Metric Spaces & Topology Notes

Francesco Chotuck

Abstract

This is KCL undergraduate module 5CCM226A, instructed by Dr Zoe Wyatt.
The formal name for this class is “Metric Spaces & Topology”.
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1 Preliminaries

1.1 Sets

Theorem 1.1
The laws of the algebra of sets.

o Associative laws:

o Commutative laws:

o Distributive laws:

e De Morgan’s laws:

2 Metric Spaces

Definition 2.1. Let X be a non-empty set. A function d : X x X — R is called a metric
on X if it satisfies

e d(z,y) > 0 (non-negative);
e d(z,y) =0 <= 2 =y (non-degeneracy);
* d(z,y) = d(y,r) (symmetric);

(z, 2)

=d
e d(z,z) <d(x,y)+d(y,z) (the triangle inequality),

for z,y,z € X. We say that (X,d) is a metric space.

I Note 2.1. A metric can be thought as a distance operator.

Remark 2.1. We can combine the first two bullet points into the following condition:
d(z,y) > 0 with d(z,y) =0 <= z =y.
This statement has the following implications:
o d(z,y) >0;

o if . =y then d(z,y) = d(z,x) = 0;
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o if d(z,y) =0 then x = y.

Example 2.1. Define d(z,y) = [sin(z — y)| on R. This is NOT a metric as d(27,0) =
|sin(27)| = 0.

Definition 2.2. Let (X, d) be a metric space and suppose that A C X. Then (A4,d) is a
metric space, which we call a metric subspace of (X, d).

Example 2.2. R with the usual (Euclidean) metric d(z,y) = |z — y|:
e [z—y|>0and |z —y| =0 <= z=y;
o dla,y) =lr —yl = |y — 2| = d(y, 2);
s day)=lr—yl=lr—z+z—y[ <o —z[+]|z -yl
Definition 2.3. If S C R is then, B(S) is the set of bounded functions i.e.
B(S)={f:S—=R:3IM < oo with |f(x)] < MVze S}

Definition 2.4. Let C[a,b] denote the set of all (real or complex) continuous functions
on the interval [a, b].

Note 2.2. The space Cla,b] is strictly smaller than Bla,b] as every continuous function
on [a,b] is bounded, but there are bounded functions that are not continuous.

Definition 2.5. Given any non-empty set X, define the metric d metric by
1 ifx#y
d(z,y) = .
0 ifz=y.
We call this a discrete metric.
Definition 2.6. If (X, d) is a metric space and A C X then we define
d(z,A) = clbrelg d(x,a)

I Remark 2.2. This metric defines the distance between a point and a set.

Note 2.3. To do this we take the distance between a fixed point z and all the elements
of the set A then take the infimum of this new set, as we want the metric to define the
shortest distance.

Example 2.1

Some common metrics in R™ and C”.

di(z,y) = |z1 — | + |T2 — Y| + - + |20 — ynl

1
n 2
da(z,y) = (Z |z: — y1\2>
i=1
doo(z,y) = max{|z; —yi| : 1 < i < n},

where x; and y; are coordinates of the points x and y respectively.
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Note 2.4. Note we can write

1

d1($7y) = <Z |ZL‘@ _yi|1) )
=1

so, the notation for the metrics d; and do denote the powers of the absolute value and the
denominator of the fraction which is the exponent of the sum.

2.1 Convergence

Definition 2.7. A sequence z,, of elements of a metric space (X, d) is said to converge
to x € X if for all € > 0 there exists N. € N such that d(z,,z) < ¢ for all n > N.. We
write this as

d
* I, > T asn— oo,
e or x, — xin (X, d)

e Or T, — .

Lemma 2.1
A sequence, 1z, converges to x in (X, d) if and only if d(z,,z) — 0 in R.

Lemma 2.1. If r,, > 0 such that r,, — 0 in R and d(x,,z) < r, for all (sufficiently large)
n then z,, converges to x in (X, d).

Proof. By definition, the sequence of real numbers r,, converges to zero if and only if for
all € > 0 there exists N. € N such that r,, < ¢ for all n > N.. Then as d(z,,z) < r, we
also have d(z,,z) < r, < € for all n > N, which means that d(z,,x) — 0. O

Example 2.3. Choose r,, = \/iﬁ and d(z,,z) = L then clearly d(z,,z) < r, for n large.

Lemma 2.2 (Uniqueness of limits). Let x, be a sequence in (X,d) and suppose that
T, — v and x, — y as n — oo then, z = y.

Proof. By the triangle inequality, we have that for all n
0 < d(z,y) < d(zy, ) + d(zn, ).

Both d(x,,z) — 0 and d(z,,y) — 0 as n — oo, therefore, by the Squeeze theorem
d(x,y) = 0 which only happens when = = y. ]

I Remark 2.3. This allows us to write lim,, o T, = T.
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Example 2.2

Suppose X = R?, and we have sequence a,, = (1 — %, %) which converges to a = (1,0)
and define the metrics

di(z,y) = |21 — | + |z2 — y2l
Y) = v (z1 —11)2 + (2 — )2,
d is the discrete metric.

Compute d,(a,,a),dy(a,,a) and d(a,,a) also, determine whether the sequence con-
verges in each metric.

Solution. We compute each metric case by case. We take x = (1 — %, %) and
y = (1,0). Therefore, z; =1 — %,yl =1,19 = % and y, = 0.

e For d; we have

1 2
dl(an,a):‘l—ﬁ—l'—i— E—O’
1 2
=— 4=
non
3
n

— 0 asn — oo.

Therefore, a,, converges in (Ry, d;).

dy(an, a) = \/<1—%—1>2+ <%—o)

4

n2

e For dy we have

1
n?

—0 asn — oo.
Therefore, a,, converges in (Ra, ds).

o For d we have

d(ap,a) =1

-0 asn — oo.

Therefore, a,, does not converge in (Ry, d).

Definition 2.8. We say that the metrics d and p defined on the same set X are equiv-
alent if

T, — zin (X,d) <= z, — zin (X, p).
We denote this d ~ p.
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I Note 2.5. That (X, d) and (X, p) have the same convergent sequences.

Theorem 2.1

Let X be non-empty and suppose that p and d are metrics on X. If there exists
constants L, M > 0 such that for all z,y € X we have

Lp(z,y) < d(z,y) < Mp(z,y)

then p ~ d.

Definition 2.9. A sequence of (bounded) functions f,, € B(S) converges to f € B(S5)
pointwise if for all z € S and for all ¢ > 0 there exists an N., € N such that
|f(z) — fu(x)] <eforalln> N,,.

Definition 2.10. The sequence f,, converges uniformly on S to f if for all € > 0 there
exist an N(g) € N such that for all n > N(g) we have |f,(z) — f(z)| < e forall z € S.

Lemma 2.2

Let f, € B(S) be a sequence and f € B(S). Then, f, — f uniformly on S if and
only if it converges in the metric space (B(S),d) where d is defined as

d(f,g) = 2y |f(z) — g(z)] .

We call this metric the uniform metric.

Proof.

« Proof of (=).
Suppose f, — f uniformly on S, that is |f(x) — fu.(x)| < € for all x € S. By the
definition, the supremum is the least upper bound therefore, for all 6 > 0 there
exists x5 € S such that

SUp | (@) = fu(@)] < 0+ |f(ws) = fulzs) < 0 +e.

Since 0 can be chosen to be arbitrarily small, this implies that sup,.g | f(z) — f.(2)| <
€.

« Proof of («=).
Suppose f, = f in (B(S),d) then d(f,, f) = sup,cq | f(x) — fu(z)| < € s0,

|f(z) — fu(x)] <sup|f(x) — fu(z)| <e, forallzeS.
zesS

]

From now on, unless specifically stated otherwise, we will assume that the space B(.5)
is equipped with the metric above, in particular we will assume that C|[a, b] always carries
this metric.
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3 Open and Closed sets

3.1 Balls

Definition 3.1. Let (X, d) be a metric space and r > 0. If 2y € X then the set
B.(xg) ={zr € X : d(x,x0) <71}

is called the open ball of centre zy and radius r.

Definition 3.2. Let (X, d) be a metric space and r > 0. If zy € X then the set
B[zl = {z € X : d(x,x9) <7}

is called the closed ball of centre xy and radius r.

I Remark 3.1. If there is a need to emphasise the metric, we write B%(xq) and B%(x).

Example 3.1. Some examples of open and closed balls.
e In R with the modulus metric we have
B.(z9) = (vog —ryx0+ 1)

By[xo] = [xg — 1,20 + 7).

o In R? with modulus metric (of R?) we have that B,(z,) is an open disc centred at
xq of radius r. Similarly, B,[z] is a closed disc centred at z( of radius 7.



Francesco Chotuck 5CCM226A Metric Spaces & Topology Notes

Example 3.1

Suppose X is any non-empty set and d is the discrete metric i.e.

d(z,y) 0 ifx=y
A 1 ifx#uy.

We consider the open ball in the metric space (X, d):
B, (zg) = {z € X : d(xg,x) < r}.
We consider 3 cases for the value of r.

o If r <1 then B,(z9) = {z € X : d(xp,x) < 1}, since the discrete metric can
only take values of 0 and 1 the condition d(x¢,x) < 1 becomes d(zg,z) = 0.
The only element at ‘distance’ 0 away from ¢ is xq itself. Thus, B,y = {zo}.

o If r = 1 the condition d(zg,z) < r = 1 becomes d(x¢,x) = 0. Thus, B,—; =

{0}

o If » > 1. We consider an example where r > 1 first to illustrate this case.
Suppose r = 2 then we have the condition d(zg,x) < 2; this condition encom-
passes both cases of the discrete metric. Hence, if » > 1 then the condition
d(xg,x) < r becomes d(xg,z) =0 or 1. We conclude that B,~; = X.

Therefore, we have

r\Lo) =
0 X ifr>1

Whereas, (by similar reasoning as above)

{zo} ifr<1
B, [zo] =
o] {X =1,

3.2 Open sets

Definition 3.3. A set & C X is said to be a neighbourhood of xq € X if there exists
an r > 0 such that B,(z9) CU.

Example 3.2. The balls B,(z) and B, [x(] are neighbourhoods of the point .

Definition 3.4. We say U/ is an open set in X. If Vo € U there exists an r > 0 such
that B,(z) C U.

I Note 3.1. That is, the set U contains a ball about each of its points.

I Remark 3.2. We could use B, [z¢] in the definitions above.

Theorem 3.1. Some properties of open sets:

9
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o A set U is open in (X, d) if and only if U is a neighbourhood of all its points.

e We have
To € BT*E(xO) - BT(:EO) - BT['CEO] - BT+E(w0)

for every r > ¢ > 0.

Example 3.3. Consider R with the usual metric. Then B.(0) = (—¢,¢) so, {0} is not
open as B.(0) € {0} for any £ > 0.

Lemma 3.1. The open ball, B(z) is open in (X, d).

Proof. Let y € B,(x); we want to prove B.(y) C B,(z). Below we have an illustration of
B,.(z).

- =~

_____

Set ¢ :=r —d(z,y) > 0. For any z € B.(y) we have

d(z,z) < d(z,y) + d(y, )
<d(z,y) + d(z,y)
<e+d(z,y)

=7

So, we have d(z,x) < r which implies z € B,(z). O

Lemma 3.1

The following statements are equivalent:
1. z, = zin (X,d).

2. For all neighbourhoods of x, say U, there exists an Ny, such that for all n > Ny,
we have z,, € U.

3. For all € > 0 there exists N. € N such that for all n > N, we have z,, € B.(x).

Proof. We split the proof into parts.

« Proof of (1 = 2).
Given a neighbourhood of z, say U, there exists ¢ > 0 such that B.(z) C U.

Furthermore, z,, 9 ¢ means that there exists N, € N such that Vn > N, we have
x, € B:(z) C U.

10
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« Proof of (2 = 3).
The proof is clear since B. is a neighbourhood of x.

o Proof of (3=1).
The proof is clear since x,, € B.(x) means exactly d(z,,x) < ¢.

Proposition 3.1. Some properties of unions and intersections:
o x €. Aiif x € A for some i.
o v €[ Aiif x €A for all i
Example 3.4. Suppose = & [),c; A; then z is not in one of the A;.

Definition 3.5. The topology of a metric space (X, d) is the family/collection of all
open subsets of X.

Theorem 3.1

The topology of a metric space satisfies the following properties:
1. The whole space X and the empty set @ are both open in (X, d).
2. The union of any collection of open subsets of X is open in (X, d).

3. The intersection of any finite collection of open subsets of X is open in (X, d).

Note 3.2. The infinite (or finite) union of open subsets is open in (X, d) whereas, only
the finite intersection of open subsets is open in (X, d).

Proof. We prove each statement in turn.

1. The whole space is open because it contains all open balls. The empty set is open
because it does not contain any points.

2. We want to prove B,.(z) C |J,c;U;. Pick x € J,c;U; then, x € U; for some j € I.
Since U; is open there exists an r > 0 such that B,(x) C U; C U, Us.

3. We prove the case: if i/ and V are open then so isid N V. Pick x € U NV. Since
U and V are open there exists r, s > 0 such that B,(z) C U and By(z) C V. Take
e :=min(r,s) > 0 then B.(z) = B.(x) N Bs(z) CUN V.

]

Example 3.5. Let i = (—1,1) on R with the usual metric (i.e. the Euclidean distance).

n’n

Since, U = B1(0) we have that ¢/ is an open set (R, d). We also have

N
- UL (_%
« N2, (=2, %) = {0} which is not an open set.

=1

11
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I Remark 3.3. By ‘not open’ we are not saying the set is ‘closed’.

Lemma 3.2. A set is open if and only if it is the union of a collection of open balls.

Proof. We prove the lemma in two parts:

« Proof of (=).
If U is open, then for every point x € U there exists a ball B, (z) C U. We claim
U = U,ey Br.(x). Indeed, the union | J,,, B, (x) is a subset of U because every
ball B, (x) is a subset of & and the union contains every point x € U because
x € B, (z).

« Proof of («).
As discussed previously, the union of open balls is open.

Proposition 3.1
Let (A,d) be a metric subspace of (X,d). A set U is open in (A,d) if and only if
U = AN O for some O which is open in (X, d).

Proof. First we notice that an open ball in A;

B.(xg,A) ={z € A:d(zg,z) <7}
=An{zx e X :d(xo,z) <r}
:AHBT.(iL'O’X)

We will prove it in two parts.

« Proof of («).
Suppose O is open in X and pick g € A N O which implies g € O. Since, O

is open in X there exists an r > 0 such that B,.(zo, X) € O. Then B,(z(, A) =
AN B.(xg,X) C ANO thus, AN O is open in A.

o Proof of (=).
Let U open in A. We can write I as the union of open balls in Ai.e. U = J,.; Bi(A)
(the notation B(A) means an open ball in the set A). Using the observation above
we can write each of these open balls in A as B;(A) = AN B;(X) where B;(X) are
open balls in X. So,

i€l

= AN (U BZ-(X)>

el
=ANO,
where O := J,.; Bi(X) which is open in X.

12
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The figure below illustrates the proposition. The triangle is the set A and the circle
(with imaginary dotted lines) is the open set O. Their intersection, namely A N O —
shaded in red — is an open set in the metric space (A, d).

(X,d)

Example 3.2

Suppose the metric space is R with the usual metric. Let A = [—1,1] be a metric
subspace and U = (0,1]. Choose O = (0,2), clearly O is an open set; we have that
U= ANO hence, U is open in (A,d).

Example 3.6. Suppose the metric space is R with the usual metric. Let A = {0,1} and
U = {0}. We have that U is open in (A, d) because, U = ANO where O = (—1,1) = B;(0)
is open in (X, d).

Definition 3.6. Given (X,d) and A C X. We say x € A is an interior point of A if
there exists an 7 > 0 such that B,(z) C A.

Definition 3.7. The interior of a set A in X is the union of all open sets in X contained
in A. This is denoted int(A) or A°.

Theorem 3.2. We can write

int(A) = U{Z/I C X :U is open in Xand U C A}.

Remark 3.4. We have the following;:
o int(A) is the largest open set contained in A.

Example 3.7. Suppose the metric space is R with the usual metric

1. A= [1,2] then int(A) = (1,2) = B1(1.5).

1
2

2. A= (0,1]U{3)} then int(4) = (0,1) = B1(0.5).

1
2

13
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Proposition 3.2

The metrics d and p are equivalent on X if and only if
o for every open ball BY(z) C X there exists s > 0 such that B?(z) C B%(x) and

o for every open ball B?(z) C X there exists ¢t > 0 such that Bl(z) C B*(z).

Proof. We split the proof into two parts.

« Proof of («).

Suppose @, = x then, for any s > 0 there exists a ¢ > 0 such that Bi(x) C B?(x).
Furthermore, there exists N; € N such that z,, € B,fl (x) for all n > N; which implies

T, € B(z) for all n > Ny ie. x, 5 z.

« Proof of (=).
Assume p ~ d but, for the sake of contradiction, assume there exists an open ball
B?(z) with NO open ball B4(x) for all s > 0 inside it. Pick a sequence s, — 0 and

let z,, € B () and x,, ¢ Bf(x) then, z, 4 2. However, the sequence ,, does not
converge to z in the metric p because x,, & B?(z) for all n. Therefore, p and d are
not equivalent metrics which is a contradiction of the initial assumption.

]

3.3 Closed sets

Definition 3.8. A point x € X is a limit point of a set A if every ball about x contains
a point of A distinct from x. That is,

(Br(z)nA)\{z} 2 Vr>0.

I Remark 3.5. Other terms for “limit points” are: accumulation point or cluster point.

Definition 3.9. The set of limit points of A is denoted by A’.

14
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Example 3.3

Define the metric space (R, d) where d is the usual metric of R.
1. Suppose A = [0,1] then 0 is a limit point of A, written 0 € A’.

2. Suppose A = (0, 1] then 0 € A" even though 0 ¢ A.

o——O0
O

o > R

The blue line represents A and the red line represents B,.(0); as we can see the
intersection between A and the open ball about 0 is always non-empty.

3. Suppose A = (0, 1JU{—1} then, —1 ¢ A" because we have (B,.(—1) N A)\{—1} =
@ for all r > 0.

o—0

° O ® )R

The blue line represents A and the red line represents the open ball B,(—1),
clearly only for selected r > 0 the intersection between the open ball and A is
not empty but not for all » > 0. As such, —1 is not a limit point.

Lemma 3.2
The point z € X is a limit point of A if and only if there exists a sequence (x,) C A
such that x,, # = and z, 4 .

Proof. We will prove it in two parts.

» Proof of (=).
If every ball about = contains a point of A distinct from z, then there exists a
sequence of points x, € A distinct from z and lying in the balls Bi(z) which
implies x,, — . !

« Proof of («).
If z,, — x then by a previous lemma z,, € B.(z).

]

Example 3.8. Suppose A = (0,1) U {2} then, 2 ¢ A’ because there is no sequence
Tn # 2 € A such that z, — 2.

15
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Definition 3.10. A set is closed in (X, d) if it contains all of its limit points. That is
A is closed if A" C A.

Lemma 3.3

A set A is closed in (X, d) if and only if for all sequences (z,) C A that converge in
X we have lim,,_, x,, € A.

Proof. We will prove it in two parts.

« Proof of (=).
Given a sequence (z,) C A then either lim, .z, = z; for some k (i.e. the
limit is one of the points in the sequence) or it is a limit point of A which implies
lim,, oo T, € A.

« Proof of («).
Every limit point is the limit of some sequence (z,,) C A and lim,,_, z,, € A hence,
the limit points are contained in A.

]

Example 3.4

Suppose the metric space is (R, d) where d is the usual metric of R.

1. Let A = (0,1) U {3} then A" = [0, 1] which is not contained in A so, A is not
closed.

2. Let A=1[0,1] U {3} then A" = [0, 1] which is contained in A so, A is closed.

3. Let A= {2} then A’ = @ so, A is closed as @ € S for any set S.

Lemma 3.3. Closed balls in a metric space (X, d) are closed.

Proof. Fix a closed ball B,[y| and let x,, be a convergent sequence lying in B,[y] with x
as its limit. Then, by the triangle inequality,

d(z,y) < d(z,z,) + d(Ts,y)

< d(zx
< d(‘x;xn) +7r VneN.

Since x,, — x, we can make d(z, x,,) arbitrarily small by choosing a large n. This implies
that d(x,y) < r so, z € B,[y|. ]

Theorem 3.2
In (X,d)

1. A C X is open if and only if X'\ A is closed.
2. A C X is closed if and only if X'\ A is open.

16
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Proof. We will prove each bullet point.

1. If A C X is open, then for every point of A there exists a ball about this point
lying in A. Clearly, such ball does not contain any points from X\ A. Therefore,
any point in A cannot be a limit point of X\ A which implies X\ A must contain
all its limit points so, X'\ A is closed.

2. If A is closed, then it contains all its limit points, so no point z € X\ A is a limit
point of A. This means that for any x € X\ A there exists a ball B,(x) C X\A so,
X\ A is open.

]

Example 3.5

Suppose the metric space is (X, d) where d is the discrete metric and A C X. We
have that A is open because for any z € A there exists Bf(z) = {x} C A. Therefore,

o every subset of X is open in X and

 every subset of X is closed in X (using the theorem above).

I Remark 3.6. We have this property for the discrete metric only.

Corollary 3.1
In (X,d)

o A C X is not open if and only if X\ A is not closed.

o A C X is not closed if and only if X'\ A is not open.

Proof. Contrapositive of the theorem above. ]

Remark 3.7. Not open/closed does not imply it is closed/open. A set can be open, closed
or neither. For example (0, 1] is neither open nor closed.

17
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Example 3.6

(From Exercise 3.55) Suppose the metric space is (R?, d) where d is the usual metric
of R?. Let

A= Ui(m,y) :y:qx}:U{(O,y) Ly € R}:.
q€Q <y pd

lines with y-axis
rational gradients

In a metric space (X, d)

o the whole space X and the empty set @ are both closed,

We have that R?\ A is not closed: choose p, = (1, 14 %) € R*\A; we have that

pn— (1,1) € Abut, 1+ ‘/75 # q € Q. Therefore, R*\ A does not contain all its limit
points so, R*\ 4 is not closed which implies A is not open. Furthermore, A is not
closed because we can choose ¢, € Q with ¢, — /2. Then, p, = (1,¢,) € A but

pn— (1,V2) € A

Theorem 3.3

In a metric space (X, d):
o the whole space X and the empty set @ are both closed,

« the intersection of any collection of closed sets is closed,

e the union of any finite collection of closed sets is closed.

Proof. Consider the complement of the sets. O]

Definition 3.11. The closure of a set A is the intersection of all closed sets containing
A
Cl(A) = {F C X : Fis closed in X and A C F}.

I Remark 3.8. The closure of A is the smallest closed set containing A, i.e. A C CI(A).

I Remark 3.9. The closure is denoted Cl(y q)(A) or A.

Theorem 3.4

Cl(A) = AUA'.

Corollary 3.1.
Cl(A) = {z € X : there exists (z,,) C A such that z, N x}.

Proof. To prove equality we have to prove the double inclusion of the sets.

18
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« Proof of Cl(A4) C RHS:
IF z € Cl(A) then € A or x € A’ (by the theorem above). If z € A then the
sequence {x,z,z,...} C A converges to z. If x € A" we have x, — = by a Lemma
3.31.

« Proof of RHS C CI(A):
Take a sequence (z,,) € A which converges to x. If x, = x for some n then x € A.
If x,, are distinct from z then, by a Lemma we know that x € A’. Therefore,

r € AUA = Clos(A).
[

Example 3.7

Suppose the metric space is (R, d) where d is the usual metric. Work out the closure
of A.

e A=(0,1). We have that A" = [0,1] so, Cl(4) = AU A" = [0, 1].
« A=(0,1)U{2}. We have that A" = [0, 1] so, CI(A) = [0, 1] U {2}.
o A ={2}. We have that A = & so, Cl(A) = {2}.

Corollary 3.2

Cl(A) = {x € X : Vnbhds U of z,U N A # &}.

Proof. We prove double inclusion of sets.

e Proof of D:
If Y N A # @ then, for every nbhd U of z either z € A or U N A contains a point
different to x for every U hence, x is a limit point of A.

e Proof of C:
Using the contrapositive statement. If there exists a neighbourhood of U of x
with 44/ N A = & then by definition of a neighbourhood, there exists an open ball
B.(x) CU. Thus, B.(x) N A =@ and so A C X\B,(z). Since, X\B,(x) is closed
it follows that Cl(A) C X\B,(z) and thus = ¢ CI(A).

]

Remark 3.10. Since B, (z) C B,[z] it implies that Cl(B,(x)) C Cl(B,[z]) = B,[z].

It is possible that Cl(B,(z)) C B,[z]; for example in a metric space equipped with the
discrete metric. The open ball By(x) = {z}, as shown previously all subsets in a metric
space with the discrete metric are closed which implies C1(By(z)) = Bi(z) but, Bi[z] = X
(i.e. the closed ball is the whole set) which implies {z} C X.
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Corollary 3.3

Cl(A) = {z € X : d(z, A) = 0}.

Proof. We have that d(z, A) = inf,cad(z,a) = 0 if and only if there exists a sequence
{z,} C A with d(z,,z) — 0. O

4 Topological spaces

Definition 4.1. The set P(X) is called the power set, it is the set of all subsets of X.
It is sometimes denoted 2% (as it contains 21X! elements).

Definition 4.2. Let X be a non-empty set. A collection 7 of subsets of X (i.e. 7 C P(X))
is called a topology on X if it satisfies:

e . X €T,
o U; € 7 for every i € I implies that | J,.,; U; € 7,
e Uy,Us,...,U, € 7 implies that ()_, U; € 7.

Definition 4.3. We say that (X, 7) is a topological space. The elements of 7 are called
the 7-open sets of the space (X, 7).

Example 4.1

Some examples of topologies:

o Suppose X # @ then 7 = P(X) defines a topology, called the discrete topol-
ogy.

o 7={, X} is called the trivial topology.

« Let (X,d) be a metric space and let

T={U C X :VzelU,Ir >0 such that B,(z) C U}
= {open sets in X}.
We call 7 the metric topology or also the topology induced by the metric d.

Sometimes, it is useful to call the elements of this topology, d-open sets i.e. U
is a d-open set.

Theorem 4.1. Equivalent metrics induce the same topology i.e. if p ~ d then d-open if
only and if p-open.
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Example 4.2
Which of the following are topologies on X = {0,1,2}:

T = {@a {1}7 {2}7 {17 2}7 {07 1, 2}}>
Ty = {Q’ {O}’ {2}’ {07 1, 2}}7
3 ={2,{0,1},{1,2},{0,1,2}}.

Solution. We have that
e 71 is a topology on X as all the properties are satisfied.
o T is not because {0} U {2} = {0,2} & .

o 73 is not because {0,1} N{1,2} = {1} & 73.

Definition 4.4. We say that 7 is induced by a metric d if, for all i/ C X we have that
U is T-open if and only if U is d-open.

I Note 4.1. We have that 7 = {Uy,...,U,} is a topology if and only if U; are d-open

Example 4.1. Let X = {0, 1,2} with 7 = trivial topology = {&, X}. Suppose d is a
metric on X. Let r = d(0,1) > 0 then U = B4(0) is d-open but, 1 ¢ U # X. Therefore,
U is not T-open i.e. U ¢ 7. We conclude that the trivial topology is not induced by a
metric.

Definition 4.5. Given two topologies 7,7 on X. We say that 7 is coarser than 7, if
1 g T2.

Definition 4.6. Given two topologies 71,75 on X. We say that 75 is finer than 7 if
T1 g T2.

I Note 4.2. In these terminologies coarser means smaller and finer means bigger.

Example 4.3
Suppose X = {0, 1} and that

71 = discrete topology = P(X)

= {®> {0}7 {1}7 {07 1}}

Ty = Sierpinski topology

= {Q’ {1}7 {07 1}}

T3 = trivial topology
={2,{0,1}}.

We have that
T3 g T2 g T1.
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I Remark 4.1. The Sierpinski topology is not a Hausdorff space.

Definition 4.7. Let (X, 7) be a topological space. We call A C X a neighbourhood
of x € X if there exists U which is 7-open with x € U C A.

I Note 4.3. We can think of a nbhd in a topological space as a set i € 7 which contains x.

Example 4.2. Suppose X = {0, 1} with 7 = {@, {0},{1},{0,1}}. Then A ={0,1} is a
neighbourhood of 0 with & = {0} (our 7-open set).

Proposition 4.1

Let (X, 7) be a topological space and let & C X. Then, U is open (i.e. U € 7) if and
only if it is a neighbourhood of all of its points.

Proof. We split the proof into parts:

« Proof of (=).
Suppose U € 7 and let x € U. Then, x € U C U which shows U is a neighbourhood
of x.

« Proof of («).
Suppose U is a neighbourhood of each of its points. Therefore, for each x € U there
exists U, € 7 such that x € U, C U. Then, U = |J,.y U, which implies U € 7.

]

Definition 4.8. Given (X,7) and A C X the subspace topology (or the relative
topology) on A is
Ta={UNA:UEeET}

Definition 4.9. Given (X, 7) a topological space, the interior of a set A C X is the
union of all 7-open sets contained in A:

int(A) = U{U C X :U is T-open and U C A}.

4.1 Sequence and Hausdorff spaces

Definition 4.10. We say that a sequence (x,,)22, converges to a point z in a topo-
logical space (X, 7), and we write x,, — = as n — oo if

o for every neighbourhood A of x there exists N4 € N such that x, € A for all
n > Na,
or equivalently,

 for every T-open set U containing x there exists Ny, such that x,, € U for all n > Ny,.

Example 4.3. Consider the topological space (R, 7) where 7 is the trivial topology i.e.
7 = {@,R}. Consider the sequence z,, = % and x = 7. Clearly, the only 7-open sets are
@ and R. Thus, take Y = R so, 7 € U. Take N = 1 then for n > N we have z, € U.
Therefore, x, — x i.e. % — T, as n — 00.
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Remark 4.2. We have no 7-open set that distinguish 7 from any other part so, we make
the following definition.

Definition 4.11. We say that a topological space (X, 7) is a Hausdorff space if given
x,y € X such that x # y we can find & and V which are T-open sets such that x € U,
yeVandUU NV =0a.

| Note 4.4. We can think of Hausdorff as ‘housed-off’ i.e. the elements have their own
house.

Example 4.4
Let the topological space be (R, 7) where

T={2}U{U CR:R\U is finite},

we call this the cofinite topology on R (the ‘co’ in “cofinite” indicates that we are
dealing with the complement of a set). Let

U = (—00,0) U (0,00)
V= (—00,2].

We have that U is the only 7-open set i.e. U € 7, since R\ = {0}.

Theorem 4.1

If a topological space (X, 7) is not Hausdorff then there does not exist a metric d
such that 7 is induced by d.

Example 4.4. We claim that the topological space (R, 7) with 7 as defined above is not
Hausdorftf.

Proof. Assume the topological space is Hausdorff. Pick x = 1 and y = 2 and suppose
there exists U,V € 7 with 1 € U and 2 € V such that YNV = @. We must have Y C R\V,
by the definition of 7 we know that R\U and R\U are finite thus, U is finite. Since, R\
is finite we have that R = U/ U (R\U). O

Proposition 4.2

Every metric space is Hausdorft.

Proof. If X is a singleton then there is nothing to prove. Otherwise, let z,y € X with
x # y. Choose, r = d(z,y) > 0 and consider Y = Br(z) and V = B:(y). We need to
prove that Y NV = &. Suppose, z € U NV then

r=d(x,y) < d(x,2) + d(z,2)

<r+r
2 2
=T
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We have proved that r» < r which is a contradiction. O

Corollary 4.1
Every topology induced by a metric space is Hausdorff.

Proof. For the sake of contradiction, suppose that (X,7) is NOT a Hausdorff space
but is induced by a metric d. By the proposition above, we know every metric space is
Hausdorff but (X, 7) is not. Hence, we have a contradiction. O

Lemma 4.1. Suppose (X, 7) is a Hausdorff space and x,, — = and z,, — y then x = y.

Proof. If x # y then by the topological space being Hausdorff there exists U4 and V which
are T-open sets, such that Y NV = g and * € U and y € V. Since, x,, — x there exists
Np such that z,, € U for all n > N;. Since, x,, — y there exists Ny such that z, € V
for all n > N,. Therefore, we choose N = max(Ny, N2) then, x,, € U NV = & hence, we
have a contradiction. O

I Note 4.5. A space which is Hausdorff implies that the limit of a sequence is unique.

4.2 Closed sets

Definition 4.12. Given a topological space (X, 7). A point z € X is called a limit
point of a set A C X if every 7-open neighbourhood of x contain a point of A distinct
from x. That is, for all U« open neighbourhoods of z

UnA\{z} # 2.
The set of limit points of A is denoted by A’.
Definition 4.13. A set A C X is closed in (X, 7) if A’ C A.

Theorem 4.2

In a topological space (X, 7) we have that
o Aisopen in (X, 7) if and only if X\ A is closed in (X, 7).

o Ais closed in (X, 7) if and only if X\ A is open in (X, 7).

Proof. We only prove the first statement.

« Proof of (=).
If A is open then A is a neighbourhood about all its points © € A. Therefore, no
point A can be a limit point of X\ A i.e. X\A must contain all its limit points
hence, X'\ A is closed.

» Proof of («).
(We show that A being closed implies its complement is open). If A is closed then

A" C A so, there are no z € X\ A which are limit points of A. Therefore, there
exists an open set U such that v € U C X\ A and (U N A)\{z} = @. Therefore,
X\A is a neighbourhood of x which implies X\ A is open.
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]

Lemma 4.2. Let A C X be a closed set in a topological space X. Let x,, = x as n — oo
and suppose that x,, € A for every n. Then x € A.

Remark 4.3. In a metric space this lemma was an ‘if and only if’. Whereas, in a topological
space the lemma is an ‘if then’.

Proof. Suppose z,, € A and x,, — z. For the sake of contradiction, assume that x ¢ A
and let U = X\A. Then, U is open in X and x € U. Since, x,, — x there must exist
N € N such that z,, € U = X\ A for all n > N. However, this contradicts the assumption
that z,, € A for every n. O

Definition 4.14. The closure of a set A is the intersection of all closed sets containing
A. That is,

ﬂ{F C X : Fisclosed in (X,7) and A C F}.

Theorem 4.3

Cl(A) = AU A’

5 Continuity

5.1 Sequential continuity

Recall: a function f : R — R is continuous at o € R if
Ve > 030 > 0 such that |z —a| <0 = |f(z) — fla)] <e.

Definition 5.1. Let (X, p) and (Y, d) be metric spaces. A map f: X — Y is said to be
continuous at o € X if

Ve > 030 > 0 such that p(z,a) < 0 = d(f(z), f(a)) < e.

Definition 5.2. We say f is a continuous function if it is continuous at all a € X.

Theorem 5.1 (Sequential continuity)

A map f: (X,p) — (Y,d) is continuous at a € X if and only if for every sequence
p d

T, — a the sequence f(z,) = f(a).

Proof. We prove the theorem in two parts.

« Proof of (=).
Suppose f is continuous at « therefore, for any € > 0 there exists 6 > 0 such that
p(zn, ) < 8 = d(f(zn), f(a)) < e. Suppose z, & a. Since the sequence z,
converges, there exists Ns such that p(x,,a) < § for all n > N;. Hence, for all

n > Ns we get d(f(x,), f(a)) < € which means f(z,,) 4 f(a).
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« Proof of («).

We do a proof by contradiction. We first assume that every z,, = a with f () 4,
f(a). Suppose f is not continuous then there exists €y > 0 such that for any § > 0
we can find x € X for which p(x,a) < § and d(f(z), f(a)) > €o. We choose a
sequence z,, € X such that p(z,,a) < + and d(f(z,), f(a)) > &o. Then z,, & «

but f(z,) At (cv) thus, we have a contradiction.

O

Theorem 5.1. If a map [ : (X,p) — (Y,d) is continuous at « € X and a map ¢ :
(Y,d) = (Z,0) is continuous at f(«), then go f: (X, p) — (Z,0) is continuous at .

Proof. Let a € X with an arbitrary z, 2 «. Since, f is continuous we have that

f(zy) LN f(a) but, g is also continuous therefore, g(f(z,)) = g(f(a)) which implies that
g o f is continuous at a. u

Lemma 5.1
If (X,d) is a metric space and A C X is a fixed subset, then

f: X =R
z — d(z,A) = inf d(z, a),

a€A

is a continuous map from (X, d) — R.

Proof. If z,y € X then by the triangle inequality we have
d(z, A) — d(y, A) < d(z,y).
Interchanging x <> y we have
|d(z, A) — d(y, A)| < d(z,y).

In particular,
|[f(2n) = fla)] = [d(z, A) — d(y, A)]
< d(zp,a)

therefore, f(x,) — f(a) whenever z,, — . O

Lemma 5.1. If (X, d) is a metric open and A C X is a fixed subset, then f : x — d(z, x¢)
is a continuous map from (X, d) — R.

Proof. Use proof from before with A = {z}. O

5.2 Continuity using open sets

Definition 5.3. Given a map f : X — Y and a subset A C Y, the pre-image of A
under f is
N A) ={r e X: f(z) € A}.
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e y

Ny

I Note 5.1. Do not mistake f~! for the inverse of the function f.

I Remark 5.1. f~1(A) is always well-defined irrespective of whether f has any inverse.

Example 5.1
Examples of pre-images. Suppose f: R — R:

o let f(z) =2 and A =[0,1] then, f~1(A) = [0, 1];
o let f(z) =|z| and A = [—00,0] then, f~'(A) = ;
e let f(z) =2% and A = (4,00) then f~'(A) = (—o0, —2) U (2, 00).

Definition 5.4. Let (X, p) and (Y, d) be metric spaces. A map f: X — Y is said to be
continuous at o € X if for any open ball B4(f(«)) about f(«) there exists a ball Bf(«)
about a such that Bf(a) C f~1(B(f(a))).

e
(o)
© £celcfed)
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Theorem 5.2 (Pre-image characterisation of continuity)

Let (X,p) and (Y,d) be metric spaces and let f : X — Y. Then the following
statements are equivalent:

1. f is continuous,
2. for any U C Y open set then f~}(U/) C X is open,

3. for any V C Y closed set, f~1(V) C X is closed.

Note 5.2. We have that:

o the pre-image(open set) = open set,

o the pre-image(closed set) = closed set.

Proof. We split the proofs into parts.

o Proof of (3) < (2).
We have that f~1(Y\U) = X\ f~1(U), and we are done, as U is open if and only if
X\U is closed.

« Proof of (1) = (2).
Suppose f is continuous and take i C Y to be an open set with z € f~1(U). Since,
U is an open set then there exists BI(f(x)) C U and since f is continuous there
exists BS(z) C f~Y(B4(f(x))) C f~'(U) which implies for every x € f~1(U) there
exists B (z) C f~H(U) ie. f~1(U) is open.

e Proof of (2) = (1).
Let x € X then there exists an open ball B4(f(x)) about f(z) € Y. By the hypoth-
esis f~!(open set) = open set and so f~1(B4(f(x))) is open and x € f~1(B4(f(z)))
which implies there exists Bf(z) C f~1(B4(f(x))) i.e. by the definition above f is
continuous.

]

Theorem 5.2. Let (X,d) be a metric space and let A and B be disjoint closed sets.
There exists disjoint open sets U and V with A C U and B C V.
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X

Note 5.3.

Proof. Let A and B be disjoint closed sets and suppose that

U={re X :d(z,B)—d(x,A) >0},
V={reX:dxA) —d(z, B) >0}

Clearly, YNV = & thus, U and V are disjoint. We prove A C U. Let x € A which implies
x ¢ B and since A is closed we know A = Clos(A) = {z € X : d(x, A) = 0}, which implies
d(x,B) >0 =d(z,A) and so, x € U. By a similar argument we prove B C V. We now
prove U and V are open sets. Define f : X — R with z — d(z, A) — d(z, B). Then,
by a Lemma above we know f is continuous and since (0,00) is open we have that
U= f71((0,00)) is open. Similarly, (—o0,0) is open so, V = f~((—00,0)) is open.  [J

Definition 5.5. Let (X, 7) and (Y, o) be topological spaces. We say that a map f: X —

Y is continuous if for any o-open set, U C Y we have that f~1(U) is a 7-open subset of
X.
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Example 5.2
Examples of this property.

o Let f: ([0, 1], usual metric) — ([0, 1], usual metric) with

J (. J

(X7) (X7)
0 ifxz<O
€T
1 ifz>0.

We have that (%, %) C Y is a o-open set however, f~! (%, %) = [0,00) is not a
T-open set therefore, f is not continuous.

o Let f : ([0,1],usual metric) — ([0, 1], 0 = trivial topology). We have that

J/

(X7) (Vo)
Y @) = @ and f71([0,1]) = [0,1] which are both 7T-open sets thus, f is
continuous.

o Let AC X and define f4: (X,7) — (Y,0 ={@,{1},{0,1}})

1 ifxzeA
T
0 ifx & A.

(this is the indicator function). Then f~'(@) = @, f71({0,1}) = X and
f71({1}) = A. Therefore, fa is continuous if A is a 7-open set.

X oy

O

Figure 1: The indicator function.

5.3 Isometries and Homeomorphisms

I Remark 5.2. Maps that preserve structure.

Definition 5.6. Let (X, d) and (Y, p) be metric spaces. We say that amap f: X =Y
is an isometry if

d(z,y) = p(f(z), fy)) Va,yeX.
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If the map f is bijective then we say the spaces X and Y are isometric.

Remark 5.3.

o Two metrics being equivalent does imply not that (X,d) and (X, p) are isometric.
For example:

d(z,y) = |z -yl
__d(=,y)
p(z,y) = m

We have that d ~ p, but the two metrics are not isometric be because in d the
‘distance’ is unbounded whereas, in p the ‘distance’ is bounded by 1 as

d(z,y)
1+ d(z,y)
1
1+d(z,y)

plz,y) =
=1
<1.

o Isometries are always injective but not all isometrics are surjective. For example, let

f:(R,d) = (R?,dy)
x +— (z,0).

Here, d represents the usual metric. Clearly, f is injective but not surjective as the
y values of R? are not mapped.

Example 5.1. An example of an isometry is given by f : (R%* dy) — (C,|-|) with
(x,y) — x +iy.

Definition 5.7. Let (X, d) and (Y, p) be metric spaces. We say that amap f: X — Y
is a homeomorphisms if

o f is a bijection,
e f is continuous,

e the inverse map, f~!:Y — X, is continuous.

We say that the spaces X and Y are homeomorphic and denote this by X =Y.

I Remark 5.4. This definition is valid with topological spaces.

Note 5.4. We note that homeo means ‘same’ and morhphism means ‘shape’ so, in some
sense for to spaces to be homeomorphic means to be the ‘same shape’.

Remark 5.5. The third condition is required as there exists maps which are bijective and
continuous but, their inverse map is not continuous. For example,

f:[0,2m) — st
0 — (cos6,sin6).
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The inverse of this map is not continuous.

Proposition 5.1

The metrics d and p (in the metric spaces (X,d) and (X, p)) are equivalent if and
only if Y C X is d-open and p-open.

Proof. We split the proof in parts.

« Proof of («=).
For any s > 0 there exists a B?(x), a p-open set. By assumption, this ball is d-open

thus, there exists t > 0 such that B(z) C B*(x). Now, suppose z,, 9, 2 then there
exists N; € N such that z,, € B{(z) for all n > N, which implies, x € B?(x) for all

n > N;. Hence, x, Ly g,

« Proof of (=).
We provide a proof by contradiction. Suppose p ~ d and I C X with U being p-
open but not d-open. Without loss of generality, we can assume 3B?(z) Vr > 0 with
no BY(x) for all s > 0 inside. Choose s,, — 0 and z,, € X such that z,, € B ()
and x, ¢ Bf(x). This implies, z, 4z however, z, /% x which contradicts the
assumption of d ~ p.

]

Example 5.3

Examples of homeomorphisms.
1. Let X = (0,1) and Y = (1,00) then f(z) = 1 is a homeomorphism.

2. Bijective isometry implies homeomorphism. However, the converse does not
hold.

3. Two metric spaces (X, d) and (X, p) are equivalent if and only if the identity
map

id : (X,d) - (X, p)
is a homeomorphism.
4. Let X = (—r,r) for r > 0 and Y = R. Then
f:(=r,m) =R
. <7T x)
x an ( ——
2r

is a homeomorphism.
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6 Completeness

6.1 Cauchy sequences

Definition 6.1. A sequence z,, of elements of a metric space (X, d) is called a Cauchy
sequence if

Ve > 0, AN, € N such that d(z,,, z,) <e Vm,n > N..
Lemma 6.1. Every convergent sequence is a Cauchy sequence.

Proof. 1f z,, — x then

Ve > 0, N, € N such that d(z,,z) <

Applying the triangle inequality, we obtain

for all m,n > N.. This implies that x,, is a Cauchy sequence. ]

Lemma 6.2. If a Cauchy sequence has a convergent subsequence, then it is convergent
to the same limit.

Proof. Let x,, be a Cauchy sequence and z,, — x be a convergent subsequence. Then

Ve > 0, 3N, € N such that d(z,, z,,) < g and d(z,,,x) < Vn,n, > N..

DN ™

Applying the triangle inequality, we obtain
d(zp,z) < d(zp,, )+ dx,, Tn,)
L€ n €
2 2

=&

for all n > N.. Since, € is an arbitrary positive number, this implies that x,, — =. O

6.2 Complete metric spaces

Definition 6.2. A metric space (X, d) is said to be complete if every Cauchy sequence
{z,} C X converges to a limit z € X.

Remark 6.1. Completeness is a property of metric spaces and not topological spaces. For
example, we have (—1,1) = R clearly R is complete whereas, (—1, 1) is incomplete.
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Example 6.1

We present some examples and non-examples of complete metric spaces.

o Let X = (0,1) equipped with the usual metric, this is not complete (we can
say incomplete) as z, =+ — 0 ¢ X.

e X = R equipped with the usual metric is complete.

e X = @Q equipped with the usual metric is incomplete as we can take a sequence

T, — V2 ¢ Q.

Remark 6.2. Completeness of a metric space depends on the metric equipped on the set.
For example, any set equipped with the discrete metric is complete.

Proposition 6.1. Let (X,d) be a complete metric space and suppose that A C X is
closed. Then, the subspace (A, d) is complete.

Proof. Let {z,} C A be a Cauchy sequence. Then, {z,} is also a Cauchy sequence in X
and so, x, — x € X by the completeness of X. But, since z,, € A for all n € N and A is
closed we must have z € A (by Lemma 3.34 of lecture notes) hence, A is complete. [

Example 6.1. If X = R equipped with the usual metric then A = [0, 1] is complete.

Proposition 6.1

Let (A, d) be a subspace of a metric space (X, d) and suppose that (A, d) is complete.
Then A is a closed subset of X.

Proof. Let {z,} C A be a sequence such that z,, — = € X. We only need to show
that © € A (by lemma 3.34 of lecture notes). Since, the sequence {x,} is convergent
in X it must be a Cauchy sequence and therefore, a Cauchy sequence in A also. The
completeness of (A, d) forces = € A. O

Theorem 6.1

Let (X,d) be an arbitrary incomplete metric space. Then there exists a complete
metric space (X, d) such that

. XC)?;

o d(z,y) =d(x,y) Yo,y € X;

« V7 € X there exists {z,,} C X such that z, 4 7.

The metric space (X, d) is called the completion of (X, d).
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Note 6.1. We can illustrate this theorem in the figure below.

X

Remark 6.3. The necessity of the second condition is due to d not being defined outside
X thus, we need a new metric which is valid in X but is the same in X to maintain the

structure of the metric space (X, d).

Theorem 6.2
Let (A,d) be a subspace of a complete metric space (X,d) and let CI(A) be the
closure of A in (X, d) Then, (CI(A),d) is the completion of (A, d).

Example 6.2
Some examples of completion of sets.

o Let A = (0,1) C R equipped with the usual metric, the completion of A is
Cl(A) = [0, 1].

e The completion of Q equipped with the usual metric is R.

Theorem 6.1. Let S C R, then B(S) with the uniform metric is complete.

Proof. Let {f,} € B(S) be a Cauchy sequence, this implies

Ve > 0, AN. € N such that sup|f,(z) — fu(z)| < g VYm,n > N..
zeS

Fix x € S the numbers f,(x) form a Cauchy sequence of real numbers since, R is complete
this sequence has a limit. Denote this limit by f(x) then, f,(x) — f(z) for each fixed

rzeSie.

Ve >0, IN., € N such that |f,(z) — f(z)] < g Vn > N.,.
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For any m,n € Z we have

() = f(@)] = [ful@) = fou(@) + fin(2) = f(2)]
< [fal@) = (@) + [ () = f(2)]

AN
DO ™

™

That is, |f.(z) — f(z)| < € for all n > N, which means that sup,cq|fn(x) — f(2)] < ¢

0, fn 4, f (where d denotes the uniform metric). It remains to prove that f is bounded.
Choosing n > N, we obtain

sup | f(z)| = sup | fu(2) — fulz) + f(2)|
z€S x€S

< sup ([fu(2)] + [ful2) — f(2)])
< sup [ ()] + sup () = f(2)]

< sup |fu(z)| + €.
zeS

Since f,, is bounded, this estimate implies that f is also bounded. [

Corollary 6.1
The set Cla, b] equipped with the uniform metric is complete.

Proof. Clearly, Cla,b] C Bla,b] by the boundedness theorem, this implies that the set is
indeed complete. It remains to prove that the limit which we denote by f is continuous.
We have

[f (@) = f(W)l = |f(z) = ful2) + fulz) = fuly) + fuly) = F(y)]
< [f(@) = fal@)] + [ful@) = fuly) + fuly) = FW)]
< [f(@) = falo)] + [ful) = Fu()] + [faly) = FW)I,

by applying the triangle inequality twice. Since f, — f in B(S), we can choose n such
that |f(z) — fu(z)| < 5 and | f(y) — fu(y)| < 5. Since, the function f, is continuous there
exists § > 0 such that |f,(z) — fu(y)| < § whenever |z — y| < 0. Therefore,

g 9 19
|f($)—f(y)\<§+§+§

:67

whenever |z — y| < 4. O
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Example 6.3
The set C|0, 1] with p(f,g) = fol |f(z) — g(x)| dx is incomplete. Consider the func-
tion
0 0<z<3
@) ={n@-1) t<o<i+l
1 s+i<z<i1

. £l

S 1
2. AR

Clearly, this is a continuous function and the function sequence {f,} is Cauchy.
However, the limit function which is

<z
<x

IA A
t—t N | =

=2
&

I
—
)

= O

This function is not continuous therefore, the set C|0, 1] with the metric p is incom-
plete.

6.3 Contraction
Definition 6.3. A map T : (X, d) — (X, d) is called a contraction if
d(T(x),T(y)) <c-d(z,y) forcel0,1)and
Vr,y € X.
Proposition 6.2. Suppose that T : (X, d) — (X, d) is a contraction then 7" is continuous.
Proof. We want Ve > 0 30 > 0 such that d(z,y) < § = d(T(z),T(y)) < €. Since, T is

a contraction we know d(T'(z),T(y)) < cd(v,y) < c¢6 = . Therefore, we pick § = £ for
ce0,1). O
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Theorem 6.3 (Contraction Mapping Theorem (CMT))

Let (X,d) be a complete metric space and let T : (X, d) — (X, d) be a contraction.
Then T has a unique fixed point i.e. there is a unique z € X such that 7'(z) = z.

Proof. Pick an arbitrary point o € X and define {x,} recursively by z, = T(x,_1).
Thus, z, = T(T(...,T(z0)...)) = T™(xo). We prove {z,} is a Cauchy sequence; for any

n € N we have
d(Tn, Tngr) = A(T(2p-1), T(25))
S Cd(xn—h xn)

< d(xg, 11).

We conclude, d(z,, zp41) < *d(zg, 1) for all n € N. So, for any m,n € N with n > m

we have
d(xma xn) S d(l’m, $m+1) + d(xm—i—la xm—i—?) +---+ d(xn—la xn)

< (Cm + cm+1 + .+ cn_l)d(l‘g,xl)

m n

c"—~¢C
= 1_¢ d(l’o,ﬂ?l)

m
< ——d(xg, x1).
< < d(wo,m)
Since f—:ncd(xo,xl) — 0 as m — oo, for any € > 0 there exists N. € N such that for
n>m> N,

Cm
d(zpm, x,) < 1—d(:c0,a:1) <e.
—c
So, the sequence {z,} is Cauchy and since (X,d) is a complete space, we have that

2, %  for some 2 € X. We also know, T is continuous therefore, T(x,) — T(r) as
n — 0o, we also have T'(x,) = z,,+1 — x. Hence, T'(z) = x.
Finally, if  and y are two unique fixed points then

0 < d(z,y) <d(T(x),T(y)) < cd(,y).

Since ¢ € [0,1), we have that d(x,y) = 0 which is only true if and only if z = y. We
conclude that the fixed point is unique. O

Corollary 6.2 (Error estimate)

Let (X,d) be a complete metric space and let 7' : (X,d) — (X, d) be a contraction.
We have that

Cm

<
d(zpm, ) < T

d(xg,z1) VYxo € X and Ym € N.

Proof. From the proof above we have,

Cm
(T, x,) < :d(xoﬂl);

by letting n — oo we have the desired inequality. ]
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6.4 Picard’s existence theorem for ODEs

Let f be a real-valued function defined on some closed rectangle 2 C R2?. Consider the
ordinary differential equation

du
E = f(ta u(t))v u(to) =%

Where t is a one dimensional variable, u is a function of ¢ and g, is some constant.

Theorem 6.4 (Picard-Lindelof theorem)
Let a,b, R € R with a < b, R > 0, yp € R and f a continuous function

f :]a,b] x Brlyo] = R.
Suppose there exists some constant L > 0 such that

lf(t, ) — f(t,y)| < L|x —y| Vi€ [a,b] and
z,y € Brlyol-

Then there exists € > 0 such that for any ¢y € [a, b] the ODE

du
E = f(tv u(t))v u(to) =%

has a unique solution on the interval [ty — ¢,y + €] N [a, b].

Remark 6.4. The condition

£ (t, ) = f(¢, )] < Lla =g

for L > 0 is called the condition of Lipschitz continuity in the second variable.

I Remark 6.5. Proof is not going to be examined

7 Connectedness

Definition 7.1. We say that I/ C R is an intervalif r <y < zand z,z €l =y e l.
Example 7.1. The following are intervals:

- (0,1);

. [2,00);

- {1 =17

Theorem 7.1 (Intermediate value theorem). Let f : I — R be a continuous function on
the interval I. Given x < z with z,z € I and ¢ € R strictly between f(x) and f(z), then
there exists y € (x, 2) such that f(y) =c.
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Example 7.2. The map

F:00,1)U(1,2] =R

{0 z €[0,1)
T
1 ze(1,2]

is a continuous map, but its image is not an interval so, the intermediate value theorem

does not hold.

7.1 Connected topological spaces

Definition 7.2. A topological space (X, 7) is disconnected if there exists subsets U,V C
X such that

e U and V are T-open.
e U# D andV # T
s UNYV =0

e UUYV = X.

We say that ¢ and V disconnect X.

I Remark 7.1. This definition still holds if &/ and V are 7-closed.

Definition 7.3. We say X is connected if it is not connected.

Theorem 7.1

In a topological space (X, 7), the following are equivalent:
1. X is connected;

2. f: X — R is continuous = f(X) is an interval;

3. f: X — Z is continuous = f is constant.

Remark 7.2. For the third property it is enough to show that a continuous function
f:X —{0,1} is constant.

Proof. We split the proof into parts.

e (1=2).
Suppose f is continuous but f(X) is not an interval. This implies there exists
a<b<cinRwitha,ce€ f(X)and b & f(X). Choose z,z € X such that a = f(z)
and ¢ = f(z2). Define U = f~((—o0,b)) and V = f~1((b,00)) so, U and V are
both non-empty (z € U and z € V), both are open (since, f is continuous), disjoint
and U UV = X since b ¢ f(X). However, this contradicts statement (1) i.e. this
contradicts that X is connected.
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. (2=23).
The inclusion map given by
L7 —R

T,

is continuous. Thus, the composition of maps g =to f : X — R is also continuous.
Then, by the assumption of (2) g(X) is an interval but also g(X) = f(X) C Z so,
f(X) is both an interval and a subset of Z, the only possible choice is for f to be

constant.
e 3=1).
Suppose, for the sake of contradiction, that ¢/ and V disconnect X. Define
xv:X —Z
0 ze€lU
€T —
1 zeV.
Then for any A C Z we have
o if0,1¢ A
_ YV if0gAl1eA
Xv1 (A) = .
U ifoeAlgA
X if0,1€ A.

Therefore, xy is continuous but not constant as & and V are non-empty. We
contradicted condition (3) thus, X must be connected.

[
Definition 7.4. A set A in a topological space is clopen if it is both 7-open and 7-closed.
Example 7.3. Some examples of clopen sets:
1. 9, X;

2. AC X in (X, 7) where 7 is induced by the discrete metric.

Lemma 7.1

Let (X, 7) be a topological space. Suppose that there exists a non-trivial clopen set
A C X. Then, X is disconnected.

I Note 7.1. If (X, 7) has a clopen subset A which is not @ or X then, X is disconnected.

Remark 7.3. The contrapositive of this lemma:
If @ and X are the only clopen subsets of X then, X is connected.

Proof. We consider Y = A and V = X\A. We have U,V are non-empty and disjoint.
Furthermore, we have that i is open, and since A is closed the complement V is open.
Thus, U,V disconnect X thus, the space is disconnected. O
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Lemma 7.2

Let Y be a subspace of a topological space (X,7). Then Y is disconnected <=
there exists 7-open subsets i/, C X such that

« UNY + ;
e VNY % o;
s UNVNY = &;
e Y CUUV.

Proof. We split the proof into two parts.

« Proof of («).
Suppose there exists ¢ and V which are 7-open with the properties from the RHS.
Set U =UNY and V =V NY. These sets satisty the following:
- U , % #* O
—Un )7 = J;
~Y=UUV.
Therefore, U and V disconnect Y.
« Proof of (=).
The set Y is disconnected, by definition there exists ¢/ and V which are open subsets
of (Y, 7y) (the subspace topology). Recall v = {SNY : S € 7} so, if U,V € 1v
then there exists U,V € T such that Y =UNY and V =V NY. Then,
—UNY =U + &;
—VNY =V £ o;
—UNYVNY =UNY =
~Y=UuVcuuv.

Example 7.4. Consider the set

v ={@y =00 LeQf\{(0.0)

where X = R?. The set Y is disconnected by the sets

U:{(x,y):%>7r} and V:{(:C,y):%<7r}.

Theorem 7.2

Let X C R be equipped with the usual topology. Then X is connected <= X is
an interval.
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Proof. We split the proof into parts.

« Proof of (=).
If X is connected and an interval the proof is trivial. Suppose X is connected but
not an interval. Then there exists * < y < z in R with z,2 € X and y ¢ X.
It follows that U = (—oo,y) N X and V = (y,o00) N X disconnect X. Thus, this
contradicts the fact that X is connected.

« Proof of («).

Suppose z is an interval but X is disconnected by & and V. Fixx € Y and y € V and
assume without loss of generality that z < y. Since, x,y € X and X is an interval
we have that [z,y] € X. Now & = X\V and V = X\U so, U and V are also closed
in X. Thus, by Exercise 4.38 in the lecture notes YN[z, y] and YN[z, y] are closed in
R. Let z = sup(UN[x,y]) then, z € UN[x,y| since YN[z, y] is closed. It follows that
z < ysincey € VNz,y] and (UN[z,y])N(VN[z,y]) = @. However, UN ]z, y] is also
open [z, y]. Furthermore, we must be able to inscribe a ball about z that stays in the
set i.e. there exists § > 0 such that Bs(z) N[z, y] = (2 =6,z +0) N[z, y] CUN[x,y].
Since, x < y there exists points in (z,z + 0) N [z, y] greater than z and such points
lie in U N [z, y], contradicting the choice of z.

]

7.2 Connectedness as topological invariant

Theorem 7.3 (Image of set is connected)

Let X and Y be topological spaces and let f : X — Y be continuous. If X is
connected then f(X) is connected.

Proof. For the sake of contraction, assume f(X) is disconnected by open sets U and V.
Then, f~}(U) and f~(V) are also open in X since f is continuous. Note that

- flU) £ o
- [TV # 2,
e UNf(X) # 2.

Ifxe f~U)N V) then f(z) eUNV N f(X) = @ thus, we can only have f~(U) N
f71(V) =@. Finally, fHU)U (V)= f1UUV) = X since f(X) CUUV. Thus, we
have shown that f~' () and f~'(V) disconnect X, contradicting the assumption that X
is connected. [

Example 7.1
R # (0,1) U (1,2) since (0,1) U (1,2) is not connected.
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7.3 Path-connectedness

Definition 7.5. Given two points x,y of a topological space X, a path from z to y in
X is a continuous function « : [0,1] — X such that (0) = z and (1) = y.

Definition 7.6. We say that X is path-connected if for all x,y € X there is a path
from x to y in X.

Example 7.5. In R? the subset B;((—1,0)) U By[(1,0)] is clearly path connected.

Theorem 7.4

If a set is path-connected then it is connected.

Remark 7.4. The converse does not hold: consider the topologist’s sine curve

{(az,sin i) : z € (0, 1]} U {(0,0)} c R?,

the point (0,0) cannot be reached by a non-constant path lying in this set.

Proof. Suppose that X is path-connected but is disconnected by & and V. Choose x € U
and y € V and let v be a path from x to y in X. Since v is continuous, the pre-images
v~ 1 (U) and v~ (V) are open subsets of [0,1]. Clearly, these subsets are non-empty and
moreover

U NI V) =@ and AU UATI V) = [0,1],

that is y~1(U) and v~ (V) disconnect [0, 1], which is a contradiction as [0, 1] is connected.
[]

Example 7.2
We have

« R\{0} is not path-connected and,
o R2\{(0,0)} is path-connected.
We have that R # R2. We prove this.

Proof. Suppose there exists a surjective homeomorphism f : R?> — R. Let a =
f((0,0)) and consider the restricted map f : R*\{(0,0)} — R\{a}. This map is
also continuous and, R?\{(0,0)} is connected, which implies R\{a} is also connected
BUT it is not as shown above. Therefore, there is no such homeomorphism. ]

Example 7.6. The set
Y:{(x,y):x:OOIQE@}
x

is a path-connected subset of R? hence, it is connected.
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8 Compactness

8.1 Compactness in a topological space

Example 8.1 (Motivating example)

Recall the Extreme Value Theorem: let f : [0,1] — R be a continuous function then,
f([0,1]) is bounded and f attains its bounds.

We want to extend this idea to topological spaces. Let (X, 7) be a topological
space and let f : X — R be a continuous function. Fix x € X and define V, =
(f(z) — 1, f(z) + 1) = Bi(f(z)) so, V, is an open set. Let U, = f~(V,), this is also

open in X since f is continuous. Furthermore, for every y € U, we have

[F W =11 (y) = fx) + ()]
< |[f(y) = f@) + (@)l
< 1+|[f(2)].

So, X = UIGX U, and f is bounded on each U,. If there exists a finite set F' C X
such that X = J, U, then, we can conclude that f is bounded.

zeF

Definition 8.1. Let (X, 7) be a topological space. An open cover for X is a family F'
of T-open subsets of X such that X = J,,cU.

Definition 8.2. A subcover of an open cover of X is a subfamily ¥V C F such that
X = UyeyU. IfV is finite then, we call this a finite subcover of F.

Example 8.1. Let X = {(—z,z) : x € R} is an open cover for R. Then, V = {(—2n,2n) :
n € N} is a subcover of F.

Definition 8.3. A topological space, (X, 7), is said to be compact if every open cover
for X has a finite subcover. That is, for every open cover F' of X such that X = (J,.pU,
there exists a finite subfamily V C F' such that X = J,,., U.

I Remark 8.1. Since this subfamily is finite, we often write it as X = ;- U;.

Example 8.2. Let X = (0,1) with an arbitrary topology be a topological space. We
have that F = {(%, 1) in € N} is an open cover of X as, X = (Jycpd = U, en (%, 1).
The topological space X is not compact because there exists no finite subcover. For
example, let )V C F' be a finite set defined by V = {( ! 1) o ,(nlk, 1)} and, let

n_17
N = max{ni,...,ng}. Then,

Clearly, this does not cover X.
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Theorem 8.1

Let X be compact topological space and f : X — R a continuous function. Then, f
is bounded and f attains its bounds.

Proof. Let U, = {x € X : |f(z)] < n} for n € N. Then U, = f~!((—n,n)) is open
in X. For every # € X there exists n € N such that |f(z)] < n thus, X = {U,cyUn-
Since, X is compact, there exists a finite set /" C N such that X =, U, = Uy where
N = max(F). Hence, f is bounded by N.

Next, let m = infx(f). Assume there is no y € X with f(y) = m. Then, for every
y € X we have f(y) > m. Pick y € X and choose «a, € R with m < o, < f(y) and set
U, = f~*((ay,00)). Then, U, is open, it contains y and f is bounded below by a, on U,,.
In particular, {U, : y € X} is an open cover for X. Since X is compact, there exists a
finite set /' C X such that X = J,.r U, Let a = min{ey, : y € F'} then, a > m and f
must be bounded below by o on X. This contradicts the definition of m = infx(f). O

Example 8.2

Some examples of sets which are and are not compact.
1. The set (0, 1] is not compact.

2. The set N with the discrete topology is not compact: consider U = {{z} : z €
N}, there is no finite subcover.

3. An infinite set X with the discrete topology is not compact.

4. The set X with the cofinite topology is compact: take 4 an open cover of X
and fix V € Y. Then X\V is finite and for each point y € X\V fix U, € U
such that € U,. Then, {U, : © € X\V} is a finite cover of X\V and so
{V}YU{U, : x € X\V} is a finite subcover of U.

8.2 Properties of compact spaces

Lemma 8.1

Let Y be a subspace of (X, 7). Then Y is compact <= for any family F' of open
subsets of X satisfying Y C |J,cp U there is a finite subfamily V C F such that

Y Cc Uy U.

Proof. We prove each direction in turn.

« Proof of (=).
Let F' be a family of open subsets of X satisfying Y C |J,cpU. Then, {UNY :
U € F} is an open cover for Y. Since Y is compact, there exists a finite subcover
V C F such that Y = o, UNY and so, Y C Uyep U

« Proof of («).
Let W be an open cover for Y ie. Y = (J¢)p W. For each W € W we can write
it as W = Zw NY where Zy is an open set in X. Then F = {Zy : W € W} is
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a family of open subsets of X satisfying Y C |J,cp U. By assumption, there is a
finite subfamily V C W such that Y C Uy,cp Zw. It follows that (J, o, W =Y,
i.e. V is a finite subcover of W.

]

Definition 8.4. A subset K of a metric space (X,d) is bounded if for some z € X
there exists M > 0 such that K C BY,(x).

Example 8.3. If K C R with the usual metric then, we see that K is bounded if there
exists M > 0 such that || < M for all z € K.

Theorem 8.1. Any compact subset K of a metric space (X, d) is bounded.

Proof. Pick zy € X then, for any y € K pick n € N such that d(xg,y) < n ie. y €
Bd(xy) which implies {B,(zo) : n € N} is an open cover for K. By compactness there
exists a finite subcover {B,, (zy),..., By, (x0)} but, U, B, (z0) = Bn(zo) with N =
max{ny,...,n,} which implies K C By(xo). O

Proposition 8.1

If X is compact and C' is a closed subset of X then, C' is compact.

Proof. Let U be a family of open subsets of X covering C. Then & U {X\C'} is an open
cover X (since C' is closed we have that X\C') is open. Since X is compact, it must have
a finite subfamily ¥V C U such that VU {X\C} is a cover for X. Clearly, we must have
V a finite cover for C. U

Theorem 8.2
If X is Hausdorff and C' is a compact subset of X then, C'is closed in X.

Proof. To prove C'is closed in X we prove that X\C' is open in X. Fix x € X\C. For
each y € C, since z # y, there exists open sets Uy, V, in X such that z € U,,y € V,
and U, NV, = @ (by the assumption that X is Hausdorff). We have {V, : y € C} is a
family of open sets in X covering C'. Since C is compact, there exists a finite set, say
F={y,...,yn} C C, such that C C J_, V.

Define W = (), U,, and notice that € W and W is open in X. Furthermore, since
each Uy, N'V,, = & we must have

wnccwn(V,Uu---uV,)

= O(W N ‘/yz)

= .

This implies that, W C X\C. Since x was an arbitrary choice we see that X\C' is open
in X hence, C' is closed. O

Theorem 8.2. The unit interval [0, 1] is compact.
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Proof. Let U be a family of open subsets of R such that [0,1] C J,;, U. For I C [0, 1], we
say that U finitely covers [ if there exists a finite subfamily V C U such that I C |J,¢, U.

Next, we observe the following. Suppose that I = J U K for subsets I, J, K of [0, 1].
If U finitely covers J and K then, U finitely covers I. We will apply the contrapositive
of this observation.

For the sake of contraction, assume that & does not finitely cover [0, 1]. Then at least
one of the intervals [0, %] and [%, 1} cannot be finitely covered by /. Call that interval
[ay, by], it follows that putting ¢ = 1(a; +b1), at least one of the intervals [a1, c] and [c, by]
cannot be finitely covered by Y. Call that interval [ay, by]. Continue inductively to obtain
a nested sequence

- C [ag,bg] C [al,bl] C [O, 1]

such that for each n € N the interval [a,,, b,] cannot be finitely covered by U and

b, —a, = —.

2n
Note that, a, is an increasing sequence that is bounded above so, it converges to some
€ [0,1]. Similarly, b, = a, + 5= — « also. Since [0,1] C Uy, U there exists U € U
such that x € U. Since this U is open, there exists ¢ > 0 such that (z — e,z +¢) C U.
Furthermore, since a,, b, — x there exists an n € N with a,,b, € (x — &,z + ¢) thus, it
follows that [a,,b,] C (z — e,z + ) C U, contradicting that [a,,b,] cannot be finitely
covered by U. So, [0,1] can be finitely covered by U and is thus compact by Lemma
8.1. ]

Theorem 8.3 (Heine-Borel in 1 dimension)
A subset K C R is compact <= it is closed and bounded.

Proof. We prove each direction in turn.

« Proof of (=).
Suppose K is compact and consider the function

fR—=R

This is a continuous function and by Theorem 8.1 the image of the compact set K
is bounded i.e. the set {|z| : x € K} is bounded. Since, K is a compact subset of
the Hausdorff space R we have that K is closed in R by Theorem 8.2.

« Proof of («).
Suppose K is closed in R and bounded, Fix M > 0 such that |z| < M forall z € K.
Thus, K C [-M, M] and so K is closed in [—M, M] (by Exercise 4.38 of the lecture
notes). Also, [—M, M] is compact by the same proof of Theorem 8.1. Thus, K is a
closed subset of a compact space which implies K is compact (by Proposition 8.1).

]
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I Remark 8.2. This theorem is only true for the topological space (R, usual topology).

Example 8.3

Let X = {0, 1,2} be equipped with the topology 7 = {@, X}. Clearly, & and X are
the only closed sets in (X, 7). Consider A = {1,2} this is indeed a compact set as A
can be covered by a finite amount of sets, namely by X, but A is not a closed set!

8.3 Compactness and continuous functions

Theorem 8.4

If X and Y are topological spaces and f : X — Y is continuous and X is compact
then f(X) is compact.

Note 8.1. That is, if f is a continuous function between two topological spaces the image
of f is also a compact space.

Proof. Let U = {U; : i € I} be an open cover of f(X) and set V; = f~1(U;). Since
each U; is open in Y and f is continuous we see that each V; is open in X. Moreover,
f(X) € U,e; Ui implies that X C (J,c; Vi, which means that {V; : i € I} are an open
cover of X. Since, X is compact we have X C (JI_, V; which means f(X) C J_, U; i.e.
U admits a finite subcover. Therefore, f(X) is compact. ]

Corollary 8.1. R # [0, 1].

Proof. The set [0, 1] is compact, but R is not. O

Theorem 8.5

Let X be a compact topological space and Y be a Hausdorff space. Suppose that
f X — Y is a continuous bijection. Then, f is a homeomorphism.

Proof. Since f is bijective, the inverse function f~!:Y — X is defined, and by recalling
the definition of a homeomorphism, we only need to show that f~! is continuous. Let B
be closed in X. (By Exercise 5.12 it is sufficient to prove that the pre-image of B under
the inverse map f~! is closed). By bijectivity we have (f~')~'(B) = f(B). If B is closed
in X then, it is compact (by Proposition 8.1). Since f is continuous we have f(B) is also
compact (by Theorem 8.6). But f(B) is a compact subspace of the Hausdorff space Y
which implies f(B) is closed (by Theorem 8.3) hence, f~! is continuous. O
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Example 8.4

We present two examples:

1. Let (X =10,1],7 = usual) and (Y =[0,1],0 = {@,Y}) with f =id: X - Y a
continuous bijection. Clearly, X is compact however, Y is not Hausdorff: pick
r=0andy = 1clearly, x # y and z,y € Y so, YNY = &. Lastly, the function
id is not a homeomorphism because the inverse function id™* : ¥ — X is not
continuous: consider U = (3,2) € 7 but (id ") "'U)=U = (},2) €.

2. Let (X =R,7 = P(z)) and (Y = R,0 = usual) with f =id: X - Y a
continuous bijection. Clearly, Y is Hausdorff; we have that X is not compact,
consider {{z} : # € R}, this is an open cover for R, but there cannot exist
a finite subcover since R is infinite. Lastly, the function id is not a homeo-
morphism because the inverse map id™! : Y — X is not continuous: consider
U=1[0,1]€7but (id") ' U) =U=[0,1] 0.

Definition 8.5. Suppose (X, d) and (Y, p) are metric spaces. We say a function f : X —
Y is uniformly continuous if

Ve > 030 > 0 such that d(z,y) < d = p(f(x), f(y)) <e.

Theorem 8.6

Suppose (X, d) is a compact metric space then, any continuous function f : (X, d) —
(Y, p) is uniformly continuous.

Remark 8.3. To check if (X, d) is compact, use the metric to induce a topology on X and
check if the topological space is compact.

Proof. Let € > 0. Suppose f is continuous then, for every point x € X there exists §, > 0

such that
€

d(z,y) < 0. = p(f(y), f(z)) < 7

Consider B, = B%m(a:) for z € X. Since x € B, we have {B, : z € X} is an open
cover for X. Since X is compact, it has a finite subcover, {B,,, Bs,, - .., Bz, } such that
X =U~, By, Let 6 = fmin{é,,,...,d,,}. Since the number of points z, is finite, we
have 6 > 0. Let z,y € X with d(x,y) < 4. Since X = J;, B,, there exists N such that
xr € By = B‘;?IN (zy), that is

2

By the triangle inequality,

d(y,a:'N) < d(y,%) + d(%,l‘]\/)
S
<0+ 7

< by
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thus, we have

In conclusion, we have proved that for any € > 0 there exists § > 0 such that d(z,y) <
implies p(f(z), f(y)) <e. O

8.4 Sequential compactness

Recall the Bolzano-Weierstrass theorem: any bounded sequence of real numbers has a
convergent subsequence. This motivates our next definition.

Definition 8.6. A subset K of a metric space (X, d) is said to be sequentially compact
if every sequence in K has a subsequence which converges to a limit in K.

Example 8.4. We present a few examples:

1. the set [0, 1] is sequentially compact;

2. the set (0, 1) is not sequentially compact in R with the usual metric, as the sequence
T, = % has subsequence that converges to a limit in (0, 1).

3. the set R is not sequentially compact, as the sequence x,, = n has no limit in R.
Lemma 8.1. Every closed and bounded subset of R is sequentially compact.

Proof. Let (x,) be any sequence in a closed and bounded set L. By the Bolzano-
Weierstrass theorem, there exists a convergent subsequence z,, — x and since K is
closed we must have z € K. ]

Theorem 8.7 (Stocktaking)

Compactness.

e For K C R: K is compact <= K is closed and bounded <+—= K is
sequentially compact.

o For K C (X,d): K is compact = K is closed and bounded

Example 8.5

Let X = Z equipped with the discrete metric which induces the topology 7 = P(Z).
The set K = X is closed and bounded as X = BZ(1) however, K is not compact.
Consider the set {le (n):ne€ N} = {{n} : n € N}, clearly there exists no finite
2
subcover since Z is uncountable.
This space is also complete: d(z,, z,) < & = x, =, Ym,n > N, thus, Cauchy
sequences in this space are eventually constant.

Definition 8.7. A metric space (X, d) is totally bounded if for every ¢ > 0 there exists
a finite collection of points {z1,...,x,} C X such that X = |J;_, B:(z).
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Remark 8.4. This collection N' = {z1,...,2z,} is often called a finite e-net. The “net”
means that for every y € X there exists an z; € N such that d(y, z;) < e.

Example 8.5. Given ¢ > 0 find a finite e-net for X = (0,1) equipped with the usual
metric.

Solution. Pick N > 1 then, N' = {1, 2,..., %} so, we can write
(0,1) = U B.(z)
zeN

therefore, (0, 1) is totally bounded.

Example 8.6

Negating the statement above, so that X fails to be totally bounded if it contains an
infinite set of points with all pointwise greater ¢y for some gy > 0.

Consider X = Z equipped with the discrete metric. If ¢g = § then, Be(n) = {n}
for n € Z therefore,

Z# |J B.(x)

finite
ne -

Theorem 8.8

Let (X, d) be a metric space. The following statements are equivalent:
1. X is compact;
2. X is sequentially compact;

3. X is complete and totally bounded.

Proof. We split the proofs into parts.

e Proof of (1) = (2).
Suppose X is compact but not sequentially compact: (i.e.) there exists (z,) C X
with NO convergent subsequence. Thus, (x,) must contain an infinite number of
distinet points (otherwise if there were a finite number of distinct points then we
could find a convergent subsequence).

Next fix x € X and suppose that for every € > 0, the ball B.(x) contains a point
of the sequence (x,) distinct from z. Then,  would be the limit point of some
subsequence of (z,). Hence, there exists €, > 0 such that B. (x) contains no
points from (x,) except possibly the value of x.

Note that, {B.,(x) : © € X} is an open cover for X. By compactness, this must
admit a finite subcover. However, the union of a finite number of the B._(x) contains
at most n terms in the sequence. Because our sequence contains an infinite number
of distinct points, it is not possible for the finite subcover to cover the terms of the
sequence (x,) and thus, it is not possible for the finite subcover to cover X. This
is a contradiction of the hypothesis (1) hence, X must be sequentially compact.
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e Proof of (2) = (3).
Suppose that X is sequentially compact. We first show that X is complete. Let (z,,)
be a Cauchy sequence in a sequentially compact space X. Since some subsequence
converges to a limit in X then, (z,,) must be convergent to the same limit in X.

We now prove that X is totally bounded. For the sake of contradiction suppose
that X is not totally bounded. Then there exists € > 0 such that given any
finite collection of points {z1,...,2,} C X we can find a point x € X such that
d(xz,x;) > e for i € {1,...,n}. This means that we can construct a sequence
(x,) € X such that d(x,,,z,) > € for every m,n € N. Such a sequence has no
convergent subsequence, which contradicts the fact that X is sequentially compact.
Therefore, X must be totally bounded.

« Proof of (3) = (1).
Omitted.

9 Products and quotients of topological spaces

9.1 The product topology

Definition 9.1. Let (X, 7x) and (Y, 7y) be topological spaces. We define the product
topology, 0 on X x Y by

U€o < VY(z,y) € U IV € 7x and IW € 1y such that (z,y) € V x W C U.

Proposition 9.1. The product topology is a topology on X x Y.
Proof. Let o denote the product topology. We prove the conditions to be a topology.

e I, X xY € o: By definition, @ € ¢ and since X is open in X and Y is open in Y,
we see that X XY € 0.

o Uie; Ui € o2 Suppose U; € o for i € I and (z,y) € U,; Ui then, (z,y) € U; for
some ¢ € I and so, there exists V € 7x and W € 7 such that

(x,y) €V xW CU; C| U
el
We conclude that | J,.,; U; € o.

e« UyNU; € o: Suppose Uy, Us € 0 and (x,y) € Uy NUs. Since (x,y) € U; there exist
Vi € 7x and Wy € 7y such that (z,y) € Vi xW; C U;. By a similar argument, there
exist V5 € 7x and Wy € 1y such that (z,y) € Vo x Wy CUs. Let V=V NV, € 7x
and let W = W, N Wy € 1y. Therefore, we have (z,y) € V. x W C U; N Uy and
U1 N U2 € o.

]
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Remark 9.1. In general, it is not true that every open set X x Y is of the form V x W
where V' is open in X and W is open in Y.

Definition 9.2. We define the projection maps, 7x and 7y, by

x : X XY —=X and my: X xY =Y
(z,y) = (2,9) = y.

Theorem 9.1

Let X and Y be topological spaces. If we endow the set X x Y with the product
topology then, mx and 7y are continuous.

Proof. We have that
7x : (X x Y, product topology) — (X, 7x).
Let U € 17x then
% (U) ={(r,y) € X x Y :7x((z,y)) € U}
={(z,y) e X xY 2 €U}
=U xY,

which is clearly open in the product topology. Hence, wx is continuous. A similar
argument for 7y O

Remark 9.2. The product topology is the smallest topology on X x Y making 7wx and
Ty continuous.

Theorem 9.2
If X and Y are Hausdorff spaces then, X x Y is a Hausdorff space.

Proof. Let (z1,y1) and (z9,y2) be distinct points in X x Y. Suppose that z; # x5 then,
since X is Hausdorff, there exist disjoint open sets V; and V5 such that z; € V; and
xo € V. Set Uy =V x Y and Uy = V5 x Y these are both open in the product topology
and disjoint (V3 NV, = @). Furthermore, we have (z1,y2) € Uy and (x3,ys) € Us which
implies separated points by disjoint open sets. If x; = x5 then y; # ys repeat the same
argument. We conclude, X x Y is Hausdorff. ]

Theorem 9.3
Let (X,dx) and (Y, dy) be metric spaces and define the metric

o((71,91), (T2, y2)) = max{dx (v, T2), dy (Y1, y2)}

on X xY. Then the topology 7, is induced by ¢ and is equal to the product topology
Ton X XY.
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Proof. Let U € 71, and suppose that (z,y) € U. Then there exists ¢ > 0 such that
BX*Y((x,y)) C U. Clearly, BX*¥((z,y)) = BX(z) x BY (y) and since BX(x) is open in
X and BY (y) is open in Y we see that U € 7.

Conversely, if U € 7 and (z,y) € U then (z,y) € V. x W C U for some V open in X
and W open in Y. Now, there exists €1,&5 > 0 such that BX(z) C V and BY (y) C W,
and we define ¢ = min{ey,e2}. Then

BX"Y ((z,y)) = BX (z) x Bl (y)
C B (z) x B, (y)
CV xW
cU

hence, U € 7. Il

Corollary 9.1. Let (X, d,) and (Y, dy) be metric spaces, and suppose that (z,,y,) is a
sequence in X x Y and (z,y) € X x Y. Then,

(xnuyn) — (x7y) in X XY < z, d—X> x and y, d—y> Y.
Proof.

max{dx(x,,x),dy (yn,y)} = 0 <= dx(x,,x) = 0 and dy (y,,y) — 0.

Theorem 9.4

If X and Y are connected topological spaces then X X Y is connected.

Theorem 9.1. Let X,Y and T be topological spaces, Let g : T" — X X Y then, g is
continuous if and only if rxog:7T — X and my o g : T'— Y are continuous.

Proof. We prove each direction in turn.

« Proof of (=). Since g is continuous and 7x and 7y are continuous then, by com-
position of maps the proof is clear.

« Proof of («<). Suppose that mx o g and 7y o g are continuous and suppose that U is
openin X XY and t € g~!(U). Then there exist V open in X and W open in Y such
that g(t) € V. x W C U. This implies that mx o g(t) € V and so t € (mx o g)~ (V)
which is open in T, Similarly, ¢ € (7y o g)~'(W) which is open in 7. We define
U = (nx 0g) " (V)N (mry o g)"*(W) which is also open in T and contains ¢. If
s € U’ then, mx o g(s) € V and 7y o g(s) € W thus, g(s) € V x W C U. We have
shown t € U’ C g~} (U) where U’ is open in T. Since ¢ was an arbitrary choice we
see that ¢g=1(U) is open in T and so g is continuous.

]
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9.2 Quotient spaces

Definition 9.3. A binary relation, ~, on a set X is called an equivalence relation if
and only if it satisfies the following: for all z,y,z € X

oz ~ x (reflexivity);
o« o ~y=yn~ z (symmetric);
e v ~yandy~z=x~ z (transitivity).
Definition 9.4. For z € X the set
[z] ={y e X :y~ua}
denotes the equivalence classes of .

Definition 9.5. Let (X, 7) be a topological space and ~ an equivalence relation on X.
We call
(X/ ~) =A{la] : z € X}
the quotient of X by ~. Define the map
qg: X = X/~
We define the quotient topology 7, on X/ ~ to be
7, =1V C X/ ~:q (V) is open in X}

={VcX/~qg'V)erl

We call (X/ ~,7,) the quotient space.

Remark 9.3. If V € 7, then, by definition ¢~ (V') is open in X and so, q : (X,7) — (X/ ~
, Tq) is continuous.

Lemma 9.1. The quotient topology, 7,, is a topology on X\ ~.

Proof. We prove each condition to be a topology.
1. ¢ (@) =2 and ¢ '(X/ ~) = X so both &, X/ ~€ 7,.
2. ¢ (Uic; Vi) = Uier a1 (Vi) which is in 7 since each ¢~ *(Vj € 7 thus,
3. UNV)=¢ (U)ng(V)isinTandsoUNV € 7,

iel Vier,.

Proposition 9.1

If a space is compact then, all its quotient spaces are compact.
If a space is connected then, all its quotient spaces are connected.

Proof. Since the quotient map ¢ : X — X/ ~ is continuous and surjective, apply Theo-
rems 7.3 and 8.1 (if f is a continuous function then image of f is connected/compact). [

Definition 9.6. Let X and Y be topological spaces. A map f: X — Y is a quotient
map if it is surjective and V C Y isopen in Y <= f~!(V) is open in X.
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I Remark 9.4. Quotient maps are continuous.

Proposition 9.2

Suppose that f : X — Y is a quotient map and g : Y — X x Y is any map to another
space X x Y. Then, g is continuous <= go f: X — X x Y is continuous.

Proof. We prove each implication in turn.

« Proof of (=).
If g is continuous and f is a quotient map hence, continuous then, g o f is clearly
continuous (by rules of continuous functions).

« Proof of («).
Suppose go f is continuous and U is open in X xY. Then (gof) Y(U) = f~(g71(U))
which is open in X. By definition of X being a quotient map we have that ¢~ (U)
is open in Y thus, g is continuous.

]

Example 9.1

Consider the function
f:[0,27] — S

t +— (cost,sint),

this function is clearly continuous and surjective on [0,27]. Define an equivalence
relation such that 0 ~ 27 otherwise nothing. Thus, f induces a bijection

g:[0,2n]/ ~ — S
[t] = (cost,sint).
Define, the quotient map ¢ : [0,27] — [0,27]/ ~, by the above proposition we have

that f = g o f implies that g is continuous. Since [0,2n]/ ~ is compact and S! is
Hausdorff (since it is a metric subspace of R?), we conclude g is a homeomorphism.
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