular—there is no intermediate case.

Theorem 11.13 (Kakutani’s criterion)

<< vorpl v, according as

H/\/qdem>0 or =0,
m=1

dF,

where ¢, = i

Note 11.14. So:

o If the infinite product is strictly positive, then the measures are absolutely continuous:
u<L .

o If the product is zero, the measures are mutually singular: p 1 v.

Proof. Jensen’s inequality and Lebesgue decomposition imply

(/Jq_mchm)ngqdemz/dFm=17

so the infinite product of these integrals is well-defined and less than or equal to 1. Let

X, = H Qm(w)

as before, and recall that X,, — X v-a.s. If the infinite product is 0, then

n

/X,l/zdy: 11 /,/_qdem—H).

m=1
Fatou’s lemma gives

n—oo

/X1/2 dv < liminf [ X2 dv =0,

so X =0 v-a.s., and by the Radon-Nikodym theorem, p L v.

To prove the converse, let Y, = Xﬁ/Q. Since [ ¢, dG,, = 1, if we use E to denote
expectation with respect to v, then

EY? =EX,, =1.

Now compute the variance:

n+k
BV = Ya)? = B (X5 + X032 = 2X)2X)()%) =2 (1 - 11 / Vm dGm) .

m=n+1
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Now |a — b| = |a!/? — b'/?| - (a/? +b'/?), so by Cauchy-Schwarz and (a + b)? < 2a® + 2%,
we get:

E|Xp ik — Xo| = E(Vaik — Yol (Vass + Vo)) < (E(Voih — Yo *E(Yoy + Yo)?) 2

1/2
< (AEY 1 — Y)))'2
From the last two equations, if the infinite product is > 0, then X,, converges to X in

LY(v), so v(X =0) =0, and by v(X = 0) € {0,1}, o < v. The result now follows from
the Radon-Nikodym theorem. ]

Example 11.15 (Kakutani’s criterion for Gaussian product measures)
Let

h= @NO.1), v = QN2
n=1 n=1

We apply Kakutani’s criterion to determine whether y < v or p L v. Let F,, =
N(0,1), G,, = N(0,02), and define

dF, 2 2
(2) = 35, (7) = V/on exp (‘5 ; ﬂ)

Then,

[ Va@) dGata) = [ Vi@ - gulo) do

- [oiy oot

:/\/mdx

2%, 1/2
- (1 +072;,>

Hence, Kakutani’s condition becomes

d 20, 1/2
H (1+0,%)

n=1

Conclusion:
o If the product converges to a positive number, then u < v

o If the product converges to zero, then y L v

11.3 Doob’s inequality, Convergence in L? p > 1

Theorem 11.16. If N is a stopping time and X,, is a supermartingale, then Xyu, =
Xuin (N,n) 18 a supermartingale.

We prove a consequence of the above.

92



Francesco N. Chotuck MATH70028 Probability Theory

Theorem 11.17 (Optional Stopping Theorem, Bounded Case). If (X,,) is a submartingale
and N is a stopping time with P(N < k) = 1, then

E[Xo] < E[Xx] < E[X4].
Remark 11.18. Let S,, be a simple random walk starting at Sp = 1, and let N = inf{n :

Sp, = 0}. Then E[So] = 1 > 0 = E[Sn], so the inequality E[X(] < E[Xy] fails if N is
unbounded.

Proof. We know that if (X,,) is a submartingale and N is a stopping time, then the
stopped process X yn, is also a submartingale. So:

E[Xo] = E[Xnno] < E[Xnai] = E[Xn],
giving the left inequality.

Note 11.19. Stopping a submartingale early does not increase expected value. Since
N AO=0,and N Ak = N under the assumption N < k, we interpolate from time 0 to
time V.

To prove the right inequality, define a predictable process:

Ky = 1ineny = Lin<n-1}-

Then by corollary 10.29, the process (K - X),, := > | K;j(X; — X;-1) = X, — Xnan is 2
submartingale. Hence,

E[Xy — Xn] =E[(K - X)i] = E[(K - X)o] =0,

which implies
E[Xn] < E[Xy].

Theorem 11.20 (Doob’s inequality)
Let (X,,) be a submartingale, define

X, = max X andlet A={X,>\}, A>0.

0<m<n

Then
AP(A) < E[X,14] <E[X]].

Proof. Let
N =inf{m: X,, > X or m =n}

be the first time the process reaches or exceeds A, or hits time n.
On the event A = {X,, > A}, we know Xy > A, so:

AP(A) < E[Xy1a] < E[X,14].
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The second inequality follows from the theorme above, which gives E[Xy] < E[X,,]
for submartingales and bounded stopping times, and noting that Xy = X, on the
complement A°, so the expectations match appropriately.

Also, since X,,14 < X, the final bound follows:

E[X,1.4] < E[X].

Example 11.21 (Rnadom walks)
Let S, =& + -+ + &,, where the &,, are independent and satisfy

El¢n) =0, o2, =E[£}] < co.

Then (S,) is a martingale, and we know the process X,, = S? is a submartingale.
Now apply Doob’s inequality to X,, = S2. Let A = z?, then

E
P ( max |Sp| > x) =P ( max 52 > x2) < —% = 27 Var(S,).
1<m<n 1<m<n €T

Integrating in the above example, gives the next result.

Theorem 11.22 (L” maximal inequality)
If (X,) is a submartingale, then for 1 < p < oo,

p

B < (25 By
p—1

where X,, = maXo<m<n X, is the maximal process.

Consequently, if (Y;,) is a martingale and

Y = max |Y,,],

n 0<m<n

then
. p \"
By P < (=25 ) Bl
p

Proof. We begin by proving the inequality

B < (L) Blony
p—1

for a submartingale (i(n), where 1 < p < oco. To avoid technical issues, work with the
truncated maximum X,, A M, which will be sent to co at the end.

Since {X, AM > A} = {X,, > A} n{X,, < M}, and Doob’s maximal inequality
gives:
EX.]

)\ Y

P(X, > \) <
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we use integration by parts and Fubini’s theorem to compute:
E[(X, A M| = / PAIP(X, A M > M) dA < / AP <)\‘1 / X+ dIP’) dx
0 0 XnAM>A

Now reverse the order of integration:

XnAM D o
= /X;[/ pAP2 AN dP = ] XX, AM)PdP.
0 p—=
Letting g = p%l, the Holder conjugate of p, apply Holder’s inequality:

[xicenmr < ([ecr) " ([ nary) "

Putting this together:
B[ A M) < -2 (BIOCH) Y (B

X, A M)

n

Divide both sides by (E[(X, A M )p])l/q (which is finite), then raise both sides to the
p-th power:

B, Anry] < (L) By

Finally, apply the Monotone Convergence Theorem as M — oo to obtain the desired
bound:

p p—
O
Example 11.23 (There is no L' maximal inequality)
Consider the simple symmetric random walk (S,) with Sy = 1, and define the

stopping time
N =inf{n:S, =0}, andlet X, = Syan.

Then X, is the random walk stopped when it hits zero. By Optional Stopping
theorem, we have

E[X,] = E[Sva] = E[So] =1, for all n.

Now consider the maximum of the stopped process. The tail bound for the maximum:

1
IP’( Xm>M> S
= M
Hence,
= 1
E[ngXXm] = E P(mnelxmeZM> = M:oo.

M=1 M=1

By the Monotone Convergence Theorem,

E {mngm] T oo asn — oo.
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Theorem 11.24 (LP convergence theorem)
Let (X,) be a martingale such that

sup E[| X,,|P] < oo for some p > 1.

Then X, — X almost surely and in LP, i.e.,

E[| X, — X|?] — 0.

Proof. First, note that Doob’s inequality (Theorem 4.4.4) implies
B[] < (S£) Bl
p—1
so the family (X,) is uniformly bounded in L?.

Also,
E[(X;)"] < (B[ Xa])P < E[[ X7,

so the integrability assumption ensures that the martingale convergence theorem applies:
X, — X almost surely.
Now using monotone convergence:

sup | X, | € LP.
Since
[ Xp = X[ < (2sup [X,[)",
and 2sup,, | X, | € LP, the dominated convergence theorem yields:

E[|X, — X|”] — 0.

To treat the next case for when p = 2 we need the following results.

Theorem 11.25 (Orthogonality of Martingale Increments). Let (X,,) be a martingale
with E[X?] < oo for all n. If m <n and Y € F,, with E[Y?] < oo, then:

E[(X, — X,»)Y] =0.
In particular, for £ < m < n,
E[(X, — X)) (X — Xo)] = 0.

Proof. By Cauchy—Schwarz, E[|(X,—X,,)Y|] < co. Using the tower property of conditional
expectation and the martingale property:

E[(X, — X»)Y]=E[E[(X, - X,»)Y | Fn]] =EYE[X, — X,, | F]] =E[Y - 0] =0. O
[]

Theorem 11.26 (Conditional Variance Formula). If (X,,) is a martingale with E[X?] <
oo for all n, then:
E[(X, — Xm)2 | Fin] = E[szz | Fn) — ng
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Remark 11.27. This is the conditional version of the identity:
E[(X — EX)?] = E[X?] — (EX)2.
Proof. Expand the square and apply linearity:
E[(Xp—X)? | F) = E[X2 —2X, X, + X2 | Frul = E[X2 | Fu] = 2XE[X,, | Fon) + X2,
Since (X,,) is a martingale:
E[Xo | Fin] = Xom,

SO.
=E[X2| Fn] —2X2 + X2 =E[X? | F]) — X2. O
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Example 11.28 (Branching process)

We revisit the Galton—Watson branching process (Z,,), where each individual produces
offspring independently according to a fixed distribution. Suppose:

p=E[E"] >1, o= Var(") < co.

Define the scaled process:

Applying the Conditional Variance Formula with m = n — 1, we obtain:

E[XEL | Jrn—l] = Xi—l + E[(Xn - *Xn—l)2 | }—n—l]-

(Zn Zn—l)2
Mn Iun—l

We use the following inequality (Chebyshev’s inequality), if @ > 0 then

To compute the second term:

E[(X, — Xn_1)? | Fao1] = E

fn—ll = "E[(Zn — 1Zn-1)* | Faal:

E[X* | 7]

a?

P(X|>a| F) <

So, if Z,,_1 = k, then:

2
E[(Zy, — pZn-1)? | Foor] =E (Z(@- - u)) Foi| =ko® = Z,_10°.

Putting this together:

Z 102 9 o?

E[Xz ’ anl] = X721—1 + ,LL2n = Xn—l +

Taking expectations yields the recurrence:

E[X2] =E[X] )]+ =y

Since E[X?] = 1, iterating gives:

n+1

EX2]=1+0>) u*
k=2

Conclusion. The series converges, so sup,, E[X?] < co, and hence (X,,) converges
in L? to some limit X, with:

E[X] = lim E[X,] =1, so X #0.

n—oo

From Exercise 4.3.11, it follows:
{X >0} = {Zg> 0 for all n},

which expresses survival of the branching process.
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Intuition. This example uses martingale techniques to analyse a classical branching
process. The scaled process (X,, = Z,/u") is a martingale and converges in L? because the
variance of its increments decays rapidly. The non-zero limit indicates positive survival
probability—an essential insight in population modelling and extinction theory.
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Appendix
Distribution PMF CDF
0 <0
Bernoulli(p) PX=1)=p, PX=0)=1—p| Fla)=R1—-p 0<z<1
1 rx>1
Binomial(n, p) P(X =k) = ()"0 —p"* o (P —p)
Discrete Uniform(n) | P(X =k) =+, k=1,....n F(k)y==%
Geometric(p) PX=k=pl—-pkt k>1 |Fk)=1-(1-p)k
Poisson(\) P(X =k) = Akg!d S ”f;k
Table 1: PMFs and CDFs of common discrete distributions
Distribution | PDF CDF
T—p 2
Normal(u, 0?) 2;02 e P (=)
Exponential()\) | f(z) = Ae ™%, 2 >0 Flz)=1—e?
0 r<a
Uniform(a,b) | f(z) = =, = € [a,b] Flr)=q%2 a<z<b
1 x>b
Table 2: PDFs and CDFs of common continuous distributions
Distribution E[X] | Var(X) | Char. func | Support
Bernoulli(p) P p(l1 —p) 1 —p+ pet {0,1}
Binomial(n, p) np | np(1—p) | (1—p+pe)" | {0,...,n}
Discrete Uniform(n) | 25 ”2151 Ly etk {1,...,n}
i 1 1-p pe'’ +
Geometric(p) - pgp ey N
Poisson(\) A A M=) No
Normal(p, 0?) L o? gint—g0"t? R
Exponential(\) 3 3 2= [0, 00)
. a —a)? eithb_gita
Uniform(a, b) ath ® 12) Ta) [a, b]

Table 3: Expectation, Variance, Characteristic Function, and Support
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