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Abstract

This is the Imperial College London postgraduate module MATH70058 Manifolds,
instructed by Dr. Yuhan Sun. The formal name for this class is “Manifolds”.
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Course information

Office hours are in Huxley 6M22 on Friday at 16:00.
The materials covered in course will be:

1. the general definitions and structure of Manifolds,
2. functions on manifolds such as, derivatives and integrals, and

3. vector bundles.

1 Smooth Manifolds

Note 1.1. In the simplest terms, ‘smooth manifolds’ are spaces that locally look like some
Euclidean space R”, and on which one can do calculus.

1.1 Topological Manifolds

Note 1.2. The simplest ‘manifold’ are the topological manifolds, which are topological
spaces with certain properties that encode waht we mean when we say that they “locally
look like” R™.

Definition 1.3. Let (X, 7) be a topological space. A subcollection B of 7 is a basis for
7 if every open set in X is a union of sets in B.

Example 1.4. Consider the topological space R™ with the usual topology, then the open
n-balls provide a basis of the topology.

Definition 1.5. Suppose M is a topological space. We say that M is a topological
manifold of dimension n or a topological n-manifold if it has the following properties:

1. M is Hausdorff space, i.e. for every pair of distinct points p,q € M there exists
disjoint open subsets U,V C M such that p € U and ¢ € V.

2. M is second-countable, i.e. there exists a countable basis for the topology of M.
3. M is locally Euclidean of dimension n, i.e. each point of M has a neighbourhood

that is homeomorphic to an open subset of R™.

Remark 1.6. The third property means that for each p € M we can find
e an open subset U C M containing p,

e an open subset U C R™, and

e a homeomorphism ¢ : U — U.

Note 1.7. We may sometimes write “Let M™ be a manifold” as a shorthand for “Let M
be a topological manifold of dimension n”.
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Proposition 1.8

Some useful facts:
1. R™ and every metric space is a second countable Hausdorff space.

2. Subset of second countable Hausdorff spaces are second countable Hausdorff

spaces.

I Note 1.9. So any subspace of R” is automatically Hausdorff and second countable.
Proof. Refer to [Tul0, Proposition A.19] and [Tul0, Proposition A.14] respectively. [

1.1.1 Coordinate charts

Definition 1.10. Let M be a topological n-manifold. A coordinate chart (or just
chart) on M is a pair (U, ), where U is an open subset of M and ¢ : U — ¢(U) C R
is a homeomorphism.

The map ¢ is called a (local) coordinate map, and the component functions (z1, ..., z,)
of ¢, defined by ¢(p) = (x1(p), ..., z.(p)), are called local coordinates on U. Figure 1
is an illustration of a chart.
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Figure 1: A chart [Leel2, Fig. 1.2].

1.1.2 Examples of topological manifolds

Example 1.11. The Euclidean space R™ is covered by a single chart (R", 1gn), where
1g» : R™ — R" is the identity map. Furthermore, every open subset of R" is also a

topological manifold, with chart (U, 1y).

Remark 1.12. Recall that the Hausdorff condition and second countability are “hereditary
properties”; that is, they are inhereted by subspaces.
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Example 1.13

A cusp, the graph y = 22 in R? is a topological manifold, by virtue of being a
subspace of R2. It it is locally Euclidean, because it is homeomorphic to R via
(z,1%3) > 2.

Example 1.14 (Graph of smooth functions [Leel2, Example 1.3]). Let U C R" be an
open subset, and let f : U — R* be a continuous function. The graph of f is the subset
of R" x R¥ defined by

L(f)={(z,y) ER"xR*: 2 € U and y = f(2)},

with the subspace topology. Let m; : R® x R¥ — R™ denote the projection onto the first
factor, and let ¢ : I'(f) — U be the restriction of m; to I'(f):

p(z,y) =z, (z,y) € T(f).

Because ¢ is the restriction of a continuous map, it is continuous; and it is a homeomorphism
because it has a continuous inverse given by o~ 1(z) = (x, f(z)). Thus I'( f) is a topological
manifold of dimension n. In fact, I'(f) is homeomorphic to U itself, and (I'(f),¢) is a
global coordinate chart, called graph coordinates. The same observation applies to any
subset of R"** defined by setting any k of the coordinates (not necessarily the last k)
equal to some continuous function of the other n, which are restricted to lie in an open
subset of R™.

Example 1.15 (Spheres [Leel2, Example 1.4]). For each integer n > 0, the unit n-sphere
S™ is Hausdorff and second-countable because it is a topological subspace of R**!. To
show that it is locally Euclidean, for each index i = 1,...,n+1, let U;" denote the subset
of R™*! where the i-th coordinate is positive:

Ut ={(z1,...,2n41) € R 2y > 0},

(2

Similarly, U, is the set where z; < 0.

1

Let f: B" — R (where B™ is the open unit ball) be the continuous function

Flu) = /1~ Jul.
Then for each i = 1,...,n+1, it is easy to check that U;* NS™ is the graph of the function
x; = f(x1,. .., Tiy. o, Tpir),
where the hat indicates that x; is omitted. Similarly, U,” N'S™ is the graph of
ri=—f(x1, .., T, Tprr).
Thus, each subset UijE N S™ is locally Euclidean of dimension n, and the maps
o7 UFNS" — B"
given by
O (x1, . Tpg1) = (T1, ., Ty ey Tg1)

are graph coordinates for S™. Since each point of S™ is in the domain of at least one of
these 2n + 2 charts, S™ is a topological n-manifold.

5



Francesco N. Chotuck MATH70058 Manifolds

Example 1.16 (Product Manifolds [Leel2, Example 1.8]). Suppose M, ..., M are
topological manifolds of dimensions ny, ..., ng, respectively. The product space M; x
-+« X Mj, is shown to be a topological manifold of dimension n; + - - - + ny as follows. It
is Hausdorff and second-countable, so only the locally Euclidean property needs to be
checked. Given any point (pq,...,pr) € My X - -+ X M}, we can choose a coordinate chart
(Ui, @;) for each M; with p; € U;. The product map

Q1 X o X g Up X o x Uy — R0

is a homeomorphism onto its image, which is a product open subset of R™ 7% Thus,
My x -+ x M, is a topological manifold of dimension ny + --- 4 ng, with charts of the
form (Uy X -+ X U, 1 X -+ X ©p).

Example 1.17 (Tori [Leel2, Example 1.9]). For a positive integer n, the n-torus (plural:
tori) is the product space
T =S x--- x S.

By the discussion above, it is a topological n-manifold. (The 2-torus is usually called
simply the torus.)

Example 1.18 (Non-examples)

We provide examples in which one of the three properties to be a topological manifold
is not satisfied.

o [NOT Hausdorft]. We consider a “line with two origins”. To construct this space,
we begin with the set S = {(z,y) € R?: y = £1} C R?, which consists of two
horizontal lines, one at y = 1 and the other at y = —1, both with the subspace
topology from R2.

We introduce an equivalence relation ~ on S, defined as (z,y) ~ (2/,y) if
and only if x = 2’ # 0. This relation identifies points on the two lines that
have the same z-coordinate, except at the origin, where the points (0, 1) and
(0, —1) remain distinct. The “line with two origins” is the quotient space S/ ~,
equipped with the quotient topology.

In this space, the points corresponding to (0, 1) and (0, —1) cannot be separated
by disjoint open sets.

o [NOT second countable]. Consider the disjoint union of uncountably many
copies of R.

o [NOT locally Euclidean]. Consider the set S = {(z,y) € R*: xy = 0}, which is
the union of the coordinate axes in R?, with the subspace topology. The point
(0, 0) fails to be locally Euclidean because any neighbourhood of (0, 0) in S is not
homeomorphic to an open subset of R. If we remove (0,0), the neighbourhood
splits into four disconnected branches (the positive and negative parts of the
axes), unlike any connected open set in R. Therefore, S is not locally Euclidean
at the origin.

1.2 Smooth structures
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Note 1.19. The definition of manifolds that we gave in the preceding section is sufficient
for studying topological properties of manifolds. But now we want to do calculus on
manifolds.

Definition 1.20. If U C R™ and V' C R™ are open subsets, a function F' : U — V is
said to be smooth (or F' € C*) if each of its component functions that has continuous
partial derivatives of all orders.

Definition 1.21. Let M be a topological n-manifold. If (U, ¢) and (V, ) are two charts
such that U NV # &, the composite map o' : p(UNV) — (UNV) is called the
transition map from ¢ to . Figure 2 is an illustration of a transition map.

Remark 1.22. In the lectures the transition map is given by oy~ : (UNV) — o(UNV).
The two formulations are completely equivalent, but we choose the former to stay in line
with [Leel2].

Figure 2: A transition map [Leel2, Fig. 1.6]

Corollary 1.23. The transition map is a homeomorphism.
Proof. Composition of homeomorphisms is a homeomorphism. Il

Definition 1.24. Two charts (U, ¢) and (V) are said to be smoothly compatible if
either U NV = @ or the transition map 1) o ¢! is a diffeomorphism.
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Remark 1.25. Since ¢(U NV) and ¢(U N'V) are open subsets of R™, smoothness of this
map is to be interpreted in the ordinary sense of having continuous partial derivatives of
all orders.

Definition 1.26. A smooth atlas, A = {(U;,y;) : i € I}, for a manifold M" is a
collection of charts such that:

1. UiEI Uz = M, and
2. any two charts (U;, ¢;) and (Uj, ¢;) are smoothly compatible.

Note 1.27. An atlas is a collection of charts whose domains cover M; this collection is
smooth if any pair of charts of the atlas is smoothly compatible.

Example 1.28. Some examples of smooth atlases:
o A={(R,idg)} is an atlas for the manifold R. We

e Let U C R™ be an open subset. Consider U as a topological manifold then the
single chart (U,idy) is smooth atlas for U.

o A= {((aib),idpy) i € I,a;,b; € R} is an atlas for R. The charts in this case
are all kinds of open intervals in R.

Example 1.29 (Non-example of atlas)
Let R be a manifold. Consider two charts for R: (R,idg) and (R, (z) = x3). These

are NOT smoothly compatible because 1)~ is not differentiable at zero hence, cannot
be smooth.
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Example 1.30 (Atlas on a circle)

The unit circle in the complex plane may be described by as the set of points
{e":0 <t <2r}. Let U; and U, be two open subsets of S:

Ulz{eit:—ﬂ<t<7r},
ng{eit20<t<27r}
and define ¢, : U, — R for a = 1,2 by

pr(e) =t —m<t<m
(") =t 0<t<2m.
Both ¢; and ¢ are branches of the complex log funcion (1/7) log(z) and are

homeomorphism onto their respective images. Thus, (Uy, ¢1) and (Us, ¢2) are charts
on S!. The intersection U; N U, consists of two connected components,

A={e":—r<t<0},B={0<t<m},

with
¢(Ur NUs)y = ¢1(AU B) = ¢1(A) U ¢1(B)

P(Ur N Uz)2 = ¢a(AU B) = ¢o(A) U ¢2(B).

Proposition 1.31

To show that an atlas is smooth, we need only verify that each transition map 1o¢p™?

is smooth whenever (U, ¢) and (V,) are charts in A; once we have proved this, it
follows that ) o =1 is a diffeomorphism because its inverse

(o ) T=poy!

is one of the transition maps we have already shown to be smooth. Alternatively,
given two particular charts (U, ¢) and (V, ), it is often easiest to show that they
are smoothly compatible by verifying that ¢ o ¢~! is smooth and injective with
nonsingular Jacobian at each point, and appealing to Corollary A.1.

Example 1.32. We present the atlas of the previous examples.
« Graph of smooth function. There is a single chart given by (I'(f), ¢).

 Product manifold [Tul0, Proposition 5.18]. If {(U;, ¢;) : i € I} and {(V},v;) : j € J}
are smooth atlases for the manifolds M and N of dimension m and n, respectively,
then the collection

{UiX‘/j,qbiX'(ﬁjiUiXV}%RmXRn}
of charts is a smooth atlas on M x N.

Definition 1.33. Suppose f : R® — R™ is a function such that each of its first-order
partial derivatives exists on R". Then the Jacobian matrix of f, denoted J; € R™*™

9
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fi

is defined such that its (i, 7)*™® entry is o That is,
Oh . Oh
0y o,
Jp= 0
Ofm Ofm
T Ba

Lemma 1.34. Let U C R™ and V' C R™ be open subsets. If U is diffeomorphic to V'
then n = m.

Proof. By the chain rule, the Jacobian matrix of f is the inverse of the Jacobian matrix
of f~1. For the inverse to exists, these two matrices must be square, hence n = m. [

Remark 1.35. We use the above idea to disprove that a given space is locally Euclidean.
The strategy is to assume that two spaces U C R"™ and V' C R” are homeomorphic. Since
the dimension is a topological invariant under homeomorphism, it must follow that n = m.
We then identify a property preserved under homeomorphism — such as path-connectedness
— that leads to a contradiction, thereby ruling out the possibility of local Euclidean
structure.

Definition 1.36. A smooth atlas A on M is maximal (or complete) if any chart that
is smoothly compatible with every chart in A is already in A. We denote a maximal atlas
by m.A.

Note 1.37. An atlas is maximal if it contains all the charts which are compatible with
each other.

Example 1.38. Consider the atlas A = {(R,idg)}. This atlas is not maximal as it does
not contain the chart (0, 1),id(o1). A non-trivial example of a smoothly compatible chart
is (R, e”).

Definition 1.39. If M is a topological manifold, a smooth structure on M is a
maximal smooth atlas.

Definition 1.40. A smooth manifold is a pair (M, .A), where M is a topological
manifold and A is a smooth structure on M.

Example 1.41

Not every topological manifold admits a smooth structure. This is a non-trivial
example provided by Michel Kervaire.

Proposition 1.42
Let M be a topological manifold.

1. Every smooth atlas A for M is contained in a unique maximal smooth atlas,
called the smooth structure determined by A.

2. Two smooth atlases for M determine the same smooth structure if and only if
their union is a smooth atlas.

10
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Note 1.43. Given two maximal atlases m.A and mB we have that mA =mB < AUB
is a smooth atlas.

Proof. We prove each statement in turn.

1. Let A be a smooth atlas for M, and let m.4 be the collection of all charts on M that
are smoothly compatible with every chart in A. By definition m.A already covers the
whole space since A is already an atlas. We need to show m.A is a smooth atlas i.e.
that any two charts are smoothly compatible. Pick two charts (U, @), (V,v) € mA,
the goal is to show that ¢ o ¢y~ ! is a diffeomorphism. If U NV = & then we have
nothing to prove as it is smoothly compatible. Suppose U NV # & then we can
pick a point p € UNV. Since we know A is an atlas for M there exists some chart,
say (W,0) € A such that p € W. We can write p o™ = (pof~1) o (foy™),
where each (O o ) is a diffeomorphism by the hence, the composition is also a
diffeomorphism. Figure 3 illustrates the proof.

Figure 3: Proof of Proposition 1.25 [Leel2, Fig. 1.7]

The above proves the exists of a maximal smooth atlas containing A. To prove the
uniqueness we argue by contradiction. Suppose B is any other maximal smooth
atlas containing A, each of its charts is smoothly compatible with each chart in A,
so B C mA. By maximality of B we must have B = m.A.

2. Let A and B be two smooth atlases of the manifold. We prove each direction in
turn.

« Proof of (=). Trivial by considering that B C mB C m.A.

11
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o Proof of («<). Any chart in B is smoothly compatible with any chart of A then
by definition B C m.A. Similarly, A C mB. We know B C mB and by using
the uniqueness of the maximal atlas we have the desired equality.

]

Example 1.44. Consider two smooth atlases of R given by A = {(R,idg)} and B = {(R, z%)}.
We have that AU B is not a smooth atlas as the two charts are not smoothly compatible
hence, A and B determine distinct smooth structures of R.

1.3 Examples of smooth manifolds

Example 1.45. The n-dimensional Euclidean space R", equipped with a single chart
(R™, o(x) = x) is a smooth manifold. We say this smooth structure is the standard one
on R™.

Example 1.46. Any n-dimensional vector space E over R can be equipped with a smooth
structure by identifying £ with R™.

Example 1.47 (Spaces of matrices)

Some examples regarding matrices.

o Let M(m x n,R) denote the set of m x n matrices with real entries. Because
it is a real vector space of dimension mn under matrix addition and scalar
multiplication, M(m x n,R) is a smooth mn-dimensional manifold.

o The general linear group GL(n,R) is the set of invertible n X n matrices
with real entries. It is a smooth n2-dimensional manifold because it is an open
subset of the n-dimensional vector space M(n,R), namely the set where the
(continuous) determinant function is nonzero.

« (Matrices of Full Rank) The previous example has a natural generalisation
to rectangular matrices of full rank. Suppose m < n, and let M,,(m x n,R)
denote the subset of M(m x n,R) consisting of matrices of rank m. If A is
an arbitrary such matrix, the fact that rank A = m means that A has some
nonsingular m x m submatrix. By continuity of the determinant function, this
same submatrix has nonzero determinant on a neighborhood of A in M(m x
n,R), which implies that A has a neighborhood contained in M,,(m x n,R).
Thus, M,,,(m x n,R) is an open subset of M(m x n, R), and therefore is itself a
smooth mn-dimensional manifold. A similar argument shows that M,,(m xn, R)
is a smooth mn-manifold when n < m.

Example 1.48 (Graphs of smooth functions). If U C R™ is an open subset and f :
U — R* is a smooth function, we have already observed above (Examle 1.14) that the
graph of f is a topological n-manifold in the subspace topology. Since I'(f) is covered
by the single graph coordinate chart ¢ : I'(f) — U (the restriction of 71), we can put a
canonical smooth structure on I'(f) by declaring the graph coordinate chart (I'(f), ) to
be a smooth chart.

12
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Example 1.49. Let M be a smooth manifold and U C M be an open subset. Then U
itself is a smooth manifold, with the smooth structure induced from M,

Example 1.50

Example 1.31 (Spheres). We showed in Example 1.15 that the n-sphere S* C R™*!
is a topological n-manifold. We put a smooth structure on S™ as follows. For each
i=1,...,n+1, let (U ) denote the graph coordinate charts we constructed in
Example 1.15. For any distinct indices i and j, the transition map ;" o (cpji)_l is

easily computed. In the case 1 < j, we get

gof[O(gpji)*l(ul,...,un) = (Ut .oy Uiy B L= |ul?, . uy)

(with the square root in the j-th position), and a similar formula holds when i > j.
When ¢ = j, an even simpler computation gives

of o (¢;) " =p; o(p) "t =1dpn.

Thus, the collection of charts {(U:, o)} is a smooth atlas, and so defines a smooth
structure on S”. We call this its standard smooth structure.

13
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Example 1.51

Example 1.5 (Projective Spaces). The n-dimensional real projective space, de-
noted by RP” (or sometimes just [P”), is defined as the set of 1-dimensional lin-
ear subspaces of R"*!, with the quotient topology determined by the natural map
m: R**1<{0} - RP” sending each point x € R”?*! < {0} to the subspace spanned
by x. The 2-dimensional projective space RIP? is called the projective plane. For
any point x € R"*! < {0}, let [x] = 7(x) € RP” denote the line spanned by x.

For each i = 1,...,n + 1, let U; € R**! < {0} be the set where x’ # 0,
and let U; = n(ﬁi) C RP". Since U; is a saturated open subset, U; is open and
7|g,: U; — U, is a quotient map (see Theorem A.27). Define a map ¢; : U; — R”
by

. il xl xz—l xz—l-l xn+1
go,'[x R 1 ]= F,..., —, -

xl

This map is well defined because its value is unchanged by multiplying x by a
nonzero constant. Because ¢; o 7 is continuous, ¢; is continuous by the character-
istic property of quotient maps (Theorem A.27). In fact, ¢; is a homeomorphism,
because it has a continuous inverse given by

qoi_l (ul,...,u") =[ul,...,ui_l,l,ui,...,u"],

as you can check. Geometrically, ¢([x]) = u means (u, 1) is the point in R"*!
where the line [x] intersects the affine hyperplane where x* = 1 (Fig. 1.4). Be-
cause the sets Uj,...,U,4+1 cover RPP”, this shows that RP” is locally Eu-
clidean of dimension n. The Hausdorff and second-countability properties are left as
exercises. I

14
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Example 1.52

Let [@°,...,a"] be homogeneous coordinates on the projective space RP". Although

a’ is not a well-defined function on RP”", the condition a° # 0 is independent of the

choice of a representative for [a°,...,a"]. Hence, the condition a” # 0 makes sense
on RP", and we may define

80 §7 Quotients

Up:={[d°,...,a"| e RP" | a® #0}.
Similarly, foreachi=1,...,n, let

U;:={[d’...,a"] € RP" |d' #0}.

Define
¢0o: Up — R"

al a’
[ao,...,aﬂ — (a—o,...,a—()) .

This map has a continuous inverse

by

(bl,...,p") = [1,b,...,b"]

and is therefore a homeomorphism. Similarly, there are homeomorphisms for each
i=1,...,n

where the caret sign ™ over a’ /a’ means that that entry is to be omitted. This proves
that RP" is locally Euclidean with the (U;, ¢;) as charts.

Proposition 1.53

Let M and N be two smooth manifolds, then M x N admits a product smooth
structure.

15
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Proof. Suppose that X is equipped with an atlas A = {(U;, ¢;)} and Y is equipped with
an atlas B = {(V},1;)}. Then the collection

{(Ui x Vi, i X 1))}
is an atlas for X x Y. Moreover, any two charts in it are smoothly compatible, since
(i X Wby) o (i x ) ™" = (i 0 i") X (s 0951).
This further tells us the dimension is additive
dim(X xY)=dim X +dimY.
[

Example 1.54. The product of n-copies of S is called the n-dimensional torus 7™ :=
Stx ..o x St

Example 1.55. Note that the disjoint union of two topological spaces has a natural
topology. The disjoint union of two smooth manifolds with the same dimension is also a
smooth manifold with the same dimension.

2 Smooth maps

2.1 Smooth functions on manifolds

Definition 2.1. Suppose M is a smooth n-manifold, & > 0, and f : M — R* is any
function. We say f is a smooth function

o if for every p € M there exists a smooth chart (U, ) containing p;

e the composition f o p~! is smooth on the open subset p(U) C R"

Rk

Figure 4: Definition of a smooth function

16
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2.2 Smooth maps between manifolds

Definition 2.2. Let M and N be smooth manifolds, and let /' : M — N be any map.
We say that F'is a smooth map

o if for evert p € M, there exists smooth charts containing (U, ¢) containing p and
(V,4) containing F'(p) such that F(U) C V;

o the composite map ¥ o Fop™!: p(U) — (V) is smooth. Figure 5 illustrates this
definition.

Remark 2.3. The definition of the smoothness of F' does not depend on the charts (which
are smoothly compatible).

Figure 5: Smooth map between manifolds

Example 2.4. Some examples.

o It is clear that the function F' : R — R where F(z) = x is smooth by considering
the two charts (R,id) and (R,id).

 Consider the manifold R equipped with two different atlases: M = (R, A = (R, ¢ =
id)) and N = (R, B = (R, 2?)). The map F': M — N given by F(z) = x is smooth

since 1) o F o o~ = 2% is a smooth function.

» Non-example. Consider G : N — M given by G(z) = x where M and N are defined
the same as above. This function is not smooth since ¢ o G o ¢~! = x'/3 which is
not smooth.

Definition 2.5. The space of smooth functions from M to N is written C*°(M, N). In
particular, C*°(M,R) = C*°(M).

Definition 2.6. If M and N are smooth manifolds, a diffeomorphism from M to N is
a smooth bijective map F': M — N that has a smooth inverse. Two manifolds are called
diffeomorphic if there is a diffeomorphism between them.

Proposition 2.7. Properties of diffeomorphisms.

17



Francesco N. Chotuck MATH70058 Manifolds

1. Every composition of diffeomorphisms is a diffeomorphism.
2. Every finite product of diffeomorphism between smooth manifolds is a diffeomorphism.
3. Every diffeomorphism is a homeomorphism.

4. “Diffeomorphic” is an equivalence relation on the class of all smooth manifolds.

Example 2.8 (Classification of smooth manifolds up to diffeomorphism)

For R™:
1. If n # 4 there exist a unique smooth structure up to diffeomorphism.

2. R* admits many smooth structures, no two of which are homeomorphic (Simon
Donaldson, Michael Freedman 1984).

2.3 Gluing smooth maps

Lemma 2.9 (Gluing lemma for smooth maps)

Let M and N be smooth manifolds and let U, V' be two open subsets of M such that
UUV = M. Suppose we have two smooth maps

Fy:U—>N and Fy,:V —- N

such that Fy = Fyy on U N'V. Then there exists a smooth map F : M — N such
that FlU = FU and F|V = Fv.

Proof. Set F': M — N, we have that

Flz) = Fy(x) ifzelU
= Fy(x) ifzxeV.

If x € UNV then Fy(x) = Fy(x) so, it is a well-defined function. We prove F' is
continuous. Pick an open subset B C N then

FYB)=(F'B)nU)UFHB)NV)
=y (B)UFN(B),
which is the union of open sets. To prove F' is smooth we pick z € M, since M = U UV

then z is in one of these sets. Say x € U then pick a chart W such that W C U and
x € W then restrict F' to U which gives us Fy; which is smooth. ]

Example 2.10 (Necessity of open sets)

This example is to illustrate why we need open sets. Consider the manifold R and
its subsets U = [0,00) and V = (—00,0]. Define Fy(z) = = and Fy(x) = —z. By
drawing this function we obtain |z|, but this function is not smooth.

18
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2.4 Smooth functions on closed subsets

Note 2.11. A frequently used tool in topology is the gluing lemma, which shows how to
construct continuous maps by “gluing together” maps defined on open or closed subsets.
We have a version of the gluing lemma for smooth maps defined on open subsets, but we
cannot expect to glue together smooth maps defined on closed subsets and obtain a smooth

result.

Definition 2.12 (Smooth function on subsets). Let M be a smooth manifold and K C M
a subset. A function F': K — R is called smooth if for all z € K there exists an open
subset U, C M containing z and a smooth function F : U, — R such that F lu,nx = F.

Example 2.13. A simple example of extending functions is to consider R as our manifold.
Define your favourite smooth function defined on a closed set such as K = (—oo, 0]U[1, o0].
Clearly, there is a gap in the interval (0, 1). To extend our function defined on K we can
define a new function by gluing two smooth functions together.

Note 2.14. We will now prove the existence of such functions. There will be two types
that we need to consider.

Lemma 2.15 (Cut-off function). Given any real numbers r; and r5 such that r < o,
there exists a smooth function f : R — R such that

1. 0< f(x) <1forall z € R.

2. f(z) =0 when z > .

3. f(z) =1 when z < ry.

4. 0 < f(z) < 1 when z € (r1,73).
5. f is non-decreasing.

We call such f a cut-off function.
I Remark 2.16. This function is not unique.

Proof. Consider the function

() e VT if x>0
x =
g 0 if 2 <0

and set ( )
_ g\xr—n
o) = =y v o -

19
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() h(t)

LA )

1/x

Figure 6: On the left we have e/* and on the right a reflected about y-axis cut-off

function.

Remark 2.17. Note that the product f-F of the cut-off function and any smooth function
F : R — R is a smooth function such that

f~F:{F ifx <r

0 ifx>ry

Definition 2.18. Let r : R® — R be the radius function:
r(z) = /22 + - + 22
An open ball of radius ¢ > 0 centred at the origin is
B.(0)={zeR":r(z) <c}.
A closed ball of radius ¢ > 0 centred at the origin is
B.(0)={z € R":r(zx) <c}.

Lemma 2.19 (Bump function). Given any real positive real number 1 < 79, there exists
a smooth function A : R™ — R such that

1. 0 < h(z) <1 whenr <r(z)<ry.
2. h(xz) =0 when z ¢ B,,(0).
3. h(xr) =1 when z € B,,(0).

Such function is called a bump function.
I Note 2.20. It literally looks like a bump.

Proof. Set h(z) = f(r(z)) where f is the cut-off function. O

20



Francesco N. Chotuck MATH70058 Manifolds

2.5 Partition of unity

Definition 2.21. If f is any real-valued or vector-valued function on a topological space
M, the support of f, denoted by supp(f), is the closure of the set of points where f is
non-zero:

supp(f) = Closure({p € M : f(p) # 0}).
If supp(f) is contained in some set U C M, we say that f is supported in U.

I Note 2.22. The support is a set where the function is not equal to zero.

Definition 2.23. Let M be a smooth manifold. Let &/ = {U,},.4 be an open cover of
M. A partition of unity subordinate to the cover U is a collection of smooth function
{foa: M — R} .4, such that

1. 0< fo(p) < 1forall « € Aandall pe M.
2. supp(fa) C U, for any a € A.

3. Every point p € M has a neighbourhood V,, such that only finitely many f, are
non-zero on Vj,.

4. Y pea Jalp) =1 for all p e M.

Example 2.24
Let M = R be our manifold with open cover U = {U; = (—1,00),U = (—00,1)}.
The idea is to use cut-off functions.

Figure 7: Partition of unity of R.

Theorem 2.25 (Existence of partition of unity)

For any open cover U = {U,} .4 of a smooth manifold M, there exists a partition
of unity subordinate to U.
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Proof. We will only prove the theorem when M is compact.

Any point p € M admits a coordinate chart (V,, ¢,) such that ¢,(V},) is an open ball in R".
By shrinking V,, we can assume V}, is contained in some U,. Note that {V, } is an open cover
of M; by the compactness of M it admits to a finite subcover {V,,, Vp,,...,V,, }. Now
consider the collection of smooth functions {h o ¢,,} where h is the “bumped function”
and ¢, is the homeomorphism of each chart containing p;. We can define a smooth
function g = " | h o ¢,,, note that g > 0 since each point p is contained in some V},,,
which enables us to define

h o vp,
fi=—",
)

which is a smooth function. By definition of f; it follows that ). f; = 1. Since V}, is
contained in some U, we can choose a function ® : {1,2,...,n} — Asuch that V,, C Us.
Now for any a@ € A we can define f, = Z@(i):a fi and if « € Im® then define f, = 0
This collection {f,},c4 gives a partition of unity. O

2.5.1 Applications of partitions of unity

Lemma 2.26 (Extension of smooth functions)

Let M be a smooth manifold and let K C M be a closed subset. For any smooth
function F': K — R there exists a smooth ‘extension’ F, such that F|x = F.

Note 2.27. We are extending a smooth function F' defined on a closed subset of the
manifold to a globally smooth function.

Proof. Since F': K — R is a smooth function then for any point z € K we can pick and
open subset U, containing z and a smooth function G, : U, — R such that G,|y,nx = F.
Hence, the collection {U, : € K}U{M \ K} is an open cover of M. Let {h, : x € K} U
{ho} be a partition of unity subordinate to the open cover, we define

F(p) =Y _Gy(p) - ha(p) forallpe M.

zeK

By definition the above sum is a finite for any point p thus, F is a well-defined smooth
function. We now show that F'|x = F. Pick a point p € K then

F(p) = g:(p)halp)

zeK

zeK

rzeK

~
=1 by the definition of a partition of unity

= F(p).
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Remark 2.28. If K was an open subset then we cannot obtain an open cover for M, and
so we would not be able to apply the theory of partitions of unity.

Example 2.29. Let M =R and U = (0,00) with f(z) = % Clearly, f does not admit to
any smooth extension.

Proposition 2.30 (Level sets of smooth funcions)
Let K C R” be a closed subset, then there exists a function f : R" — R such that

1. f is smooth,
2. f>0,
3. f710) =K.

Note 2.31. This proposition states that every closed subset of a manifold can be expressed
as a level set® of smooth real-valued function.

%The set of points in the domain of a function where the function is constant

Proof. Since R" \ K is open, for any point p € R" \ K there exists an open ball B,(p) C
R™\ K for some 0 < r < 1. The collection of these open balls {B,(p) : p € R™ \ K} forms
an open cover for R"\ K. Since R” is second countable then so is R™\ K which means the
open cover {B,(p) : p € R*\ K} admits to a countable subcover {B,,(p;) : i € N}. Fix a
bump function A : R — R such that

0 ifpd Bi(0)
h(p) =< >0 if p € B1(0)
1 iprB%(O).

For any ¢ > 1 pick a constant C; which is larger than all the partial derivative of h up to
order i, and define f : R®™ — R such that

flz) = i 2<T)Ch (p ;x) .

=1

We claim that f is smooth, non-negative and f~*(0) = K. O

3 Tangent space

3.1 Partial derivatives

On a manifold M of dimension n, let (U, ) be a chart and f a C* function. As a
function into R", ¢ has n components z',...,2z". This means that if r',... r" are the

standard coordinates on R”, then 2 = r’ o .
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I Note 3.1. The r are the i-th projection map, i.e. the pick out the i-th value.

Definition 3.2. For p € U, we define the partial derivative df/0z® of f : M — R"
with respect to z at p to be

0 _of

0
ox’ pf

Nfor |
‘ - ort

T Ot (p) = ort

(foe™).

»(p)

»(p)

Note 3.3. Since the r’ pick the i-th coordinate, we have that for example in R? r!(z,y) =
and r%(z,y) = y. Thus, we are taking the partial derivative with respect to z and y.

Since p = ¢~ (¢(p)), this equation may be rewritten in the form
of , _ O(foy™
9 e o) = M2 (o,
Thus, as functions on ¢(U),
of 0l = fop™)
ozt ort

Proposition 3.4. The partial derivative 9 f /0 is C* on U because its pullback (9f /0z")o
e 1is C* on ¢(U).

Note 3.5. The key idea is that although f is defined on a curved manifold M, we can
only differentiate it meaningfully using the coordinates of a chart. So we pull back f to
the Euclidean space via the chart ¢, compute the partial derivative in R™, and interpret
this as the partial derivative on the manifold.

3.2 Tangent vectors

Note 3.6. So far on a smooth manifold we have only defined smooth functions. We will
utilise this to define ‘tangent vectors’ on a smooth manifold as the equivalent of a directional
derivative.

Definition 3.7. Let M be a smooth manifold and p € M a point. A tangent vector
at p is a map v : C°(M) — R which satisfies the following:

1. (Linearity) v(af 4+ Bg) = av(f) + Bf(g) + pv(g) for all a, f € R and f,g € C(M).

2. (Leibniz’s rule) v(f - g) = f(p)v(g) +v(f)g(p) for all f,g € C(M).

The set of all tangent vectors of C*°(M) at p is denoted T, M. This is a vector space over
R called the tangent space to M at p.

Note 3.8. You should visualise tangent vectors on M, as “arrows” that are tangent to M
and whose base points are attached to M at the given point.
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I Remark 3.9. Recall that C>°(X) = {f : X - R : f is smooth}.

Note 3.10. [Tul0, Definition 8.1] defines a tangent vector at a point p in M as a derivation
at p.

Example 3.11. Let M =R, for any p € R we can set
(5 =<4 = £
o(f):=—f = .

dz v P

Then v is a tangent vector at p. Similarly, the directional derivative of any smooth
function on R” is a tangent vector.

Example 3.12 ([Leel2, Corollary 3.3.])

Let xq,...,x, be the coordinates of R™ then
0 0
0xy » ox,, »

denote the directional derivatives along (1,0,...,0),(0,1,...,0) and (0,0,...,1). The

linear combination of {

— ..., =— are tangent vectors. In fact, they form a
0xy » oz,

basis of T,R™ hence, dim(7,R") = n.

p

Lemma 3.13 (Properties of tangent vectors on manifolds). Suppose M is a smooth
manifold, p € M,v € T,M, and f,g € C*°(M).

1. If f is a constant function, then v(f) = 0.
2. If f(p) = g(p) = 0, then v(fg) = 0.
Proof. We prove each statement in turn.
1. By Leibniz’s rule we can write
v(1)=wv(l-1)=1-v(1)+v(1)-1=20(1).

Therefore, v(1) = 0. By the linearity of v we have that av(1l) = v(a) = 0 for all
a € R.

2. Trivial. ]

Lemma 3.14

Let f € C°°(M) be such that there exists an open set U containing p with f|y = 0
then v(f) = 0.
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Proof. We consider a smaller open set around p, say V such that V C Closure(V) C U
(for example, we can choose U to be an open ball of arbitrary radius then pick V' to be an
open ball of smaller radius). Then we can choose a smooth function g such that gly, =0
and g|yny = 1 (some sort of “bump” function). Note that function f-g = f, then we
can write

o(f) =v(f-g) = flp)v(g) +v(f)g(p) =0
since f and g vanish at p. ]

Corollary 3.15. If there exists an open set U C M containing p such that f = g on U
then v(f) = v(g).

Proof. Set v(f — g) and use the proof of previous lemma. O

Example 3.16 (Necessity of open sets)

Consider the function f(x) = x for M = R. Clearly, f passes through 0 but f'(z) =1
for all z € R, specifically at + = 0. Hence, why we need an open set around our
point.

Lemma 3.17
Let p € R™ and consider the map

F:T,R" — R"
v (1), -, 0(0)

is a linear map. Moreover, it is an isomorphism hence, dim(7,R") = dim(R") = n.

Proof. We prove linearity and bijectivity.
(Linearity). Let o, 5 € R then
F(av, + pug) = ((avy + Bug)(z1), - - - (awy + fug)(xy,))

= (awi(x1) + foa(@1), ..., v (2) + Bo(z,))
aF(v) 4+ BF(vy).

(Surjective). Let (ag,...,a,) € R™ set

vi=aig— + -t ap—

(9:1;1 0xn
then v is a tangent vector and F(v) = (aq,...,a,).

(Injective). Let v € T,M with F(v) = 0. We will show that v is the zero tangent vector i.e.
v(f) =0 for any f € C*°(M). Consider the Taylor expansion of f at p:

flz) = f(p)—i-z aii f(p(:ci—pi))JrZ(xi_pi)/o (1_t)8x?5’

ij=1

f(p+t(z—p))dt.

J

26



Francesco N. Chotuck MATH70058 Manifolds

Apply v to both side we have that the first term is a constant function, hence it becomes
zero under v. The second term also becomes zero since we assume v(z;) = 0. The
third term is a sum of products of (z; — p;) and (z; — a;) times an integral. Both of
these vanish at p. Hence, each product becomes zero under v. By linearity, we have

o(f) =0+Y0+>0=0. 0

3.3 The differential of a smooth map

Definition 3.18. If M and N are smooth manifolds and F': M — N is a smooth map,
for each p € M we define a map

dF, : T,M — T, N,
called the differential of F' at p (Figure 8), as follows. Given v € T,M, we let
AF,W)(f) = v(f o F) € R

for all f € C®(N).

T[) M

Figure 8: Illustration of differential

I Remark 3.19. If f € C°°(N) then fo F € C*®°(M) so, v(f o F) makes sense.

Example 3.20 ([Leel2, Page 55])

In the case of R” the differential is the Jacobian matrix at a point i.e. if /' : R® — R™
the Jacobian is a n X m matrix given by

(3F1 8F1
o . o,
JE)=1 + .
oF,, 0F,,
0x1 o 0xn

Corollary 3.21. The operator dF,(v) : C*°(N) — R is linear.
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Proof. The map v is a tangent vector at F'(p). For any f,g € C*(NN) we have

dF,(v)(fg) = v((fg) o F) =v((fo F)(goF))
= foF(p)v(go F)+go F(p)u(folF)
= f(F(p))dFy(v)(g) + g(F(p))dF,(v)(f).

Proposition 3.22 (Properties of differential)

Let M, N and P be smooth manifolds, let F': M — N and G : N — P be smooth
maps and let p € M.

1. dF, : T,M — Tp@)N is linear.
2. d(G ¢} F)p = dGF(p) o de : TpM — TGOF(p)P~
3. d(idy), = idgypr : TyM — T,M.

4. If Fis a diffeomorphism then dF, : T,M — Tpy) N is an isomorphism and
(dFy)~! = d(F~)pg).-

Proposition 3.23. Let M be a smooth manifold and let U C M be an open subset, and
let ¢ : U — M be the inclusion map. The differential dv, : T,U — T,,M is an isomorphism
for any p € U.

I Remark 3.24. This enables used to identify 7,,U with T,,M.

Proof. We prove that di, is a bijective map.

(Injective). Suppose di,(v) = 0, we need to show v = 0 € T,U. Suppose not, there exists
f e C>®(U) with v(f) # 0. Pick a non-empty open subset V' such that p € V' C
Closure(V) C U. Then f is also a smooth function on Closure(V'). By the smooth
extension lemma of smooth functions on closed sets, there is a smooth extension
fec (X)) of flciosure(v)- We get two smooth functions f, f on U, which agree on
V. Hence, we apply Corollary 3.15 to get

0# v(f) =v(flv) = v(foi) =dy)(f) =0,
a contradiction.

(Surjective). For any f € C*(U), we keep the above notation that f is one smooth extension of
flctosure(vy- Next, for any w € T, X, we define a map

wCU) =R, w'(f):=w(f).

Again, by Corollary 3.15 we have w’ is well-defined. More precisely, different choices
of extensions give the same w’(f). Moreover, one can directly check that w’ is linear
and satisfies the Leibniz rule. Hence, w’ € T,U. Now for any g € C*°(X), we have

diy(w')(g) = w'(goi) =w'(glv) = w(g).

The last equality holds because g is a smooth extension of g’Closure(V)~ Hence,
dip(w') = w.
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]

Corollary 3.25. Let M be a smooth n-dimensional manifold. Let p € M then T,M is
an n-dimensional vector space.

Proof. Let (U, ) be a smooth chart containing p. Then ¢ is a diffeomorphism and its
differential is an isomorphism. Hence, we get two isomorphisms dt, : T,U — T, X and
dop + T)U — Typyo(U). We already know that Tiy,¢(U) is an n-dimensional vector
space. O

3.4 Computation in coordinates

Suppose M is a smooth manifold, and let (U, ) be a smooth chart on M. Then ¢ is, in
particular a diffeomorphism from U to an open subset ¢(U) C R". Combining previous

propositions we see that
d(pp : TpM — Tw(p)Rn

is an isomorphism. From a previous example, the set of tangent vectors

g ©(p)

forms a basis of T,,(,,)R". Therefore, the pre-images of these vectors under the isomorphism

dy, form a basis for T, M i.e.
) :ie{l,...,n}}
¢(p)

{(dsop)-l ( -

Definition 3.26. We define the following notation for these basis vectors:

0 0
P g O o/ AP\ O ¢/

Vo vV
pre-image differential operator

0

) Y axn

»(p)

form a basis of T),M.

0
(91;2-

These vectors are called the coordinate vectors at p, associated with the given coordinate
systems.

Note 3.27. So what we have is the following:

dgpp . TpM — Tw(p)Rn
0 . 0

P »(p)
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Example 3.28
Let us see how this basis acts on f € C°(U). Recall the differential

dgop : TpM — Tw(p)Rn
dp(v)(f) = v(f o),

acts on
p

for v € T,M and f € C*(U). Unwinding the definitions, we see that 5
T

a function f € C>(U) by

0 0
f= d(@il)w(p) <_ ) f
Ozi |, Oz; ¢ (p)
0 _
=5 (fee™)
¢ le(p)
A(fop™)
= 227 o)
g | . . . . o
In other words, 5 is just the tangent vector that takes the i-th partial derivative
xX; D

of f at p.

Example 3.29. In the case of the standard coordinates on R", the vectors are literally
the partial derivatives operators.

Corollary 3.30. A tangent vector v € T),M can be written uniquely as a linear combination

a 0
Uzzlai%

p
with respect to a given chart.

3.4.1 The differential in coordinates

I Note 3.31. We explore how the differentials look in coordinates.

Example 3.32 (Euclidean space). Consider a smooth map F : U — V, where U C
R™ and V' C R™ are open. For any p € U, we will determine the matrix of dF, :
T,R™ = T R™ in terms of the standard coordinate bases. Using (z1,...,2,) to denote

coordinates in the domain and (yi,...,¥y,) to denote those in the image. We use the
chain rule to compute the action of dF}, on a typical basis vector as follows:

0
(2
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F,
d (89&1 p) Zaxz 8y]

In other words, the matrix of dF}, in terms of the coordinate basis is the Jacobian matrix
of F' at p.

Thus

F()

Example 3.33
(Local expression of differential from [Tul0, Section 8.5])

I Remark 3.34. F, denotes the differential of F'.

Given a smooth map F': N — M of manifolds and p € N, let (U, z*,...,2") be a
chart about p in N and let (V,y',...,y™) be a chart about F(p) in M. We will find
a local expression for the differential F, , : T,N — T, M relative to the two charts.

By Proposition 8.9, { o } is a basis for T, N and { = } is a basis
J=1 v’ Fp) ) ;21

for TpyM. Therefore, the differential F, = F,, is completely determined by the
numbers aj» such that

0 = 0
F, = ab — , j=1...,n
<8m3 ) kz:; " oyt F(p)
Applying both sides to y¢, we find that
, = o) : o) .0 OF"
i k>~ ‘= F | — i = i :
a’ (;Ja )y (ax])y aﬂp(yo ) =550

We state this result as a proposition.

Proposition 3.35. Given a smooth map F' : N — M of manifolds and a point
pe N, let (Ut ...,2") and (V,y',...,y™) be coordinate charts about p in N and

F(p) in M respectively. Relative to the bases {— } for T,N and { - )} for
P

923
TrpyM, the differential F, ), : T,N — Tr, M is represented by the matrix [g—g(p)],

where F* = 4 o I is the ith component of F.

Remark 3.36. In the context of manifolds, we denote the standard coordinates on
R™ by r!,....r" If (U,¢ : U — R") is a chart of a manifold, we let 2 = r’ o ¢ be
the ith component of ¢ and write ¢ = (z!,...,2") and (U, ¢) = (U, z",...,2"). Thus,
for p € U, (2'(p),...,2"(p)) is a point in R™. The functions x!,... 2" are called
coordinates or local coordinates on U. By abuse of notation, we sometimes omit the p.
So the notation (x!,...,2") stands alternately for local coordinates on the open set
U and for a point in R™. By a chart (U, ¢) about p in a manifold M, we will mean a

chart in the differentiable structure of M such that p € U.

Example 3.37 ([Leel2, Page 62]). Now consider the more general case of a smooth map
F : M — N between smooth maps. Choosing smooth coordinate charts (U, ¢) for M
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containing p and (V, ) for N containing F'(p), we obtain the coordinate representation
F=vgoFo¢ ' :(UNF V) — (V).

Now dﬁ¢(p) is represented with respect to the standard coordinate bases by the Jacobian
matrix of F at ¢(p). Using the fact F o ¢! =1~ o F, we have that

5, " OF, B,
dF, (a_xi p) =) . (¢(p))a—yj

J=1

F(p)

Example 3.38
Let M =R, and N = S' = {(z,y) : 2> + y* = 1} C R% Consider the map

F:M—N
t — (cost,sint).

Compute dFz.

Solution. We begin by observing that dFz : T=R — TF(E)Sl. To proceed with the
6

computation, we need to choose a coordinate chart for V. For the computation we
do not need a coordinate map ¢ for M, as by the definition (from above) this will be
‘cancelled out’. For this example, we will perform the calculation using two different
charts of N. Let V = {(x,y) | z > 0,y > 0}, and consider the following charts.

o (V,%,) where ¥, (z,y) = z.

0
dF= | —
6 (815

2
OF.
)35

Notice that in this case ﬁz =0.

s (V,¢,) where ¢, (z,y) = y.

0
Fr | —
dﬁ((%
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I Note 3.39. We use the notation R; to mean that the parameter for this space is t.

3.4.2 Change of coordinates

Proposition 3.40 ([Leel2, Page 63-64|)

Suppose (U, ¢) and (V, 1) are two smooth charts on a M, and p € U N V. Denote
the coordinate functions of ¢ by z; and those of ¥ by x;. Any tangent vector at p

0 0
can be represented with respect to either basis or | =—
8@- » a.l’j

) . These two
p

representations are related as follows:

0
6.1'1'

" 07 0
J(¢p)£
J

— Jx;
J=1

p

Note 3.41. For a chart (U, ¢) where ¢(p) = (z1(p),. .., xn(p)) the z; are what we call the
coordinate functions.
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Example 3.42 ([Leel2, Example 3.16.))

The transition map between polar coordinates and standard coordinates in suitable
open subsets of the plane is given by (z,y) = (r cosf,rsinf). Let p € R? whose polar
coordinates representation is (r,0) = (2, g), and let v € T,R? be the tangent vector
whose polar coordinates representation is

Let us apply the proposition above, in this case the z; are r and 6; the z,; are x and
y. Using the proposition

o), = o e @)+ on Gl |
() 2] (D) 2]
0
:@p‘
Similarly, 5 5 5 5 5
%p:a—[rcosﬂ (QW)%ij%[rsin@] (2%)%‘7)

= —2sin <g> %

0

+ 2 cos (g) %L

p

p
Therefore, v has the following coordinate representation in standard coordinates:
0 0

=3— 2—
Y oy p+ ox

p

3.5 Velocity vectors of curves

Definition 3.43. If M is a smooth manifold, we defien a curve in M to be a smooth
map v : (—1,1) = M.

I Remark 3.44. In [Leel2, Page 68] they define a curve to be v: I — M where I C R.

Definition 3.45. Given a smooth curve v: (—=1,1) — M and ¢y € (—1,1), we define the
velocity of v to be the vector

d
Y (t) =vy, =dy (E ) € Tyuo)M

t=0

d
where — is the standard coordinate basis vector in TyR. (As in ordinary calculus, it
t=0
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d 0
is customary to use — instead of — when the manifold in 1-dimensional).

dt ot

Proposition 3.46

The tangent vector v, acts on functions by

V) =) =7 ( 5

d

)s
t=0

=% to(fOV)

_d(fon)
== (to)

= (f o) (to)-

Proof. Definition chasing. O

Example 3.47

In general the f we use is the map obtained from the chart, i.e. ¢.

Example 3.48
Define the curve v(t) = (¢,t%). Tt follows that

d 0 0

Example 3.49

Proposition 8.15 (Velocity of a curve in local coordinates). Let c: |a,b[— M
be a smooth curve, and let (U,x!,...,x") be a coordinate chart about c(t). Write
c' = x' o c for the ith component of c in the chart. Then c'(t) is given by

’ _néi d
“0=Y0 55

@)

Thus, relative to the basis {9 /dx'|,} for T,.1yM, the velocity c'(t) is represented by
the column vector
¢l (1)

IR

Proof. Problem 8.5. O
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3.6 The tangent bundle

Note 3.50. Often it is useful to consider the set of all tangent vectors at all points of a
manifold.

Definition 3.51. Given a smooth manifold M, we define the tangent bundle of M, to
be the disjoint union of the tangent spaces at all points of M:

T™ = | | T,M.

peEM

We usually write an element of this disjoint union as an ordered pair (p,v) with p € M
and v € T,M. The tangent bundle comes equipped with a natural projection map
m:TM — M such that 7(p,v) = p.

Example 3.52. Let M be a 1-dimensional smooth manifold i.e. a line. At every point
p € M there exists tangent. The tangent bundle is the union of these spaces.

Proposition 3.53

For any smooth n-smooth manifold M, the tangent bundle 7'M has a natural topology
and smooth structure such that T'M is a smooth 2n-dimensional manifold. With
respect to this structure, the projection m : TM — M is smooth.

Proof. We begin by noting that the tangent bundle is equipped with a natural projection
map
m:TM — M

(p,v) = p.

Now we define the maps that will become our smooth charts. Given any smooth chart
(U, ¢) for M, note that 71 (U) C T'M is the set of all tangent vectors to M at all points
of U. Let (z1,...,z,) denote the coordinate functions of ¢, and define a map

¢ (U) - R

5 (;vlﬁ% p) = (21(p), ..., zn(p),v1,...,Un),

i

as illustrated in Figure 9.
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TM E&Zn

T \

e ) o(U)

Figure 9: Coordinates for the tangent bundle [Leel2, Fig.3.8]

The image of 5 is ¢(U) x R", which is an open subset of R**. Moreover, the map 5 is
bijective. We define a subset of T'M to be open if it is of the form (Z‘l(V) for some open
subset V' C R*". This gives a topology on T'M.

Next we check the charts are smooth. Let (U, ¢) and (V, ) be two smooth charts on M

and let (77 1(U), ¢) and (7~ *(V), v) be the corresponding charts on TM. The transition
map

Yod tip(UNV)xR* 5 p(UNV) x R

- - "\ 0% " 07,
(1o Ty U1y ey Uy) (:vl(a:),...,xn(m), ﬁ(x)vj,..., : (a:)vj> :
J

j=1 J j=1

is clearly smooth. O

Example 3.54

In the special case M = R"™ we see that the tangent bundle is just the Cartesian
product of R™ with itself:

TR = | | T.R* = | | R} = | |{a} x R* =R" x R".

a€R™ a€R™ a€R”

Corollary 3.55

If M is a smooth n-dimensional manifold such that M can be covered by a single
smooth chart, then T'M is diffeomorphic to M x R™.

Proof. 1f (U, ¢) is the single global chart for M, then ¢ is, in particular, a diffeomorphism
from U = M to an open subset U C R". The proof of the previous proposition showed
that the natural coordinate ¢ is a bijection from T'M ot U x R", and the smooth structure
on T'M is defined essentially by declaring ¢ to be a diffeomorphism. ]
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Definition 3.56. The tangent bundle 7'M of M is called trivial if 7'M is diffeomorphic
to M x R™.

Example 3.57. The unit circle has a trivial tangent bundle.

3.6.1 The total differential

Definition 3.58. Let ' : M — N be a smooth map. The total differential dF' :
TM — TN is defined as the map whose restriction to any p € M is dF,.

dF : TM — TN
(p,v) = (F(p), dF,(v)).
The total differential is also called the tangent map of F.

Proposition 3.59. If FF : M — N is a smooth map, then its total differential dF' :
TM — TN is a smooth map.

Corollary 3.60 (Properties of the total differential)
Suppose F': M — N and G : N — P are smooth maps.

1. d(G o F) = dG o dF.
2. d(idy) = idry.

3. If F' is a diffeomorphism, then dF' : TM — TN is also a diffeomorphism, and
(dE)Y ' =d(F).

4 Vector fields

Definition 4.1. If M is a smooth manifold, a vector field on M is a smooth map
o : M — TM with the property that

moo =idyy,

where 7 : TM — M is the projection map.
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Example 4.2

We can visualise a vector field on M in the same way we visualise vector fields in
Euclidean space: as an arrow attached to each point of M, chosen to be tangent to
M and vary continuously from point to point (Figure 10).

Figure 10: A vector field [Leel2, Fig. 8.1]

Example 4.3 (Coordinate vector fields[Leel2, Example 8.2.]). If (U, ¢) is any smooth
chart on M with coordinates z; the assignment

H

p
determines a vector field on U.

Example 4.4 (The Euler vector field [Leel2, Example 8.3.]). The vector field V' on R"
whose value at € R" is

Vx = T1=—

8:1:1 =

ox,,

T

is smooth because its coordinate functions are linear. It vanishes at the origin, and points
radially outward everywhere else.

Definition 4.5. Let M be a smooth manifold, we use X(M) to denote teh set of all
smooth vector fields on M.

Proposition 4.6. X(M) is a vector space, of infinite dimension.

Proof. Addition is pointwise and the zero element of this vector spcae is the zero vector
field, whose value at each p € M is 0 € T,M. In addition, smooth vector fields can be
multplied by smooth real valued functions f € C*(M). H
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Example 4.7

Proposition 8.19. Suppose M and N are smooth manifolds with or without bound-
ary, and F: M — N is a diffeomorphism. For every X € X(M), there is a unique
smooth vector field on N that is F-related to X .

Proof. ForY € X¥(N) to be F-related to X means that dF,(X,) = YF(p) for every
p € M. If F is a diffeomorphism, therefore, we define Y by

Yy =dFp1)(XF1()-

It is clear that Y, so defined, is the unique (rough) vector field that is F -related to X .
Note that Y : N — TN is the composition of the following smooth maps:

-1
A V.S VL N

It follows that ¥ is smooth. O

In the situation of the preceding proposition we denote the unique vector field that
is F-related to X by F, X, and call it the pushforward of X by F . Remember, it is
only when F is a diffeomorphism that F, X is defined. The proof of Proposition 8.19
shows that F. X is defined explicitly by the formula

(FuX)g = dFp-1)(Xp-1(5)- (8.7)

As long as the inverse map F ! can be computed explicitly, the pushforward of a
vector field can be computed directly from this formula.

Example 8.20 (Computing the Pushforward of a Vector Field). Let M and N
be the following open submanifolds of R?:

M={(x,y):y >Oandx—|—y>0},
N={(u,v):u>0andv>0},

and define F: M — N by F(x,y) =(x + y, x/y + 1). Then F is a diffeomor-
phism because its inverse is easily computed: just solve (u,v) =(x + y, x/y + 1)
for x and y to obtain the formula (x,y) = F~!(u,v) = (u — u/v, u/v). Let us
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Example 4.8

compute the pushforward F X, where X is the following smooth vector field on M :

d

The differential of F at a point (x, y) € M is represented by its Jacobian matrix,

1 1
DF(x,y)=(1 x|,
y y?

and thus d Fp—1, . is represented by the matrix

U u
DF(u——, —)= v v—1v?
vov —
u
For any (u,v) € N,
¥ _u? @
FRI06n =2 x F1 )
Therefore, applying (8.7) with p = (u, v) yields the formula for F, X:
u? 9 u 0
(F*X)(u,v) = _23_ - 3_ . "
IR P VN LV P

The next corollary follows directly from Proposition 8.16.

Corollary 8.21. Suppose F: M — N is a diffeomorphism and X € X(M). For any
f € C®(N),

((FeX)f)o F = X(f o F). O

4.1 Flow

Definition 4.9. Let M be a smooth manifold. A flow on M is a smooth map 6 :

R x M — M satistying the following properties for all ¢;,t, € R and p € M:
1. 0(0,p) = p, and

2. ‘9(1?1 -+ tg,p) = G(tl,é(tg,p)).
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Example 4.10

Some examples and non-example of flows.
o The map 6 : R x R — R defined by 0(t,p) = p+t is a flow on R.
e The map 6 : R x R — R defined by 6(t,p) = e'p is a flow on R.

e 0:R xR — R defined by 0(t,p) = p + t? is NOT a flow on R, as it fails to
satisfy the second condition.

Proposition 4.11

Any flow on a smooth manifold M determines a smooth vector field on M.

Proof. Let 6 be a flow on M. For any point p € M and any f € C°°(M) we define

o)) = S (F o 0(t.p)

t=0

This is a smooth vector field on M since 6 depends on p smoothly. O

Example 4.12

The map 6 : R x R? — R? defined by 0(t,z,y) = (e'z,y + t) is a flow on R?. The
vector field determined by € is

d
O'(l', y)(f) = &f(et% Y+ t)
=0
Recall the for a function f(u(t),v(t)) is given by

of du | Of dv

if— e
dt”  Ou dt  Ov dt’

Now in this case u(t) = e’z and v(t) = y + t. Substituting back we have that

4.2 Integral curves
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Note 4.13. Given a smooth curve on a smooth manifold M we can work out its velocity
vector in T gy M. In this section we describe a way to work backwayrds: given a tangent
vector at each point, we seek a curve whose velocity at each point is equal to the given
vector there.

Definition 4.14. If ¢ is a vector field on M, an integral curve of M is a curve
7 : (a,b) — M that satisfies the following differential equation

V(1) = o((1))
for all t € (a,b).

Example 4.15. A general smooth vector field on R? is
0 0
U(xuy):: f(xay)zi; +>g(x7y)zg;

for some smooth function f,g. Suppose v(t) = (71(t),12(t)) is an integral curve of o.
Then, we have that

Nt = f(n(t), 7))
Y(t) = g(n, (t),7(t)).

This is a system of ODEs. By the theory of ODEs, there always exists some solution ()
with ¢t € (—¢,¢) for some € > 0 and this solution is unique.

Lemma 4.16. Let M be a smooth manifold and let o be a smooth vector field on M.
For any p € M there exists € > 0 and an integral curve

{7 i(—e,e) > M
7(0) =p

Two such integral curves are the same.
I Note 4.17. We formalised the discussion above.

Example 4.18. On R"” vector fields generally look like

0 0
%—F"'fn(a?l,...,xn)axn.

o(xy,...,xn) = fi(zy, ..., zp)

We consider the R? case. Namely, when

0

o(r1,22) = fi(21, 22) 57— + fo(21, T2) =—

axl 6x2’

We want to find an integral curve y(t) = (z1(t), z2(t)). Recall, that
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To figure out A and B we apply the operator x; and x5 to obtain:

i (57 ) () = g o1 09)

0
— (i)

=z (t).
Hence,
, , , 0
Y(t) = xl% + %%'
Comparing this to +/(t) = o(v(t)) we have the following system of ODEs
{xa<t> = Al (), 32(1))
zy(t) = fa(@(t), 2(t)).

Example 4.19

2

Consider the manifold R and a vector field o(x) = 2*—
T

7(0) = 1.
Solution. We want a integral curve i.e. a curve y(t) such that

7(8) = o(v(®))
= 7*(1).

. Find an integral such that

Using standard theory of ODE, we obtain that (t) = & for ¢ € (—1,1).

5 Submersions, Immersions, and Embeddings

Note 5.1. Because the differential of a smooth map is supposed to represent the “best
linear approximation” to the map near a given point, we can learn a great deal about a
map by studying linear-algebraic properties of its differential. The most essential property
of the differential—in fact, just about the only property that can be defined independently
of choices of bases — is its rank (the dimension of the image).

5.1 Maps of constant rank

I Note 5.2. We first recall some properties of the rank of a linear map.

Theorem 5.3 (Rank-Nullity [Leel2, Corollary B.21.])
Suppose T': V' — W is a linear map between finite-dimensional vector spaces. Then
dim(V') = rank(7") + nullity(7")
= dim(Im(7")) + dim(ker(7)).
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Proposition 5.4 ([Leel2, Exercise B.22.]). Suppose V' and W are finite dimensional
vector spaces and let T': V' — W be a linear map, we have the following.

1. rank(7") < dim(V'), with equality if and only if 7" is injective.
2. rank(7") < dim(W), with equality if and only if 7" is surjective.
3. If dim(V') = dim(W) and T is either injective or surjective, then it is an isomorphism.

Definition 5.5. The rank of an nxm matrix A is defined to be rank of the corresponding
linear map from R™ — R™. Because the rank of A can also be thought as the dimension
of the span of its columns, and is sometimes called it column rank. Analogously, we
define the row rank of A to be the dimension of the span of its rows, thought similarly
as vectors in R".

Proposition 5.6 ([Leel2, Proposition B.24.]). The row rank of a matrix is equal to its
column rank.

Definition 5.7. Suppose M and N are smooth manifolds. Given a smooth map F' :
M — N and a point p € M, we define the rank of F' at p to be the rank of the linear
map dF, : T,M — Trg)N; it is the rank of the Jacobian matrix of F' in any smooth
chart, or the dimension of Im(dF,) C Trq)N.

Definition 5.8. If F' as above, has the same rank r at every point, we say that it has
constant rank.

Remark 5.9. Because the rank of a linear map is never higher than the dimension of its
domain, the rank of F' at each point is bounded above by min {dim(M), dim(N)}.

Definition 5.10. If the rank of dF}, is equal to this upper bound, we say that F has full
rank at p, and if F' has full rank everywhere, we say F' has full rank.

5.2 Immersions and submersions

I Note 5.11. The most important constant-rank maps are those of full rank.

Theorem 5.12 (Characterisation of injective maps)

Let T : V — W be a linear map between vector space V and W. We have that T' is
injective if and only if ker(7) = {0}.

I Note 5.13. We will use this later.

Definition 5.14. A smooth map F : M — N:

o is called a (smooth) submersion if its differential is surjective at each point (or
equivalently, if rank(F) = dim(N));

o is called a (smooth) immersion if its differential is injective at each point (or
equivalently, if rank(F) = dim(M)).
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Example 5.15

For a linear map between vector spaces 7' : V' — W where dim(V') = n and dim(W) =
m7

Property Relation between dimV and dim W
Injective n<m
Surjective n>m

Isomorphism (bijective) n=m

Example 5.16

Examples and non-examples.

o Fix n > m, the map R" — R™ such that (z,...,2,) — (21,...,Zm,0,...,0)
is an immersion.

o Fixn > m, themap R" — R™ such that (z1,..., 2, Tmi1, ..., Tn) = (1, .., Ty
is a submersion.

o A diffeomorphism is both an immersion and a submersion.

o The map F : R — R? such that F(t) = (¢%,£%) is not a submersion, since the
dimension of the domain is greater than the dimension of the image hence, this
map cannot be surjective. The differential

O\ .. 0 .0
dF, <8_t> =23

is not injective, since dF; = 0 when ¢ = 0. Thus this map is not an immersion.

e The map F : R — R? such that F(t) = (> — 4t,t> — 4). It cannot be a
submersion due to the reasons outlined above. The differential

0 0 0
dF, [ £ ) = 32 —4) L o1 L
t(@t) (3 ) +

is injective, since it has trivial kernel there are no values of ¢ such that 2t = 0
and 3t — 4 = 0 simultaneously. However, note that F itself is not injective as
F(2) = (0,0) = F(-2).

Definition 5.17. If M and N are smooth manifolds, a smooth map F': M — N is called
a local diffeomorphism if every point p € M has a neighbourhood U such that

e F(U) is open in N, and
e Fly:U — F(U) is a diffeomorphism.

Example 5.18. Let M =R x {1} UR x {—1} and N = R the projection map is a local
diffeomorphism.

Theorem 5.19. Suppose U,V C R"™ are open subsets, and F' : U — V be a smooth
function. If the Jacobian matrix of F' is invertible at some point p € U, then there exists
an open subset Uy C U containing p such that F|y,Uy — F(U)) is a diffeomorphism.
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Corollary 5.20 (Inverse function theorem for manifolds)

Suppose M and N are smooth manifolds of the same dimension and let F': M — N
be a smooth map. If dF, is an invertible linear is invertible (as a matrix) then there
exists an open neighbourhood U of p such that F|y : U — F(U) is a diffeomorphism.

Corollary 5.21. Let M, N be two smooth manifolds of the same dimension. A bijective
submersion F': M — N is a diffeomorphism.

Lemma 5.22. Let U C R" be an open subset containing the origin. Let f : U — R" be
a smooth map of constant rank r (i.e. is an immersion) with f(0) = 0. Then there exists
an open subset V' C R" containing the origin and a diffeomorphism ¢ : V' — ¢(V') such
that

go f(xy,...,x) = (x1,...,2:,0,...50).

Proof.

]

Theorem 5.23 (Rank theorem)

Let M and N be smooth manifolds of dimensions m and n represent, and F' : M — N
is a smooth map with constant rank r. Then for each p € M there exists smooth chart
(U, ¢) containing p and a smooth chart (V,1) containing F'(p) such that F(U) C V
and R

F=¢oFo¢ ':R" > R"

F(zy, ..., 2, Zri1y .y ) = (21,...,2,,0,...,0)

5.3 Embeddings

Definition 5.24. Let X and Y be topological spaces. A map F : X — Y is called a
topological embedding if F' is a homeomorphism X — F(X), where F'(X) is equipped
with the subspace topology from Y.

Example 5.25. Consider the set

N={O}U{1}U{%}UMU{%}U---

equipped with the discrete topology (i.e. let every subset of N be open (and hence also
closed)). The inclusion map ¢ : N — R is not a topological embedding.

Definition 5.26. Let M and N be two smooth manifolds. A map F': M — N is called
a smooth embedding if F' is both a topological embedding and an immersion.

47



Francesco N. Chotuck MATH70058 Manifolds

Example 5.27
Soem examples.

o The map R" — R"** defined by (z1,...,2,) — (21,...,2,,0...,k) is a smooth
embedding.

o Let M and N be smooth manifolds. The inclusion map ¢, : M — M x N where
x +— (z,p) for every point p € N is a smooth embedding.

o Consider v : R — R? where v(t) = (t2,#3). This is clearly a topological

3} 0
embedding. However, notice the differential +'(t) = 2t8— + 37528— is not
Zz )

injective thus, not an immersion. Therefore, it cannot be a smooth embedding.

o Consider v : (—7m,7) — R? where (t) = (sin2t,sint). The differential +/(¢) =

2 cos(2t)— + cos(t)=— has trivial kernel, so is a smooth immersion. However,

ox Jy

it is not a topological embedding because of problematic behaviour at the origin
(this curve looks like a vertical figure 8).

Theorem 5.28 (Local embedding theorem)

Suppose M and N are smooth manifolds and F' : M — N is asmooth map. Then F'is
a smooth immersion if adn only if for every point p € M there exists a neighbourhood
U C M such that F|y : U — N is a smooth embedding.

Proof. We prove each direction in turn.

e Proof of (=). Suppose F' is an immersion, then dF has constant rank at every
point p € M. By the constant rank theorem, there exists a neighbourhood of p and
charts containing p and F'(p) respectively. Say these charts are (U, ¢) and (V).
Then on U we have that po Fo¢ ™ (zy,...,2%) = (z1,. .., Tp, Tpr1 = 0,. .., 2, = 0).

e Proof of («<). If every point p € M has a neighbourhood U C M such that
Fly : U — N is a smooth embedding then the derivative of F' is an injection at
every point, hence F' is an immersion.

]

5.4 Submanifolds

Definition 5.29. Suppose M is a smooth manifold, an embedded submanifold of M
is a subset S C M if

it is a manifold in the subspace topology, and

e admits a smooth structure such that the inlcusion ¢ : S — M is a smooth
embedding.

Definition 5.30. If S is an embedded manifold of M, the difference dim(M) — dim(5)
is called the codimension of S in M.
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Proposition 5.31. Let M be a smooth manifold. The embedded submanifolds of
codimension 0 in M are exactly the open subset of M with the induced smooth structure
(i.e. open submanifolds).

Proof. If U C M is open, then it inherits a smooth manifold structure which makes the
inclusion map a smooth embedding. If we have codimension 0 emebedded submanifold
S of M, then the inclusion map is a smooth embedding. Particularly, the inclusion map
is a local diffeomorphism by the inverse function theroem. Thsi shows that S is an open
subset of M. [

Example 5.32. Let M =R and let S = (RR,id) be its smooth chart. The subset S =R
is a smooth embedding.

Definition 5.33. A continuous map f : X — Y between topological spaces is called
proper if for every compact subset K C Y, the preimage f~1(K) C X is compact.

Definition 5.34. A properly embedded submanifold is a smooth embedded submanifold
such that the inclusion map is proper.

Example 5.35

An example and non-example.
o If S'is a compact smooth embedded submanifold then S is properly embedded.

o Let S={(z,y): x>0,y =0} C R% Then S is not a proper embedding since
the pre-image of the unit open ball in R? is an interval of the form (-, -] which
is not compact, whereas the open ball is.

5.4.1 Slice charts for embedded submanifolds

Definition 5.36. If U C R" is open and k € {0,...,n}, a k-dimensional slice of U
(or k-slice) is any subect of the form

S:{(;Ul,...,$k,$k+1,...,xn) < U3$k+1 :ckﬂ,...,xn:cn}

for some constants cy1,...,Cp.

Theorem 5.37 (Local slice criterion for embedded submanifolds)

Let M be a smooth n-manifold. If S C M is an embedded k-submanifold . Then
for any p € S there exists a chart (U, ¢) for M containing p such that ¢(U N S) is a
k-slice.

Conversely, if S is a subset of M and for any p € S there exists a chart (U, ¢) for
M containing p such that ¢(U N .S) is a k-slice, then S, with respect to the subspace
topology, admits a smooth structure which makes S an embedded submanifold of
dimension k.

Proof. Refer to [Leel2, Theorem 5.8.] O
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5.4.2 Level sets

Definition 5.38. If ¢ : M — N is an map and ¢ € N, we call the set ¢~ !(c) a level set
of ¢.

Theorem 5.39 (Constant rank level set theorem)

Let M and N be smooth manifolds, and let F' : M — N be a smooth map
with constant rank r. FEach level set of F' is a properly embedded submanifold of
codimension r in M.

Proof. By the constant rank theorem, for any ¢ € F~!(p) one can find local charts around
q and p such that the level set F'~1(p) is a slice with respect to these charts. Hence, it
is an embedded submanifold. To show properness, note that F~!(p) is a closed subset of
M by continuity. The intersection of a compact set with a closed set is compact. O

Definition 5.40. If F': M — N is a smooth map, a point p € M is said to be a regular
point of F'if dF), : T,M — TrqN is surjective. Otherwise, it is a cirtical point of F.

Definition 5.41. If F': M — N is a smooth map, a point ¢ € N is said to be a regular
value of F if every point of the level set F~!(q) is a regular point. Otherwise, it is a
cirtical value of F.

Corollary 5.42 (Regular level set theorem)

Let F: M — N be a smooth map. If ¢ € N is a regular value of F', then the

level set, F~!(q), is a properly embedded submanifold of M. Moreover, we have
dim(F~(q)) = dim M — dim N.

Proof.

O

5.5 The tangent space to a submanifold

Note 5.43. If S is a smooth submanifold of R", we intuitively think of the tangent space
T,S at a point of S as a subspace of the tangent space T,R". Similarly, the tangent space
to a smooth submanifold of an abstract smooth manifold can be viewed as a subspace of
the tangent space to the ambient manifold, once we make appropriate identifications.

Let M be a smooth manifold and let S be an embedded submanifold. Since the
inclusion map ¢ : S < M is a smooth immersion, at each point p € S we have an
injective linear map du, : T,5 — T,,M. Recall,

dip(0)(f) = v(f o 1) = v(fls).

From now on we identify 7,5 with its image under this map, thereby thinking 7},S as
a linear subspace of T),M.

Lemma 5.44. Let f € C°(M) and let S be an emebedded submanifold of M. If f|g is
constant then v(f) = 0 for any v € 7,,5.
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Proposition 5.45

Let F: M — N be a smooth map and ¢ € N is a regular value of F'. Let S be the
submanifold given by F~1(q). For any p € S, we have

T,S = ker(dF}).

Proof.

O

Example 5.46

Let S = {(z,y) : 2> + y> = 1} C R? be the unit sphere. It is the level set F~1(1)
where F : R? — R given by F(z,y) = 2* + y*. Then at any point p = (zg,v) € S,
we have

T,S = ker(dF,) = {a- (—y()% + x0%> ta € R} C T,R?.

5.6 The normal bundle

Definition 5.47. Suppose M C R" is an embedded m-dimensional submanifold. For
each x € M, we define the normal space to M at x to be the (n — m)-dimensional
subspace N,M C T,R" consisting of all the vectors that are orthogonal to T, M with
respect to the Euclidean dot product.

Definition 5.48. The normal bundle of M, denoted by N M, is the subset of TR" =
R"™ x R™ consisting of vectors that are normal to M:

NM ={(z,v) eR" xR":x € M,v € N,M}.

There is a natural projection myy @ NM — M defined as the restriction to NM of
m: TR™ — R",

Theorem 5.49

If M C R"™ is an embedded m-dimensional submanifold, then NM is an embedded
n-dimensional submanifold of TR™ = R™ x R".

Proof. Let xq be any point of M, and let (U, ¢) be a slice chart for M in R™ centered at

zo. Write U = @(U) C R, and write the coordinate functions of ¢ as (u!,...,u"), so

that M N U is the set where ¢! = ... =" = 0.
s@(w))

At each point x € U, the vectors
_ 0
Ej|, = (dps)™" (@
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form a basis for T,,R™. We can write

N

where E!(z) is a smooth function of  (being a partial derivative of ¢™").

Now define a smooth map
¢:UxR"—=UxR"

by
®(z,v) = (u'(z),...,u"(z),v- E

..,U'En|x).

z)’

The total derivative of ® at (z,v) is given by the block matrix

ou’
. 0
Dby = (05
(&) ( * E’.(:z:))’

which is invertible. So ® is a local diffeomorphism.

If ®(z,v) = ®(2',v'), then x = 2’ (since ¢ is injective). The equality of the v - F; terms
implies that v — v’ is orthogonal to each Ei’m, and hence v = v'. Thus ® is injective and
gives a coordinate chart on U x R".

Moreover, (z,v) € NM if and only if ®(z,v) lies in the slice
{(y,2) ER"xR": y™ ==y =0, 2' =--- =2"=0}.

Hence, ® is a slice chart for NM in R™ x R". O

6 Vector bundles

Note 6.1. We saw that the tangent bundle of a smooth manifold has a natural structure as
a smooth manifold in its own right. The natural coordinates we constructed on T'M make
it look, locally, like the Cartesian product of an open subset of M with R™. A collection
of vector spaces, one for each point in M, glued together in a way that looks locally like
the Cartesian product of M with R™, but globally may be “twisted”. Such structures are
called wvector bundles.

Definition 6.2. Let M be a smooth manifold. A (real) smooth vector bundle
of rank k£ over M is a smooth manifold E together with a surjective smooth map
m: E— M satisfying the following conditions:

1. For each p € M, the fibre E, = 7~ (p) over p is a k-dimensional real vector space.

2. For each p € M, there exists a neighbourhood U of p in M and a diffeomorphism
@ : 77 Y(U) - U x R* (called a (smooth) local trivialisation of E over U),
satisfying the following conditions

o myo® =7 (where my : U x R¥ — U is the projection);

o for each ¢ € U, the restriction ®|g, : E; — {q} x R¥ = R" is a vector space
isomorphism.
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U x R¥

n=(U)
T Tyy

Figure 11: A local trivialisation of a vector bundle [Leel2, Fig. 10.1]

I Note 6.3. In American English, ‘fibre’ is ‘fiber’.

Definition 6.4. If there exists a local trivialisation of E over all of M (called a global
trivialisation of E), then E is said to be a trivial bundle.

Example 6.5. For any smooth manifold M, consider the product M x R* for any positive
integer k, it is a vector bundle of rank k over M, called the product bundle. Note
that we can take U to be the whole of M, hence the product bundle admits a global
trivialisation.

Proposition 6.6 (The tangent bundle as a vector bundle)

Let M be a smooth n-manifold and let T'M be its tangent bundle. With its standard
projection, its natural vector space structure on each fibre, and the projection map,
T M is a smooth vector bundle of rank n over M.

Proof. Given any smooth chart (U, ¢) for M with coordinate functions (z;), define a map
¢: 71 (U) = U x R" by
e,
@ (2
<U 8@

This is linear on fibers and satisfies m; 0 ® = 7. The composite map

p) = (p, (v1,...,0n)). (10.1)

pxIdgn

7N U) B U x R* 2522 o(U) x R”

is equal to the coordinate map ¢ constructed previously. Since both ¢ and ¢ x Idgn»
are diffeomorphisms, so is ®. Thus, ® satisfies all the conditions for a smooth local
trivialisation. [ O
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Lemma 6.7. Let 7 : E — M be a smooth vector bundle of rank £ over M. Suppose
O : 7Y (U) - UxRFand ¥ : 771(V) — V x R¥ are two smooth local trivialisations
of E with U NV # (). There exists a smooth map 7: U NV — GL(k,R) such that the
composition @ o U1 : (UNV) x R¥ - (UNV) x R¥ has the form

@ o T (p,v) = (p, 7(p)V),
where 7(p)v denotes the usual action of the k x k matrix 7(p) on the vector v € R¥,

Proof. The following diagram commutes:

(UNV)xRF «2— 77 4(UNV) 2% (UNV) x RF
unv

where the maps on top are to be interpreted as the restrictions of ¥ and ® to 7= (UNV).
It follows that 71 o (® o U~1) = 7, which means that

do W (p, v) = (p,o(p,v))

for some smooth map o : (U NV) x R¥ — R*. Moreover, for each fixed p € U NV, the
map v +— o(p,v) from R¥ to itself is an invertible linear map, so there is a nonsingular
k x k matrix 7(p) such that o(p,v) = 7(p)v. It remains only to show that the map
7:UNV — GL(k,R) is smooth. This is left to Problem 10.4. O

Lemma 6.8 (Vector Bundle Chart Lemma)

Let M be a smooth manifold with or without boundary, and suppose that for each
p € M we are given a real vector space E, of some fixed dimension k. Let £ =
|_|p€M E,, and let 7 : E — M be the map that takes each element of E), to the point
p. Suppose furthermore that we are given the following data:

(i) an open cover {U,}aea of M,

(ii) for each a € A, a bijective map @, : 7 1(U,) — U, x R¥ whose restriction to
each E, is a vector space isomorphism from E, to {p} x RF &~ R*

(iii) for each a, f € A with U, N U # 0, a smooth map 7.5 : Uy, N Usg — GL(k,R)
such that the map &, o @El from (U, N Us) x R* to itself has the form
d, o @gl(p, v) = (p, Tap(P)V). (10.3)

Then E has a unique topology and smooth structure making it into a smooth
manifold with or without boundary and a smooth rank-k vector bundle over M, with
7 as projection and {(U,, ®,)} as smooth local trivializations.

6.1 Section of vector bundles

Definition 6.9. Let 7 : E — M be a vector bundle. A section of E (someitmes called
a cross section) is a section of the map 7, that is, a smooth map

o: M — E suchthat moo =idy,.
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Definition 6.10. (More generally), a local section of E is a smooth map o : U — E
defined on some open subset U C M and satistying 7 o o = idy.

Example 6.11

For any smoth vector bundle 7 : E — M, the zero section of £ 0 : M — FE is
defined by

o(p)=0€ E,
for each p € M.
6.2 Frames
Definition 6.12. Let £ — M be a vector bundle. A collection of smooth sections
o1,...,0; is called linearly independent if o;(p),...,0;(p) are linearly independent

vectors in E, for any p € M.

Definition 6.13. For a rank-£ smooth vector bundle, a frame is a collection of £ linearly
independent sections.

Example 6.14
For a trivial vector bundle E = X x R*, let e;,--- , e be a basis of R¥. Then

{oi: X = E, o0i(p):= (p,ei) hr<i<k

form a frame of F£. The converse of this is also true.

Proposition 6.15

If a vector bundle 7 : E — M admits a frame, then it admits a global trivialisation
U:MxRF— E.

Proof. Let 01,--- , 04 be a frame of E. Then for any v € E, we have v = ), a;(p)oi(p).
Set

U: X x Rk — E7 \Il(p7 Ay, ,Gk) = (pazalo-’l(p)) :

We will show W is a diffeomorphism. Note that U is bijective, we only need to show it is
a local diffeomorphism.
Pick a local trivialization (U, ® : 7= }(U) — U x R¥). So we can compose the two
maps
UxR'S 77 (U) S U xR
For each o;, ®oo; is a smooth map. Thus there exist smooth functions o}, -+ ,0f : U — R
such that

®(p,0i(p)) = (0,01 (D), . oF ().
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Therefore the composition ® o U has the form

(p,ai,---,ax) — <p7 (Zaiai1<p)> e 7Zai0£€(p)> .

It is smooth since Uf’s are smooth. Hence ® o ¥ is smooth. Similarly, by considering
maps in the opposite direction we can show (® o ¥)~! is smooth. Therefore ¥ is a local
diffeomorphism. O

Corollary 6.16

If a smooth k-manifold M admits a £ smooth vector field which are linearly independent
at avery point, then the tangent bundle of M is trivial.

Example 6.17. Consider the unit circle S = {z? + y*> = 1} C R? and a smooth map
F:R — S, F(t) = (cos(t),sin(t)). It is an immersion, hence the nowhere vanishing
vector field (¢, %) on R is pushed to a nowhere vanishing vector field on S. Therefore S
has a trivial tangent bundle.

6.3 The cotangent bundle

6.4 Covectors

Definition 6.18. Let V' be a finite-dimensional vector space over R. A covector on V'
is a real-valued linear functional on V| that is, a linear map w : V' — R.

Definition 6.19. THe sapce of all covectors on V' is itself a real vector space under the
obvious operations of pointwise addition and scalar multiplication. It is denoted by V*
and called the dual space of V.

Proposition 6.20

Let V be a finite-dimensional vector space. Given any basis {E1, ..., E,} for V, let
€1,...,En € V* be the covectors defined by

0 ifi;j
EZ'(‘Ej):{1ifz=j

Then {e1,...,e,} is a basis for V*, called the dual basis to {E;}. Therefore,
dimV* =dim V.

6.5 Tangent covectors on manifolds

Definition 6.21. Let M be a smooth manifold. For each p € M, we define the
cotangent space at p, denoted by T7M, to be the dual space to T, M:

T*M = (T,M)".

Elements of T M are called tangent covectors at p, or just covectors at p.

26



Francesco N. Chotuck MATH70058 Manifolds

Example 6.22 (Covector basis)

Let (U, ) be a smooth chart on M with coordinate functions z1,...,z,. Recall for

each p € U we have a basis
0
{@ :iel,...,n}
ZT; p

for T,M. Let A\i|,, ..., Au|, be the dual basis. Then any covector w € Ty M can be

written as
0
W= % wiAi|p Wwhere w; =w <8xi p) cR.

Therefore the chart (U, ¢) give a coordinate expression for covectors.

Example 6.23 (Coordinate change of basis)

Suppose (V, 1) is another chart containing p, with coordinate functions Zy,--- , Z,.
The coordinate vector transform as follows

0

(Here we use p to denote either a point in X or its coordinate representation as
appropriate.) Writing w in both coordinates as

w= sz)\ lp = Zw]/\ lps

the components w; transform as follows
-5
8:6,

By using this coordinate change formula, we can verify that 7% X is a smooth manifold.

Proposition 6.24

Let M be a smooth n-manifold. Its cotangent bundle 7% M admits a smooth manifold
structure with dimension 2n.

Proof. Let (U, ¢) be a chart on X and let 7 : T*X — X be the projection. The map
(5 : ﬂ-_l(U) — RZ”? Qg(p)w) = (¢(p)7w17 e 7wn>

is a homeomorphism. The transition maps between different charts are computed as
above, which are smooth. O

Definition 6.25. Similar to vector fields, we can define the notion of covector field as

a smooth map
c: X —>T'X, moo=Id.
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Proposition 6.26

In other words, a covector field is a smooth section of the cotangent bundle. Given
any smooth function f : X — R, it gives a covector field df by

(df)p(v) :==v(f), Vpe X,veTl,X.

Example 6.27

Let (U, ¢) be a chart with coordinate functions xy,--- ,z,. Let Aj,--- A, be the
dual basis to 9/0x1,- -+ ,0/0x,. Then one can directly compute that
of
@ =3 5N,

In particular, we get (dz;), = )‘i’p for any ¢. From now on, we will also use

0
dxy,--- ,dx, as the dual basis to R , once a chart is chosen.

T oz,

Therefore, the formula above can be written as

of
dfp = %dfﬂzyp

In particular in the 1-dimensional case, this reduces to

d
= —fdx

df = .
fdx

Example 6.28
If f(x,y) = 2%y cosx on R? then df is given by the formula

d(x?y cos ) o+ d(x?y cos )
ox dy

dy = (2zy cos x — xysinz) dx + 2° cos x dy.

df =

6.6 Pullbacks of covector fields

Definition 6.29. Let X*(M) be the space of covector fields on M. Similar to the space
of vector fields on M, it is a vector field over R. Moreover, for any smooth function f on
M and o € X*(M), we get a new covector field f -0 € X*(M), by setting

(f-0)p:=fp)-alp).

Definition 6.30. Let F': M — N be a smooth map between smooth manifolds, and let
p € M be arbitrary. The differential dF,, : T,M — Ty, N yields a dual linear map

dF, (w)(v) = w(dF,(v))
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for w € T;i(p)N and v € T,M, called the pullback by F' at p, or the cotangent map
of F.

Proposition 6.31
Let F': M — N be a smooth map. For any w € X*(Y), define

(F*w)p o= dF;((JJF(p)).

Then F*w is a smooth covector field on M. This is called the pullback of w by F.

Proof. The proof follows from computation in coordinates, based on the lemma below.
Let p € X and V be a smooth chart on Y containing F(p). Let (yi,---,y,) be the
coordinate functions on V. Then we can write w in coordinates as w = >, w;dy;. Since
w is smooth, the functions w;’s are smooth. Apply the following lemma to the smooth

map F Fiy) FY{V) =V, we get

Frw=F* (Z wjdyj> = Z(wj o F)F*(dy;) = Z(Wj o F)d(yjo F).

Since wj, y;, F' are smooth, the pull back is smooth. Il

Lemma 6.32
Let F': X — Y be a smooth map.

1. For w,n € X*(Y), we have F*(w +n) = F*w + F*n.
2. For f e C®(Y) and w € X*(Y), we have F*(fw) = (f o F)F*w.
3. For f € C>*(Y), F*(df) =d(f o F).
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Example 6.33
Let F : R® — R? be the map given by

F(z,y,2) = (z%y,ysin 2) = (u,v).
and let w € X*(R?) be the covector field
w = udv + vdu.

Compute F*w.

Solution. Using the formula from the above proof:
F*w =" (wjoF)d(y;oF).
J

where w = Zj w;dy; we have w; = u,wy = v,y; = v and y, = u. Therefore, the
pullback is given by

Frw=(uoF)dvoF)+ (vo F)d(uoF)
= (2%y) d(ysin 2) + (ysin 2) d(z*y)
= 2%y(sin z dy + y cos z dz) + ysin z(2zy dv + z° dy)

= 2zy?sin z dzx + 222y sin z dy + 2%y? cos z dz.

Note that u and v are coordinate functions, i.e. u(x,y) =z and v(z,y) = v.

7 Differential forms

7.1 Tensors

Note 7.1. Much of the technology of smooth manifold theory is designed to allow the
concepts of linear algebra to be applied to smooth manifolds. In this section, we summarise
results from multi-linear algebra, taken from [Leel2, Chapter 12].

Definition 7.2. Let V' be a finite dimensional vector space over R. If £ > 0, a covariant
k-tensor on V is an element of V*®---® V*, which we think of as a real-valued
—_——

k copies
multilinear function on k elements of V:

a:Vx-.-xV—=R.
———

k copies

The number k is called the rank of a.

Note 7.3. This definition is not necessary for the purposes of this course, but it is useful
when reading the source material [Leel2, Chapter 12].
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Definition 7.4. We denote the vector space of all covarinat k-tensors on V by the
shorthand notaion
—_————

k copies

Example 7.5

We see some examples:

e When k = 0, we have that 7°V* = R since its elements are real-valued functions
depending multilinearly on no vectors.

e When k = 1, we have that T'V* = V* since every linear functional w: V' — R
is multilinear.

e For k > 0 every element of T%V* is a multilinear functional on the product of
k copies of V.

Definition 7.6. An element w € T*V* is called a degree-k alternating element, or
just a k-form, if for all vector vy,...,vx € V and every pair of distinct indices 7,j we
have

W1,y Vg ey Uy ooy ) = —w (01, -2, 0y o, Uy, V).

That is, when we swap two entries we get a minus sign. The space of all degree-k
alternating elenments is denoted by A¥V*.

Theorem 7.7

Let V be a n-dimensional vector space over R. Then A*V* is a vector subspace of
T*V*. Furthermore, if k > n then A*V* = &.

Proposition 7.8 ([Leel2, Exercise 12.17.]). Any permutation o € S, the sign of o,
denoted by

{—1—1 if o is even
sgn(o) =

—1 if o is odd.
For any w € A*V*, for any vectors vy, ..., v; and any permutation o € Sy,
W(Vs(1)5 - - -+ Vo(k)) = (sgn(o))w(vr, ..., vg).

7.2 The wedge product

I Note 7.9. In this section we define a product operation for alternating tensors.

Definition 7.10. Let V be a finite dimensional vector space over R. Given w € A*V*
and n € A'V*, we define their wedge product:

WA ARV x AV o AR
1
(w A 7])(2]17 s >Uk+l) = W Z Sgﬂ(O’)W(UU(l), s 7U0(k))77(vg(k+1)7 s 7U0(k+l)>

0ESk41
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Example 7.11
Let w € A'V* and n € A?V*. Then we have:

1

w A 77(1}1,’02,1)3) = ﬁ

(w(1)n(ea, vs) = w(uin(vs, v2)

—w(v2)n(v1,v3) + w(vz)n(vs, v1)
+w(v3)n(vy,ve) — w(vs)n(ve, v1)>.

It is equivalent to:

w A n(vy,v2,v3) = w(v1)n(ve, v3) — w(ve)N(v1,v3) + wW(vs)n(v1, V2).

Example 7.12 (Tricks)
Steps:

1. Start with the smallest number not yet used.
2. Follow the map ¢ — o (i) until it loops back.
3. Repeat with the next smallest unused number.

Example (one-line notation): o =[3 5 2 1 4]
This means:

o(1)=3, 03)=2, o0(2)=5, o(5)=4, ocd)=1=0=(13254)

The the number of transpositions in a cycle. Each cycle of length k contributes k& — 1

transpositions.
Formula:
# transpositions = Z (length — 1)
cycles
Example:

o= (145)(23)=2+1=3 transpositions = sgn(c) = (-1)* = —1

It follows that the sign of the permutation is the given by:

(_ 1 ) # transpositions in cycle decomposition

sgn(o) =

Use the rule above to avoid writing out the full transpositions.

Proposition 7.13. If {wy,...,w,} is a basis V* (i.e. dim(V*) = n) then
{wil/\---/\wik < ... <1p}
is a basis of A*V* over R. Hence, dim(AFV*) = (}) = k,(”—'

k n—k)!*
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Proposition 7.14 (Properties of the Wedge Product)

Suppose w,w’,n,n’, and £ are multivectors on a finite-dimensional vector space V.
1. Bilinearity: For a,a’ € R,
(aw + d'w") An=alwAn)+dW An),
nA (aw+ dw') = a(n Aw) +d'(n A w').

2. Associativity:
wA (AE) = (wAn)AE.

3. Anticommutativity: For w € A*(V*) and n € A{(V*),

wAn=(—1)"nAw.

7.3 Differential forms on manifolds

Theorem 7.15

Let M be a smooth n-dimensional manifold. For any k£ > 0 the set
ANT M) = | | AMT M)
peEM

admits a smooth manifold structure, and it is a smooth vector bundle over M.
Furthermore, for & = 0 we define A°(T*M) = M X R as the product bundle.

Definition 7.16. Let M be a smooth manifold. A differential k-form is a smooth
section of the vector bundle A*(T*M). The integer k is called the degree of the form.
We denote the vector space of differential k-forms by QF(M).

Example 7.17. Examples of QF(M).
o QY% M) is the space of smooth functions on M i.e. QY(M) = C>(M).

o QY M) is the space of covector fields on M i.e. QY (M) = X*(M).
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Example 7.18

Let z,y, 2 be the coordinate functions on R3.
1. A 0-form is just a continuous real-valued function.

2. A 1-form is a covector field i.e. w = fidz+ fody+ f3dz for some smooth functions

f17f27f3-

3. A 2-form is n = gidx A dy + godx N dz + gsdy A dz for some smooth funcions
91,92, 93-

4. Every 3-form on R3 is a continuous real-valued function times dx A dy A dz.

,and . On R?, some examples of smooth 2-forms are given by

Proposition 7.19

In general, let xq,. .., x, be the coordinate funcions on R"™. Then a differential k-form
on R" can be written as

for smooth functions f;,

-----

Definition 7.20. If F': M — N is a smooth map and w is a differential form on N, the
pullback
F* QF(N) = QF(M)
(F*w)p(v1, ... 0k) = wre) (dF,(v1), . . ., dE(vg)).
If K =0 then we define F*f = fo F.

Lemma 7.21 (Properties of pullback). Suppose F': M — N is smooth.
1. F*: QF(N) — QF(M) is linear over R,
2. F*(wAn) = (F*w) A (F*n).
3. If Fis a diffeomorphism (F*)~! = (F~1)*.
4. For G: N — Z we have F* o G* = (G o F)*.

Proposition 7.22 (Pullback in coordinates)

Given a smooth map
F:R" — R™

The pullback is given by

F* (ijd(yl) A A dyj> = Z(wj o F)(dy1o F)A---A(dy;oF).

J
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Example 7.23
Define F': R? — R? by F(u,v) = (u,v,u? —v?), and let w be the 2-form y dz A dz +
xdy A dz on R®. The pullback F*w is computed as follows:

F*(yde Ndz +xdy Ndz) = F*(ydx N dz) + F*(zdy A dz)
— (yo F)d(z o F) Ad(z 0 F) + (z 0 F)d(yo F) Ad(z o F)
=vdu Ad(u® —v?) +udv A d(u? —v?)
=vdu A (2udu —2vdv) +udv A (2udu — 2v dv)
= —20%du A dv + 2u® dv A du,

where we have used the fact du A du = dv A\ dv = 0 by anticommutativity. Because
dv A du = —du A dv, this simplifies to

F*w = —2(u?® +v?*) du A dv.

7.4 Exterior derivative

Note 7.24. In this section we define a natural differential operator on smooth forms, which
is a generalisation of the differential of a function.

Definition 7.25. For a general k-from

in R" the exterior derivative is defined as the map

d: QF(R") — QFH(R™)

Example 7.26
For a smooth O-from f (a smooth function) this definition reduces to

dfzz(%:’:dxi

which is just the differential of f.
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Proposition 7.27 (Properties of the exterior derivative on R")

We list some properties.
1. d is a linear operator over R.
2. dod=0.
3. (Graded Leibniz rule) Let w € QF(R") and n € Q'(R™) then

dwAn) =dwAn+ (1) w A dn.

4. d commutes with pullback. Let F': R™ — R™ be a smooth map, we have
F*(dw) = d(F*w)

for any differential form w.

Proof. The first proof is by direct definition of the operator. The remaining proof follow
O

from direct computation.

Example 7.28 (Exterior Derivatives and Vector Calculus in R?)
Let us work out the exterior derivatives of arbitrary 1-forms and 2-forms on R?. Any

smooth 1-form can be written
w=Pdr+Qdy+ Rdz

for some smooth functions P, @, R. Using (14.19) and the fact that the wedge product
of any 1-form with itself is zero, we compute

dw = dP A dz +dQ A dy + dR A dz

_(OP oP oP oQ 0Q oQ

= (81: dx + By dy + ER dz)/\dx+<ax dx + By dy + R dz)/\dy
OR OR OR

_[(0Q 0P oR OP OR 0Q

_<8x ay)dm/\dy—i—(ax 8Z)dx/\dz+(ay aZ)aly/\d,z.

An arbitrary 2-form on R3 can be written

n=udr ANdy+vdx Ndz+wdy Ndz.

A similar computation shows that

<@—%+a—w) de Ndy N dz.

Jdz 0Oy O
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7.4.1 Exterior derivative on manifolds

Definition 7.29. Suppose w € QF(M). Pick a chart (U, ¢) for M, we define the exterior
derivative on M as

dw = p*d((¢™")"w)
I Note 7.30. The inside d is the total differential of the map.

Proposition 7.31. The operator d : QP(X) — QP! (X) is well-defined.

Proof. Since our definition involves a choice of chart, we need to show the independence
of such a choice. Pick another chart (V1) containing x, we will check

(6" d(¢7") w)e = (P d(¥™) W),
Note that
(61 ot (™) 'w) = (Yoo~ !) (dle ") w)
=d((Yo¢ ) o (¥ w)
=d((¢7") o o (¥7)w)
=d((¢7")"w).

The first and the third equality are the composition law for the pullback. The second
equality is the commutativity law. Now we apply ¢* on both sides of the equation we get

(W (™) 'w) = (¢"d(¢7")"w). 0
Corollary 7.32. The operator d : QP(X) — QP1(X) satisfies that
1. dod=0.

2. F*od=do F* for any smooth map F': X — Y.
3. dlwAn) =dwAn+ (=1)Pw Adn for w € QP(X),n € QIX).

Proof. (1) and (3) follow from computation in coordinates. We prove (2) here. Pick a
chart (U, ¢) on X and a chart (V%) on Y. Then 1) o F o ¢~! is a smooth map between
Euclidean spaces. Pick w € QP(Y'). Using Proposition 6.17 we get

(o Fog¢ ) d ™)y w=doFo¢ ) (U ) w.

The composition law for pull back shows the right hand side can be simplified to d(¢!)* F*w.
Therefore we get
d(F*w) = ¢*d(¢ ) F*w
=¢" (Yo Fog¢ ) dy™)w
— F*¢*d(¢_1)*w
= F*(dw).

The first and last equality are by definition. The second equality is given above. The

third equality is the composition law for pull back.
]

7.5 De Rham cohomology
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I Note 7.33. This is an invariant of smooth manifolds.

Definition 7.34. We provide two definitions.
o A differential k-form is called closed if dw = 0, and
o is called exact if there exists a differential (k — 1)-form 1 such that dn = w.

Definition 7.35. Let M be a smooth manifold, and let p be a non-negative integer.
Because d : QP(M) — QPT(M) is linear, its kernel and image are linear subspaces. We

define
ZP(M) = ker (d : QP (M) — QP (M)) = {closed p-forms on M},

BP(M) =1Im (d: Q"(M) — Q"' (M)) = {exact p-forms on M}
By convention, we consider Q7(M) ot be the zero vector space when p < 0 or p > dim (M),
so that, for example B(M) = 0 and Z4™M) (M) = QamOM)(Af),
Proposition 7.36. The fact that every exact form is closed implies BP(M) C ZP(M).

Definition 7.37. Let M be a smooth manifold. The degree p de Rham cohomology
group of M is defined as

_ZP(M)

~ Br(M)

(a quotient vector space). By definition Hiy (M) =0 if p < 0 or p > dim(M).

Hig (M)

Proposition 7.38

Let M be a smooth manifold. Then H3; (M) is isomorphic to R*, where k is the
number of connected components of M.

Proof. Since Q71 (M) = 0, we have B°(M) = 0. Hence we only need to compute Z°(M).
Pick a smooth function f on M with df = 0. Pick any point x € M and consider the
subset

U:={peM: f(p)=flx)}

By definition, the set U is closed. On the other hand, it is open by using local coordinate
computation and df = 0. Therefore, U is a connected component of M, and Hiy (M) is
isomorphic to the space of functions that are constant on each component. O

Proposition 7.39

Proof. Pick a one-form f(z)dz, it is always closed since 2%(R) = 0. On the other hand,
set

o) = [ ron

We get dg = fdx. Hence any one-form is also exact. ]
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8 Integration

8.1 Orientation of smooth manifolds

Theorem 8.1

Let T : R™ — R" be a diffeomorphism. Let x; be the coordinates on the domain and
y; be the coordinates on the codomain. Then we have that

T* (dyy A -+ N dy,) = det(Jr)dxy A -+ Adxy,

where det(.Jr) is the determinant of the Jacobian matrix of 7.

I Note 8.2. We will use this to define orientation.

Definition 8.3. A diffeomorphism 7" : R® — R" is called orientation preserving if
det(Jr) > 0 everywhere. Otherwise, it is called orientation reversing.

Example 8.4
The flip diffeomorphism

T:R" — R"
(1, ..y xp) = (=21, T2, ..., Ty)

is orientation reversing.

Definition 8.5. A smooth manifold M is called orientable if it admits a smooth atlas
A = {(U,¢)} such that all transition maps ¢ o 1)~ are orientation preserving. Such an
atlas gives an orientation on M. Such a pair (M, A) is called an oriented manifold.

Example 8.6. R" is orientable, since it admits a global chart.

Proposition 8.7

Let M be a smooth manifold of dimension n. It is orientable if and only if it admits
a nowhere-vanishing differential n-form.

Note 8.8. Therefore, we can think of an oriented manifold as a pair (M,w) where w is a
nowhere vanishing n-form on an n-dimensional manifold M.
Proof. We prove each part in turn.

o Proof of (=). Suppose we have an atlas {(U,, ¢o)} which gives an orientation
on M. We will construct a nowhere vanishing n-form on M. For any «, set
Wy = ¢L(dxy N -+ ANdxy,). Tt is a nowhere vanishing n-form on U,. Next we glue
them together. For any «, 8, we have

(65 dh(day A+ Aday) = Nap(day A -+ Ady,).
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Since the atlas gives an orientation on X, the functions A,p are always positive.
Hence there holds

dr(dry A~ Ndxy) = (Aag 0 @) - ¢h(doy A -+ A day).

This shows that at any point, w, is always a positive multiple of wg. Now we pick a
partition of unity p, subordinate to the open cover {U,} and define w := Y pawa.
At any point p, w is a positive multiple of some w,. Hence w is globally nowhere
nonvanishing.

« Proof of («=). Let w be a nowhere vanishing n-form on M. Start with an arbitrary
atlas {(Ua, ¢a)} and we will modify it to be an atlas whose all transition maps
are orientation preserving. For any «, consider the n-form ¢*(dzy A --- A dxy,). Tt
is an n-form on U,, hence we can write ¢*(dx; A --- A dx,) = faw. Since both
¢*(dxy N -+ Ndzx,) and w are nowhere zero, the function f, is either everywhere
positive or everywhere negative. If f,, is everywhere positive then we keep the chart
(Ua, o). Otherwise we modify the chart map to be T o ¢, where T is the flip
map in Example 7.2. After modifying all charts (U,, ¢,), the functions f, become
always everywhere positive. A direct consequence is that all the transition maps
are orientation preserving. Hence the modified atlas induces an orientation on M.

O

Lemma 8.9. Let w, w’ be two nowhere vanishin n-form on M, then there exists a smooth
function such that w = fw’ and f is either everywhere positive or everywhere negative.

Definition 8.10. Let w,w’ be two nowhere vanishin n-form on M. We say w and w’
are equivalent if f is positive. In this case we also say that they induce equivalent
orientations on M.

Example 8.11

The two atlases (R",id) and (R™,T") where T is the flip diffeomorphism give two
different orientations on R".

8.2 Integration of differential forms

Proposition 8.12 (Change of variable)

Let f € C*°(R") with compact support. Let F': R} — R} be a diffeomorphism. We
have the following change of variable formula

/nf—/g(foF)-|det(JF)|-

I Note 8.13. We first recall this notion from multivariable calculus.
Definition 8.14. Let w € 2"(R™) with compact support. Any such form can be written
as

w = fdxy N\--- Ndx,.
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We define the integral of w to be

/w: Rgf

where the RHS is the Riemann integral of f.

Note 8.15. In simpler term to compute the integral of a form such as fdxi A - - A dz,,
just “erase the wedges”. That is,

/w— fd:xl/\‘--/\dxn—/ dxq---dx,.
Rn n
Proposition 8.16. Let F': R" — R” be a diffeomorphism. We have that

/ o f w if F'is orientation-preserving,
— f w if F' is orientation-reversing.

Proof. Let y be the coordinates on the target R™ and x be the coordinates on the domain

R™. Then by definition
/ /
(R™,y)

where w = f-dy; A--- Ady,. Then we perform change of variables formula to differential
forms and Riemann integrals, respectively.

Jes [ g= ] gem )

/F*w _ /(foF) det(Jp)day A -+ A da, :/ (f o F) - det(Jp).
(R™,x)

Hence we can see the sign change directly. ]

8.3 Integration on manifolds

Definition 8.17. Let M be a smooth n-manifold, and let w be an n-form on M. Suppose
first that w with compact support, and that M admits an atlas A = {(U,, po)} which
gives an orientation on M. Assume the support of w is contained in some U,, we define
the intergal of w over M

Proposition 8.18. Let (Ug, ¢5) € A be another chart containing the support of w, then

[ @tye= [ @ty

Hence the definition of f + w does not depend on the choice of chart containing the support
of w.

Proof. The transition map ¢, o ¢El preserves the orientation by our assumption. Hence
the invariance follows from the proposition about the sign of integrals. ]
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Definition 8.19. To integrate over an entire manifold, we combine this definition with
a partition of unity. Suppose M is an oriented smooth n-manifold and w is an n-form
with compact support on M. Let {p,} be a partition of unity subordinate to the finite
open cover {U,}. Define the integral of w over M ot be

Proposition 8.20. Let B = {(Up, ¢)} be another atlas for M giving the same orientation
as the atlas A. Let {ps} be a partition of unity subordinate to {Uz}, then

/ o= / o.
M,A M,B
Hence we can just write them as [, w.

Note 8.21. This shows that integral is well defined and does not depend on the choice of
the open cover or the partition of unity.

Proof. For a fixed a, we have

/Xpaw = /X (25: P,B) Paw = %:/Xpﬂpaw

since partition of unity is a locally finite sum. Therefore we get

JACED YRR ) o) WIRTED 0 3Y WD BY LY B

The middle equality holds because that p,psw is supported in both U, and Ug. The
integral does not depend on the choice of a single chart, by the previous proposition. [J
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Proposition 8.22 (Properties of integral forms)
Suppose M and N are non-empty oriented smooth n-manifolds, and w,n are n-form

on M with compact support.

1. Linearity: If a,b € R, then

/aw—irbn:a/w—l—b/ n.
M M M

2. Orientation Reversal: If —M denotes M with the opposite orientation, then

[

3. Positivity: If w is a positively oriented orientation form, then | uw > 0.

4. Diffeomorphism Invariance: If F': N — M is an orientation-preserving or
orientation-reversing diffeomorphism, then

—f ~ F*w it F' is orientation-reversing.

/ W — { [y Frw it F' is orientation-preserving,
M

8.4 Stokes’ theorem

Note 8.23. The theorem will not be stated as it is not examinbale since we have not
discussed manifolds with boundaries. Only its corollaries will be stated.

Theorem 8.24 (Integrals of exact forms)
Let M be an oriented smooth n-manifold. Let n € Q"~'(M) with compact support.

Then
/ dn = 0.
M

Lemma 8.25. Let n € Q" 1(R") with compact support then,

/ dn = 0.
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Appendix

A Topological recollections

Corollary A.1 ([Leel2, Corollary C.36.]). Suppose U C R™ is an open subset, and
F : U — R" is a smooth function whose Jacobian determinant is nonzero at every point
in U.

(a) F' is an open map.

(b) If F is injective, then F': U — F(U) is a diffeomorphism.
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