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1 Basic theory

Definition 1.1. An algebra over a field F' is a vector space A over F together with a
bilinear map!

AxA— A
(z,y) = zy.
We say that xy is the product of x and y.

I Note 1.2. Sometimes we will refer to the bilinear map as ‘multiplication’.

Example 1.3. Some very simple examples are:
1. V = M,(F) with matrix multiplication.
2. V = R3 with multiplication vw = v x w.
3. Any vector space V with multiplication vw = 0 for all v,w € V.

Definition 1.4. The algebra A is said to be associative if
(xy)z = x(yz) forall z,y,z € A.

Example 1.5. It is clear that M, (F) is an associative algebra, but (R?, x) is not.

1.1 Lie algebras

Definition 1.6. Let F be a field. A Lie algebra over F' is an F-vector space L, together
with a bilinear map, the Lie bracket

LxL—L
(z,y) = [z,9],

satisfying the following properties:

(L1) [z,z] =0forall z € L,

(L2) the Jacobi identity, [[x,y], 2] + [y, 2], ] + [[#, 2], y] = 0 for all z,y,z € L.
The Lie bracket [z, y] is often referred to as the commutator of = and y.

Remark 1.7. A point on notation, sometimes to make it less cumbersome we may write
[z,y] as [2y].

LA bilinear map B satisfies the following properties:
1. For any A € F' we have that B(Av,w) = B(v, \w) = AB(v,w).

2. The map is additive in both components. That is, B(vy + va, w) = B(v1,w) + B(ve, w) and vice
versa.
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Note 1.8. Note that in the Jacobi identity we are cyclically permuting the inner Lie bracket
by shifting to the right.

Proposition 1.9

If A is an associative algebra over F', then we define a bilinear operation [—, —] on A
by
[a,b] = ab—ba for all a,b € A.

Then A together with [—, —] is a Lie algebra.

Corollary 1.10. We have that [z,y| = —[y, z] for all z,y € L.

Remark 1.11. This equality is not equivalent to condition L1; if the field F' has characteristic
2 then this equality does not imply L1.
Proof. Consider [x +y,x + y] = 0. ]
Example 1.12. Some examples of Lie algebras.
1. (R3, x) is a Lie algebra; indeed

(a) vxv=0 for all v € R3,

(b) and by using the BAC-CAB identity, (a x b) x ¢ = b(a - ¢) — c¢(a - b) we can
prove that the multiplication satisfies the Jacobi identity.

2. Given an associative algebra with multiplication vw, we define a Lie bracket on V'
by [v,w] = vw —wwv for all v,w € V. It is easy to prove this satisfies the conditions
for a Lie algebra.
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Example 1.13

The following are very important examples of Lie algebras.

o Suppose that V is a finite dimensional vector space over a field F'. Write gl(1/)
for the set of all linear maps from V' to V. This is again a vector space over F',
and it becomes a Lie algebra, known as the general linear (Lie) algebra if
we define the Lie bracket by

[z,y] =z oy —youx forall z,ye gl(V),
where o denotes the composition of maps.

 This is the matrix version of the above. Write gl(n, F') for the vector space of
all n x n matrices over F' with the Lie bracket defined by

[z,y] = 2y — yz,

where xy is the usual product of matrices  and y. We note that dim(gl(n, F)) =

n2.

As a vector space, gl(n, F') has a basis consisting of the matrix units e;;, has a
1 in the ¢j-th position and all other entries are 0. We have the useful identity

[eija €kz] = 5jk€u - 5il€kj

where ¢ is the Kronecker delta.

Note 1.14. Since a Lie algebra L is also a vector space then we by taking V = L we can
define the general linear Lie algebra over a Lie algebra.

Proposition 1.15

Let L be a Lie algebra. If x,y € L are such that [x,y] # 0 then z and y are linearly
independent.

Proof. For the sake of contradiction, assume they are linearly dependent, so we can write
ax + fy = 0 where a, f € F not all zero. By considering the Lie bracket of the sum on
the LHS with y we obtain that a = 0. It will then follow that 5 = 0. [

1.2 Subalgebra

Definition 1.16. Given a Lie algebra L, we define a Lie subalgebra of L to be a vector
space K C L such that
[z,y] € K forall z,y € K.

Corollary 1.17. Lie subalgebras are Lie algebras.
Proof. Trivial. ]
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Example 1.18
We provide key examples of subalgebras of gl(n, F).

o Define the special linear Lie algebra
sl(n, F)={Aegl(n,F): Tr(A) =0}.

To prove this is a subalgebra we need to show that [A, B] € sl(n, F'), i.e. Tr(A) =
Tr(B) = 0 implies that Tr(AB — BA) = 0. To see this note that the trace is a
linear operator and that Tr(AB) = Tr(BA). The dimension in n? — 1.

e Suppose that the characteristic of the filed is not 2. Define the orthogonal Lie
algebra

o(n,F)={A€cglin,F): AT = —A}.
This is a Lie subalgebra as [4, B]" = —[A, B]. The dimension is in(n — 1).
e Define
t(n, F) = {A € gl(n, F) : Ais upper triangular} ,
i.e. a;; = 0 for i > j. Thus, elements of t(n, F') look like
ailr G2 a13

0 ax axs
0 0 ass

e Define
u(n, F) ={A € t(n, F') : A is strictly upper triangular} ,

i.e. a;; = 0 for all # > j. That is the diagonal must be 0. Hence, elements of
u(n, F') have the following form:

0 a2 a3
0 0 923
0 0 0

I Note 1.19. The above subalgebra inherit the Lie bracket of gl(n, F').

2 Ideals and homomorphisms

2.1 Ideals
Definition 2.1. Let L be a Lie algebra. We say I C L is an ideal of L if

1. I is a subspace of L,
2. [I,L] C I where [I,L] =span{[i,l] :i € I,l € L}.

We write I < L to denote that [ is an ideal in L.
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Note 2.2. We can interpret the second condition as

[i,]]€l forallielandle€ L.

‘ Remark 2.3. Since [z,y] = —[y,x] we do not need to distinguish between left and right
ideals.

Note 2.4. Ideals are analogous to normal subgroups in group theory. Hence, we may
sometimes write I < L.

Corollary 2.5. An ideal is a subalgebra.
Proof. Apply definition. ]

Example 2.6 (Converse is not true)

A subalgebra is not necessarily an ideal. For example t(n, F') is a subalgebra of
gl(n, F), but provided n > 2, it is not an ideal. To see this, note that e;; € t(n, F)
and ey € gl(n, F'). However, [ea, e11] = €91 & t(n, F).

Example 2.7. The Lie algebra L is itself an ideal of L. At the other extreme, {0} is an
ideal of L. We call these the trivial ideals.

Definition 2.8. A Lie algebra is simple if dim(L) > 1 and its only ideals are 0 and L.

Example 2.9

The Lie algebra sl(2, F') is simple, provided the characteristic of the field is not equal
to 2.

Definition 2.10. Let L be a Lie algebra and let I, J be ideals of L. We define
I+J={i+j:iel jeJ}

and
[I,J] =span{[i,j]:iel,jeJ}CINJ

Proposition 2.11
The sets I N J, I + J and [I, J] are ideals.

Proof. The proofs are mostly trivial. We note that [I, J] is a subspace and for [ € L

by the Jacobi identity. ]
Definition 2.12. Let L be a Lie algebra. The centre of L is

Z(L)y={zxeL:[z,]]=0foralll e L}

7
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Definition 2.13. An abelian Lie algebra is a Lie algebra L in which the Lie bracket
of any two elements is zero. That is, [z,y] = 0 for all z,y € L.

Corollary 2.14. Let L be a Lie algebra. We have that Z(L) = L if and only if L is
abelian.

Proof. Trivial. [

Example 2.15. Consider gl(n, F'), and let A, B € gl(n, F)). We know that [A, B] = 0 if
and only if AB = BA, meaning the matrices commute. However, this only occurs when
A is a scalar matrix. Therefore, the centre of gl(n, F') is given by

Z(gl(n, F)) ={A € gl(n, F) : Ais a scalar matrix} .

Proposition 2.16
Let L be a Lie algebra then Z (L) < L.

Proof. Recall that the center of a Lie algebra L is defined as
Z(L)={z€L|[zx]=0foral x € L}.

We aim to show that Z(L) C L is an ideal, i.e., that or all z € L and z € Z(L), the
bracket [z, z] € Z(L). Let z € Z(L) and x € L. By definition of the center, we have

2,y =0 forallye L.
In particular, since the Lie bracket is antisymmetric, we have:
[z, 2] = —[z,2] = =0 = 0.
Thus, [z, z] = 0, and since 0 € Z(L), it follows that [z, z] € Z(L). O

2.2 Homomorphisms

Definition 2.17. Let L and M be Lie algebras over F. We say ¢ : L — M is a (Lie)
homomorphism if

1. ¢ is linear, and

2. ¢([z,y]) = [0(x), p(y)] for all z,y € L.

Moreover, ¢ is an isomorphism if it is a bijective homomorphism.

Example 2.18. If V = F™ then gl(V) = gl(n, F'). To do so, we fix a basis B of V', then
for T' €€ gl(V) the map

¢:Tw— [T
is a Lie homomorphism.

Proposition 2.19. Suppose ¢ : L — M is a Lie algebra homomorphism then the kernel
of ¢ is a subalgebra of L, and the image of ¢ is a subalgebra of M.

Proof. Similar to the one done in group theory. ]

Proposition 2.20. Let ¢ : L — M be a Lie algebra homomorphism then the kernel of
¢ is an ideal.

Proof. We know from a previous proposition that the kernel of ¢ is a subalgebra of L.
We must prove [ker ¢, L] C ker¢. Pick ¢ € ker¢ and [ € L then, by definition ¢(i) = 0.
We have that ¢ ([i,[]) = [6(3), (1)] = [0, 6(1)] € ker o. 0

8
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2.3 Adjoint
Definition 2.21. Let L be a Lie algebra, for z € L, define

adz: L — L
(adz)(y) — [z,y] forally € L.

Then adz € gl(L).

Proposition 2.22

The map
ad: L — gl(L)

rz+— adzx

is a Lie homomorphism with ker(ad) = Z(L).

Proof. Since the Lie bracket is a bilinear map it follows that ad is linear. We need to
check that
ad ([z,y]) = [adz,ady].

To do so, let z € L then,

[ad 2, ad y] (2) = [z, [y, 21| = [y, [z, 2]
= ad ([z,]) (2).

Next, we prove the kernel is the centre. We know

ker(ad) = {z € L : adz = 0}
={zeL:(adz)(y) =0}
={xeL:[x,y=0 forallye L}
= Z(L).

2.4 Quotient algebras

Definition 2.23. Let L be a Lie algebra and I be an ideal of L. We can define the quotient
vector space L/I = {x+ I :x € L}, where addition is defined by (x + 1)+ (y + 1) =
(x +vy) + I, and scalar multiplication A(x + I) = (\z) + I.

Proposition 2.24. The vector space L/I is a Lie algebra with bracket
z+1Ly+1] =[xyl +1
for all z,y € L.

Proof. We check that this bracket is well-defined. Suppose O]
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2.4.1 The isomorphism theorem

Proposition 2.25 (First isomorphism theorem)

If p: L — M is a Lie homomorphism then there is a Lie isomorphism

L/ ker ¢ = Img.

Proof. Consider the map o : L/ker¢ — Im¢ such that a(x + ker¢) = ¢(z) for all
x e L. ]

Example 2.26

Let L be a Lie algebra. We know ad : L — gl(L) is a Lie homomorphism, and
ker(ad) = Z(L), so L/Z(L) = ad L.

Example 2.27

Recall that the trace of an n x n matrix is the sum of its diagonal entries. Fix a field
F' and consider the linear map tr : gl(n, ') — F which sends a matrix to its trace.
This is a Lie algebra homomorphism, for if z,y € gl(n, ') then

tr[z,y] = tr(zxy — yx) = tray — tryz = 0,

so tr[z,y] = [trx,try] = 0. Here the first Lie bracket is taken in gl(n, F') and the
second in the abelian Lie algebra F'.

It is not hard to see that tr is surjective. Its kernel is sl(n, F'), the Lie algebra of
matrices with trace 0. Applying the first isomorphism theorem gives

gl(n, F)/sl(n, F) =2 F.

Proposition 2.28 (Second isomorphism theorem)
Let L be a Lie algebra and I, J ideals.

1. There exists a Lie isomorphism

I+J ., 1
J o InJ

2. Ideals of the quotient L/I are of the form K/I where I C K C L and K is an
ideal.

Proof. We prove each statement in turn.

1. Define a map ¢ : I — # by ¢(i) = i + J for i« € I. This is a surjective Lie
homomorphism with kernel

kerg={iel:i+J=J =1In.J

Hence (1) follows from the first isomorphism theorem.

10
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2. let M be an ideal of % and define
K={xelL:x+1e€M}.
To finish the proof, check that I C K, K is an ideal of L, and M = %

Proposition 2.29

Suppose that I and J are ideals of a Lie algebra L such that I C J. Then J/I<L/I
and (L/I)(J/I)=L/J.

2.5 Derivations

Definition 2.30. Let A be an algebra over a field F'. A derivation of A is an F-linear
map D : A — A such that

D(ab) = aD(b) + D(a)b for all a,b € A.
The set of derivation is denoted by Der(A).
Proposition 2.31. The set Der(A) is a Lie subalgebra of gl(A).

Proof. Tt is clear that Der(A) is a subspace. To show it is a subalgebra, we pick D, E €
Der(A), and we check that [D, E] = DE — ED € Der(A). O

Definition 2.32. Let L be a Lie algebra. A derivation on L is a linear map D : L — L
such that

D([z,y]) = [z, D(y)] + [D(2),y].
Corollary 2.33. If L is a Lie algebra, then
Im(ad) C Der(L) C gl(L)
are both Lie subalgebra of gl(L).

2.6 Structure constants

Definition 2.34. If L is a Lie algebra over a field F' with basis {e,...,e,}, then [—, —]

Y

is completely determined by the products [e;, e;]. We define the scalars a;;, € F' such
that

n

[61‘, 6]'] = Z aijkek.

k=1
The a;j;, are the structure constants of L with respect to this basis.

Remark 2.35. The a;;; depend on the choice of basis of L. Different bases will in general
give different structure constants.

Corollary 2.36. We have that a;;r = —aj.
Proof. Use, [e;,e;] =0 and [e;, e;] = —[e;, &]. O

11
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Proposition 2.37

If L and M are Lie algebras over F', with bases B; and Bs, having the same structure
constants, then L = M.

Proof. We prove each direction in turn.

« Proof of (=).
Suppose ¢ : Ly — Lo is a Lie algebra isomorphism. Let {e;} be a basis of L, and
define f; := p(e;). Then {f;} is a basis of Ly, and for all i, j,

Z = [fufil = lole), (e)] = lle e;) chfk

Hence, the structure constants in the two bases agree.

o Proof of <.
Conversely, suppose there exist bases {e;} C Ly, {fi} C Ly with

k
ezaej ZC i€k, fzafj] = Zcijfk'
k

Define ¢ : Ly — Ly by @(e;) = fi and extend linearly. Then ¢ is a linear
isomorphism and satisfies

61763 Zczjfk fhf] _[ ( i)v(p(ej)]’

so ¢ preserves the Lie bracket. Thus, ¢ is a Lie algebra isomorphism.

12
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Example 2.38
Find the structure constants of sl(2, F') with respect to the basis given by the matrices

=G5 =0 =02

Solution. To find the structure constants of sl(2, F') with respect to {e, f,h}, we
compute the commutators [e, f], [h, €], and [h, f].

° [eaf]zef_fG:

he:(g é) eh:(g _01) [h,e]:<8 3)226.

« [hfl=hf—fh

hf = (_01 8) . fh= <_01 8) =2

le, fl="h, [he]=2e, [h,f]=-2f.

Structure constants: ¢, =1, ¢}, = 2, 3, = —2. All others are zero.

In summary,

3 Low dimensional Lie algebras
I Note 3.1. In this section we classify Lie algebras of dimension less than or equal to 3.

Theorem 3.2. Let L and Ly be two abelian Lie algebras. We have that L; and L, are
isomorphic if and only if they have the same dimension.

Proof. We prove each direction in turn.

« Proof of (=).
An isomorphism of L; and L, is necessarily an isomorphism of their underlying
vector spaces, so if they are isomorphic then they have the same dimension.

« Proof of («).
If L1 and L, have the same dimension, then there exists an invertible linear map
¢ : Ly — Lo such that

oz, y]) = 0= [(x), ¢ (y)],
since L; and Ly are abelian, so their commutator is 0. Hence, ¢ is also an
isomorphism of Lie algebras. [

13
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Corollary 3.3. Up to isomorphism, there exists a unique Lie algebra over any field F' of
dimension n for all n € N.

Definition 3.4. Let L be a Lie algebra. The derived algebra is

L' = Span{[z,y| : xz,y € L}.

Corollary 3.5
Let L be a Lie algebra. Then L’ is a Lie subalgebra of L.

Proposition 3.6. If z € L’ then Tr(ad z) = 0.

Proof. As z is a linear combination of commutators [z, y] with z,y € L, it is sufficient to
show that Tr(ad[x,y]) = 0. This is clear as

Tr(ad[z,y]) = Trlad z,ady] = Tr(adz cady — ady o ad z) = 0.

Definition 3.7. If L; and Ly are Lie algebras over F', their direct sum is
Li® Ly = {(ﬁl,l’g) X € Ll,.IQ € LQ}
equipped with the Lie bracket

(71, 22), (Y1, 92)] = ([71, 9], [22, 92))-

Therefore, the set L @ Lo is a Lie algebra.

3.1 Dimension 1

Theorem 3.8 (Classification of 1-dim Lie algebras)

Any Lie algebra of dimension 1 is abelian.

Proof. Let L denote the Lie algebra, there is only one element in L, say x. Therefore,
[z,z] =0 for all z € L. O

3.2 Dimension 2

Theorem 3.9 (Classification of 2-dim Lie algebras)

Let F' be any field. Up to isomorphism there is a unique 2-dimensional non-abelian
Lie algebra over F. This Lie algebra has a basis {z,y} such that its Lie bracket is
described by

[z,y] = .
The centre of this Lie algebra is 0.

14
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Note 3.10. We say “the Lie bracket is described by ...”, this implicitly includes the
information that [z,z] = 0 and [z,y] = —[y, z].

Proof. Suppose L is a non-abelian Lie algebra of dimension 2 over a field F. If {u,v}
is a basis of L, then [u,v] # 0 as L is non-abelian. Therefore, L' = Span([u,v]) is a
1-dimensional Lie algebra. Let x = [u,v] and extend x to a basis of L i.e. {z,y} is the
new basis. Since L’ is an ideal, we have that

[z,y] = Az for some A € F'\ {0}.

Replace y by A1y to get [z,y] = . O

3.3 Dimension 3

Note 3.11. If L is a non-abelian 3-dimensional Lie algebra over a field F', then we know
only that the derived algebra L’ is non-zero. It might have dimension 1,2 or 3. Furthermore,
the centre Z(L) might have dimension 0,1 or 2. Therefore, we organise our search by
relating the containment of L' to Z(L).

3.3.1 The Heisenberg (Lie) algebra

I Remark 3.12. This is the case where dim(L') =1 and L' C Z(L).

Proposition 3.13

Up to isomorphism, there exists a unique 3-dimensional Lie algebra L over F' such
that dim(L') =1 and L' C Z(L), namely

0
uB,F) =410 C gl(3, F).
0

S O ¥
S * ¥

Proof. Take any f, g € L such that [f, g] # 0; as we have assumed that L’ is 1-dimensional,
the commutator Span([f,g]) = L’. We have also assumed that L' C Z(L), so we know
that [f, g] commutes with all elements of L. Now set

z:=1f,qg].

The goal is to show that {f, g, 2z} is a basis of L. Since L is 3-dimensional it suffices to
check that they are linearly independent. For the sake of contradiction, suppose that
they are linearly dependent i.e.

af +6g+vz=0

for a, B, € F not all zero. By assumption z € Z(L) so, bracketing the equation with
f we obtain # = 0. Similarly, bracketing with g, we obtain av = 0 hence, it follows that
v =0. O

Definition 3.14. We call u(3, F') the Heisenberg (Lie) algebra over F.

15
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Corollary 3.15. The basis of the Heisenberg algebra is given by

f=

O O O
O O =
o O O
@
I
o O O
O O O
O = O
N
I
o O O
O O O

1
0
0

Corollary 3.16

For the Heisenberg algebra we have that u(3, F') = Z(u(3, F)). Hence, the center is
1-dimensional.

3.3.2 A Lie algebra L where dim(L') =1 and L' Z Z(L)

Theorem 3.17

Let F' be any field. Up to isomorphism, there exists a unique 3-dimensional Lie
algebra over F' such that dim(L') =1 and L'  Z(L). Namely, L; & Ly, where

o dim(L;) =1, and

o dim(Ly) = 2 (i.e. it is a non-abelian Lie algebra).

Proof. Pick some non-zero element x € L’. Since x is not in the centre, there must be
some y € L with [z, y] # 0 therefore, z and y are linearly independent. Since dim(L') =1
it follows that L' = Span{z}, so

[z,y] = ax

for some a # 0. Replace y by a™'y to get [z,y] = y. Extend {z,y} to a basis {z,y, w}
of L. Since x spans L', there exists some scalars «, 8 such that

[z,w] =azr and [y,w]= px.

We claim that there exists a non-zero z € Z(L) such that z ¢ Span{z,y}. To show this
observe, for z = Az + py + vw € L, we calculate that

[z, 2] = [z, A\ + py + vw] = px + va,
[9,2] = [y, Az + pay + ] =~z + VB

Hence, if we take A = 8,4 = —a and v = 1 then [z,y] = [y, 2] = 0 and z & Span{z,y}.
Hence, L = Span {x, y}@®Span{z} is a direct sum of Lie algebras of the required form. [

3.3.3 Lie algebras L with dim(L') =2

Note 3.18. Suppose that dim(L) = 3 and dim(L') = 2. We shall see that, over C at least,
there are infinitely many non-isomorphic such Lie algebras.

16
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Lemma 3.19
Let L be a Lie algebra. For any x € L’ we have that Tr(ad z) = 0.

Proof. Since L' = Span{[x,y|: z,y € L} it suffices to check the trace of Tr(ad[z,y]).
Note that, ad[z,y] = [ad z,ad y] = ad zad y — ad yad x. However, we know Tr(AB) =
Tr(BA) for any linear operator A and B, so we conclude that Tr(ad[z,y]) = 0. O

Lemma 3.20

We have the following statements.
1. The derived algebra L' is abelian.

2. For x € L'\ L' the linear map adz : L' — L' is an isomorphism.

Proof. Take a basis of L', say {y, 2z}, and extend it to a basis of L, say by x. We prove
each statement in turn.

1. It suffices to show that [y,z] = 0. We know that [y, z] € L', so there are scalars
a, B € F such that
ly, 2] = ay + Bz
We write the matrix of ad y with respect to the basis {x,y, z}. It has the form

0 0 O
* 0 «

x 0 0

We see that Tr(ad y) = 3, but we know from a previous proposition that Tr(ady) =
0 hence, § = 0. Similarly, considering a matrix for ad z, we get « = 0. Thus,

ly, z] = 0.

2. The derived algebra L' = Span([z,y], |z, 2], [y, z]) however, [y,z] = 0 so L’ is
2-dimensional. We deduce that {[z,y], [z, 2]} is a basis of L. Thus, the image of
ad x is 2-dimensional, and ad z : L' — L’ is surjective hence, an isomorphism. [

Note 3.21. We now provide proposition that classify the Lie algebras of this form. There
are two cases, which we outline in a proposition separately.

Proposition 3.22

Suppose dim(L) = 3,dim(L’) = 2 and there exists € L\ L' such that adx : L' — L'
is diagonalisable. Then there exists u € F'\ {0} and a basis {x,y, z} of L such that

° [Qf,y] =Y,

o [z,2] = pz, and

o [y,z] =0.
These structure constants define a Lie algebra L,. We have that L, = L, if and only
if p= v+

17
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Proof. By the first statement of the lemma above and the assumption there exists basis
{y, z} of L such that
[z,yl =Xy and [z,2] = pz

and \, u # 0. Rescale = to take A = 1. Tt follows that [y, z] = 0 by the application of the
lemma. The proof of the last assertion is omitted. ]

Proposition 3.23

Suppose dim(L) = 3, dim(L") = 2 and there exists € L\ L’ such that adx : L' — L'
is NOT diagonalisable. Then there is (up to isomorphism) a unique Lie algebra L
with basis {xz,y, 2} such that

o [z,9] =y,

o [z,2]=y+ 2 and

e [y,2] =0.

Proof. Take any = € L\ L', as we work over C, the map adz : L' — L' must have an
eigenvector, say 0 # y € L'. We can rescale x to take [x,y] = y. Extend y to a basis
{y, z} of L' thus,

[z, 2] = Ay + pz

where A # 0 (otherwise ad z) would be diagonalisable. By scaling z we may arrange that
A = 1. The matrix of ad x acting on L’ therefore has the form:

(ad ). = <(1) ;) .

We assumed that this matrix is not diagonalisable, and therefore cannot have two distinct
eigenvalues hence, 1 = 1. We now have that

 [zyl=y,
e [z,2] =y + 2, and
e [y,z] =0.

These relations define a Lie algebra. ]

3.3.4 Lie algebras L with dim(L) = dim(L') =3

Proposition 3.24

Suppose that L is a Lie algebra over C of dimension 3 such that L = L. Then
L =5l1(2,C).

I Remark 3.25. Therefore, there is only one such Lie algebra.

18
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I Note 3.26. Recall, the dimension of sl(n, F) is n? — 1.

I Remark 3.27. This proposition is not true over any field F'.

Proof. The proof is split into multiple steps.

Step 1:

Step 2:

Step 3:

Step 4:

Let € L be non-zero. We claim that adz : L — L has rank 2 (i.e. the
image is 2-dimensional). Extend x to a basis of L, say {z,y,z}. Then L' =
Span {[z,y], [z, 2], [y, 2] }. But L’ = L, so this set must be linearly independent, and
hence the image of ad x has a basis {[z,y], [z, 2]} of size 2 as required.

We claim that there is some h € L such that ad h : L — L has an eigenvector with a
non-zero eigenvalue. Choose any non-zero x € L. If ad z has a non-zero eigenvalue,
then we may take h = x. If adx : L — L has non-zero eigenvalue, then, as it has
rank 2 (by the above claim), its Jordan canonical form must be

o OO
o O =
O = O

This matrix indicates there is a basis of L extending {z}, say {z,vy, z} such that
[z,y] =z and [z,z] = y. So ady has x as an eigenvector with eigenvalue —1, and
we may take h = y.

By the previous step, we may find h,z € L such that [h,z] = az # 0. Since h € L
and L = L', we know from Exercise 2.5 that adh has trace zero. It follows that adh
must have three distinct eigenvalues «, 0, —«. If y is an eigenvector for adh with
eigenvalue —a, then {h,z,y} is a basis of L. In this basis, adh is represented by a
diagonal matrix.

To fully describe the structure of L, we need to determine [z,y]. Note that

A, [z, y]] = [[h, 2], y] + [z, [h,y]] = afz,y] + (—a)[z,y] = 0.

We now make two applications of Step 1. Firstly, keradh = Span{h}, so [z,y] = Ah
for some A € C. Secondly, A # 0, as otherwise keradz is 2-dimensional. By
replacing z with A™'z, we may assume that A = 1. So now

o [h,z] =2z,
o [h,y] = =2y, and
« [zyl=nh
These are the structure constants for the basis e, f, h of sl(2,C). O

Solvable Lie algebras

19



Francesco N. Chotuck MATHT70062 Lie Algebras

Remark 4.1. We make a key distinction in terminology here. In the U.K. it is common to
use the word “solvable” in place of “solvable”. But we will use the American counterpart
to remain in line with key texts used.

Note 4.2. Abelian algebras are easily understood. There is a sense in which some Lie
algebras we outlined in the previous section are close to being abelian. In this section, we
ask to what extent can we “approximate” a Lie algebra by abelian Lie algebras.

Lemma 4.3

Suppose that [ is an ideal of L. Then L/I is abelian if and only if I contains the
derived algebra L.

Note 4.4. This lemma tells us that the derived algebra L’ is the smallest ideal of L with
an abelian quotient. By the same argument, the derived algebra L’ itself has a smallest
ideal whose quotient is abelian, namely the derived algebra of L', which we denote L,
and so on. This motivates the next definition.

Proof. The algebra L/I is abelian if and only if for all z,y € L we have
e+ Ly+1]=[zyl +1=1

or, equivalently, for all z,y € L we have [z, y] € I. Since [ is a subspace of L, this holds if
and only if the space spanned by the brackets [z, y| is contained in I; that is, L' C I. [

Definition 4.5. Define the following

y
—~
-
=

L'=[L, 1]
L® — [L(l),L(l)}

LF) — [L(k_l),L(k_l)} )

Then the series
LQL(l) QL(Q) D

such that L(® /L0+1) is abelian (by the above lemma), is the derived series of L.
Corollary 4.6. L® is an ideal of L (and not just an ideal of L(*~1),
Proof. The product of ideals is an ideal. ]

Definition 4.7. A Lie algebra is solvable if L(™ = 0 for some m.
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Example 4.8

Some examples.

2. Similarly, the algebra of upper triangular matrices, t(n, F') and u(n, F') are

3. Any 2-dimensional Lie algebra is solvable.

4. 5[(2,C) is NOT solvable, because sl(2,C)" = sl((2,C), by the arguments below

1. The Heisenberg algebra is solvable.

solvable.

it cannot be solvable.

Example 4.9. Let L be a Lie algebra.

1.

If dim L = 2, then we have dim L’ < 1 (from the classification from a previous
section), so L® = 0 and L is solvable.

If dim L = 3 and dim L' < 2, then by (1) we have L®) = 0, and hence L is solvable.

If dimL = 3 and dim L/ = 3, then LW = L, so L) = L for all i, and L is not
solvable.

Proposition 4.10
Let L be a Lie algebra.

2. If I is an ideal, and both I and L/I are solvable then L is solvable.

3. If I, J are solvable ideals of L then I 4 J are solvable.

1. If L is solvable, then all subalgebras of L and quotient algebras of L/I are
solvable.

Proof. We prove each statement in turn.

1.

Suppose L™ = 0. For a subalgebra M we have that M = 0, so M is also
solvable. For an ideal I we have

L/ = (LY + /1

and hence (L/I)"™ =0 so L/I is solvable.

2. Assume 1™ =0 and (L/I1)"™ = 0 then

(L/D™ = (L™ + 1)1 =1

so L™ C I. Hence
0= (L™ = vtm)

so L is solvable.
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3. By the second isomorphism theorem (I + J)/I = J/I N J, so it is solvable by
applying the first statement of the proposition. Since [ is also solvable the second
statement implies that I 4 J is solvable.

]

Corollary 4.11. Let L be a finite dimensional Lie algebra. Then L has a unique solvable
ideal which contains every solvable ideal of L

Proof. Let R be a solvable ideal of the largest possible dimension. Suppose that [ is
any solvable ideal. By Proposition 5.10(3), we know that R + I is a solvable ideal. Now
R C R+ I and hence dim R < dim(R + I). We chose R of maximal possible dimension,
and therefore we must have dim R = dim(R + /) and hence R = R+ I, so [ is contained
in R. L

Definition 4.12. The unique maximal solvable ideal of finite dimensional Lie algebra L
is called the radical of L, written Rad(L).

Example 4.13

Some examples.
1. If L is solvable, then Rad(L) = L.

2. Take L = sl(2,C). Here, L = L' (by considering the structure constants [ef] =
h, [eh] = —2e, [fh] = 2f, we note that any basis vector is contained in L'), so L
is not solvable. Also, L is simple, so Rad(L) is 0 or L. Therefore, Rad(L) = 0.

3. Take L = gl(2,C). Here Rad(L) = Z(L) = {\ : A € C}.

Definition 4.14. Let L be a Lie algebra. If Rad(L) = 0 we call L a semisimple Lie
algebra.

Proposition 4.15. Let L be a Lie algebra of dimensional greater than 1. If L is simple
then L is semisimple.

Remark 4.16. We need a constraint on the dimension otherwise the abelian Lie algebra
of dimension 1 would be a counterexample to this statement.

Proof. If L is simple, then L' = 0 or L. If L’ = 0 this means L is abelian so, the
commutator [z,y] = 0 € V for any subspace V. Thus, any subspace becomes an ideal
which is a contradiction as we assume L to be simple. Hence, L' = L, which means L is
not solvable. Also, Rad(L) = 0 or L, and is not L, because L is not solvable. Therefore,
Rad(L) = 0, and L is semisimple. O

Proposition 4.17
If L is a Lie algebra, the factor algebra L/Rad(L) is semisimple.
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Proof. Let J be a solvable ideal of L/rad L. By the ideal correspondence, there is an
ideal J of L containing rad L such that J = .J/rad L. By definition, rad L is solvable, and
J/rad L = J is solvable by hypothesis. Therefore, the proposition above implies that J is
solvable. But then J is contained in rad L; that is, J = 0. Therefore, Rad(L/Rad(L)) =
0. [

5 Nilpotent Lie algebras

Definition 5.1. Define a series of ideals of a Lie algebra L:

L'=1L =L, 1],
L*=[L, L'
LF =[L,L*1].

We have L D L' D L? D ---, the lower central series of L.

Remark 5.2. The reason for the name “central series” comes from the fact that L* / Lkl C
Z (L/ Lk+1).

Corollary 5.3. L* is an ideal of L (and not just an ideal of LF~1).

Proof. The product of ideals is an ideal. ]

Definition 5.4. The Lie algebra L is said to be nilpotent if for some m > 1 we have
L™ =0.

Corollary 5.5. If L is a nilpotent Lie algebra, then L is solvable.

Proof. Suppose L is nilpotent. Then the lower central series terminates at zero after
finitely many steps, i.e., there exists n € N such that L™ = 0. We claim that L*®) C L*
for all £ > 1. That is, the derived series is contained in the lower central series. We prove
this by induction.

Base case: For k = 1, we have L&) = [L, L] = L*, so LY C LM,

Inductive step: Assume L*) C L¥. Then

kD — [L(k),L(k)] C [Lk,Lk] C [L,Lk] — [l

Hence, by induction, L*) C L* for all k. Since L™ = 0, it follows that L™ C L™ = 0, so
L™ = 0. Therefore, the derived series terminates at zero and L is solvable. O

Example 5.6

Some examples.

1. Suppose dim L = 2, L is non-abelian. By a proposition, L has basis x,y with
lzy] = x. So L' = Span(zx), L? = Span(z), ..., L" = Span(z) for all . Hence, L
is not nilpotent.

2. The Lie algebra u(n, F) is nilpotent, but t(n, F') is not nilpotent (for n > 2).
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Lemma 5.7
Let L be a Lie algebra.

(a) If L is nilpotent, then any Lie subalgebra and quotient Lie algebra of L is
nilpotent.

(b) If L/Z(L) is nilpotent, then L is nilpotent.

Proof. Part (a) is clear from the definition. By induction, one can show that (L/Z(L))*
is equal to (L*+ Z(L))/Z(L). So if (L/Z(L))™ is zero, then L™ is contained in Z(L) and
therefore L™+ = 0. O

5.1 Ascending central series

Lemma 5.8. Let L be a non-zero nilpotent Lie algebra. Then Z(L) # ().

Proof. Let n be the largest natural number such that L™ # 0. Then [L,L"] = L™ = 0,
so L" C Z(L). But L™ is non-zero, so the same holds for Z(L), too. O

Example 5.9
The claim is not true when L is merely solvable. Let L = (z,y) be the 2-dimensional
solvable Lie algebra subject to the relation [xy] = y. If ax + by € Z(L) for some
a,b € C, then

l[ax 4+ by, x| = by, [ax + by,y] = ay,

so both a and b must vanish. Therefore Z(L) = 0.
Definition 1.3. For every Lie algebra L we are going to define the ascending
central series of L, a chain of ideals:

0=LoCLiC CLC-

as follows. Set L; = Z(L). If L,,_; < L is already defined, then let ¢, 1 : L — L/L,
be the quotient map. We set L, = ¢,*,(Z(L/L,_1)). Since it is the preimage of an
ideal, the subset L, C L is an ideal.

Lemma 5.10

A Lie algebra L is nilpotent if and only if L,, = L for some n.

Proof. First assume that L is nilpotent. It will be sufficient to show that for every n > 1
the ideal L, is strictly contained by L, unless L, 1 = L; since L is finite dimensional,
this shows that the strictly increasing sequence 0 = Ly C L; C - - - must terminate. Since
L/L, 4 is the quotient of a nilpotent Lie algebra, it is nilpotent. Since L, 1 # L, this
quotient is non-zero, so by Lemma 1.1 its centre is non-zero. So the preimage of the latter
is strictly larger than L,,_;.

We are going to prove the converse by induction on dim(L). The case dim(L) = 0
is trivially true. Now assume that L # 0. Note that Z(L) # 0; if L; = Z(L) = 0, we
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would get by induction that L, = 0, a contradiction. Therefore dim(L/L,) < dim(L).
Since L,, = q; *(L/L1),_1 for every n > 1, we get that (L/L,), = L/L; for some n, and
hence L/L; is nilpotent by the induction hypothesis. Therefore (L/L;)™ = 0 for some
m, which implies that L™ C L; = Z(L). But

L™ = [L, L™ C [L, Z(L)] = 0,

so L is nilpotent.

6 Engel’s theorem

Definition 6.1. A linear map 7' : V — V is nilpotent if 7" = 0 for some r.
Corollary 6.2. Some corollaries:

e A nilpotent linear transformation 7' : V' — V has only eigenvalue value 0, so
its characteristic polynomial z", where n = dim(V). Hence, T" = 0 by the
Cayley-Hamilton Theorem.

e The Jordan canonical form of 7" is of the form
0 *
0 0
i.e. strictly upper triangular. Such a matrix is also nilpotent (as its characteristic
polynomial is ™), and lies in u(n, F).

o Any Lie subalgebra of u(n, F) consists of nilpotent matrices.

Theorem 6.3 (Engel’s theorem)

Let V' be an n-dimensional vector space over F. Suppose L is a Lie subalgebra of
gl(V) such that every element of L is nilpotent (i.e. 7" = 0 for all 7" € L and some
n € N). Then there exists a basis B of V' such that every T' € L is represented by a
strictly upper triangular matrix. That is,

L = {[Tp is strictly upper triangular : T € L} C u(n, F).

In particular, L is a nilpotent Lie algebra.

I Note 6.4. This theorem is converse to the third statement of the above corollary.

The idea of the proof

To prove Engel’s Theorem, we adapt the strategy used to prove the analogous result for a
single nilpotent linear transformation. The proof of this result is outlined in the following.

Let V be an n-dimensional vector space where n > 1, and let 7" : V. — V be a
nilpotent linear map.

25



Francesco N. Chotuck MATHT70062 Lie Algebras

(i) There is a non-zero vector v € V' such that T'(v) = 0.

(ii) Let U = Span(v). We have that T induces a nilpotent linear transformation 7T :
V/U — V/U. By induction, we know that there is a basis {v; + U, ... ,v,—1 + U} of
V/U in which T has a strictly upper triangular matrix. Therefore, {v,v1,...,v, 1}
is a basis of V' and that the matrix of x in this basis is strictly upper triangular.

The crucial step in the proof is the analogue of part (i): we must fine a non-zero
vector v € V that lies in the kernel of every T' € L.

We will build the necessary results in lemmas and propositions.

Lemma 6.5. Let L C gl(V') be a Lie subalgebra. Let x € L, and suppose z : V — V is
nilpotent. Then adx : L — L is also nilpotent.

Proof. Let y € L then
(adz)(y) = [z,y] = 2y —ya
hence,
(ad2)*(y) = (adz)(zy — yz)

= [z, zy — yz

= z(zy —yz) — (2y — yx)x

= 2%y — 2wyx + yat.
Similarly, (ad z)? is a linear combination of terms of the form z*y and so on. In general,
(ad z)™(y) is a linear combination of terms of the form z/yz™ 7 where 0 < j < m (this
can be proved by induction on m).

By hypothesis, 2" = 0 for some n. Then for m = 2n, either 27 or 2™ is 0 for all
0 < 7 < m. This shows that (ad z)** = 0, hence, ad x is nilpotent. O

Lemma 6.6. Let L C gl(V') be a subalgebra, and I an ideal of L. Define
W={veV:T(w)=0forall T €1}.
Then W is L-invariant. That is, S(W) C W for all S € L.
Proof. Let S € L and w € W/ For each T € I notice that [T,S] =TS — ST, so
TS(w)=8ST(w)+[T,S)|(w) =0+0

since both T, [T, S] € I. Therefore, S(w) € W. Since the choice of w was arbitrary we
have S(W) C W. O

Proposition 6.7

Let L C gl(V) be a subalgebra consisting of nilpotent elements. Then there exists a
vector 0 # v € V such that T'(v) =0 for all T' € L.

Proof. We proceed by induction on dim(L). If dim(L) = 1, then L = Span(T") where T :
V' — V is a nilpotent linear transformation, which we know from a previous observation
has an eigenvector v such that T'(v) = 0.

26



Francesco N. Chotuck MATHT70062 Lie Algebras

Step 1. Take a maximal Lie subalgebra A C L. We claim that A is an ideal of L and that
dim(A) = dim(L) — 1. Consider the quotient L/A. We define a linear map
¢:A—gl(L/A)
¢la)(x+A) =[a,2] + A
= (ad a)(z) + A.

This is well-defined, for if x € A then [z, a] € A. Moreover, ¢ is a Lie homomorphism,
for if a,b € A then

[¢(a), d(0)](z + A) = ¢(a)([b, 2] + A) — ¢(b)([a, 2] + A)
(la, [b, 2] + A) = ([b, [a, 2]] + A)

a, [b,x]] = [b,[a,z]] + A

l,z] + A

by the Jacobi identity. The last term is equal to ¢([a,b])(x + A), as required.

So ¢(A) C gl(L/A) is a subalgebra and dim ¢(A) < dim L. To apply the inductive
hypothesis, we need to know that ¢(a) is a nilpotent linear transformation of L/A.
But ¢(a) is induced by ad a; by a lemma from above, we know that ada : L — L
is nilpotent and therefore ¢(a) is as well.

~alb
= [[a,b

[a,

By the inductive hypothesis, there is some non-zero element y + A € L/A such that
¢la)(y + A) = [a,y] + A =0 for all a € A. That is, [a,y] € A for all a € A. Set
A=A Span{y}. This is a Lie subalgebra of L containing A. By maximality, A
must be equal to L. Therefore L = A @ Span{y}. As A is an ideal in A, it follows

that A is an ideal of L.

Step 2. We now apply the inductive hypothesis to A C gl(V'). This gives us a non-zero
w € V such that a(w) = 0 for all a« € A. Hence

W={veV:a(v)=0forall a € A}

is a non-zero subspace of V.

By a lemma above, W is invariant under L, so in particular y(W) C W. Since y is
nilpotent, the restriction of y to W is also nilpotent. Hence there is some non-zero
vector v € W such that y(v) = 0. We may write any = € L in the form x = a + By
for some a € A and some § € F. Doing this, we have

z(v) = a(v) + By(v) = 0.

This shows that v is a non-zero vector in the kernel of every element of L. ]

6.1 Proof of Engel’s theorem

Proof. Let L C gl(V) be a subalgebra consisting of nilpotent elements. we aim to show
that there exists a basis B such that {[T|z:T € L} C u(n,F). Let n = dim(V). We
proceed by induction on n. If V' = {0} then there is nothing to do so, we assume
dim(V') > 1. By the above proposition there exists 0 # v € V' such that T'(v) = 0 for all
T € L. Let U = Span(v), any 7' € L induced a linear transformation

T:V/U—V/U

Tx+U)=T(x)+U
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for all z € V. Moreover, since T is nilpotent so is 7. The map
L — gl(V/U)
Tw—T
is a Lie homomorphism, and its image is a Lie subalgebra of gl(V/U) consisting of

nilpotent. As dim(V/U) = dim(V) — dim(U) = n — 1, we can apply the inductive
hypothesis to obtain a basis

B:{’Ul—i-U,...,Un,l—l—U}

of V/U such that
{[T]g:TeL} Cun—1,F).

Then
B={v,v1,...,05-1}

is a basis of V', and
{[Tg:T € L} Cu(n,F).

6.2 Engel Ver. 2

Theorem 6.8 (Engel’s theorem version 2)

A (finite-dimensional) Lie algebra L is nilpotent if and only if adx : L — L is
nilpotent for all z € L.

Note 6.9. The first version of Engel’s theorem is about subalgebras of gl(V'), this version
is about abstract Lie algebras.

Remark 6.10. It is very tempting to assume that a Lie subalgebra L of gl(V') is nilpotent if
and only if there is a basis of V' such that the elements of L are represented by strictly upper
triangular matrices. However, the ”=" direction is false. For example, any 1-dimensional
Lie algebra is (trivially) nilpotent. Let I denote the identity map in gl(V)). The Lie
subalgebra Span(I) of gl(V') is therefore nilpotent. In any basis of V, the map I is
represented by the identity matrix, which is certainly not strictly upper triangular.

Proof. We prove each direction in turn.

« Proof of (=).
Recall that L being nilpotent means L™ = 0 for some m, more explicitly:

(o, [+ [Tm—o[Tm_1,Tm]] .. .]] =0

for all z; € L. Hence, (adz)™ = 0.
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« Proof of («).
Recall that ad : L — gl(L) is a Lie homomorphism, so its image is a Lie subalgebra
of gl(L) consisting of nilpotent elements adz. BY the first version of Engel’s
theorem, Im(ad) = ad(L) is nilpotent and also ker(ad) = Z(L). By the first
isomorphism theorem we have

ad(L) = L/Z(L).

Suppose (ad(L))™ = 0, then 0 = (ad(L))™ = Lm;(f)(L) hence L™ < Z(L). So,

L™ =L, L™ C [L,Z(L)] = 0 which implies L is nilpotent.

O

7 Lie’s theorem

Note 7.1. Let L be a Lie subalgebra of gl(V)). We would now like to understand when
there is a basis of V' such that the elements of L are all represented by upper triangular
matrices.

Theorem 7.2 (Lie’s theorem)

Let V' be an n-dimensional vector space over V' and let L be a solvable Lie subalgebra
of gl(V'). Then there exists a basis B of V' such that

L = {[T)p is triangular : T € L} C t(n,C).

I Remark 7.3. The theorem is false for field of prime characteristic.

Idea of proof

When dim L = 1, L = Span(T"), then the theorem says that there exists a basis B such
that [T]p is upper-triangular. This is easily proved by induction on dim V:

(a) There exists an eigenvector 0 # v € V' for T' (since the field is C).

(b) Let U = Span(v). Then T induces T : V/U — V/U by T(v 4+ U) = T(v) + U and
by the inductive hypothesis, there exists a basis B = (v + U, ...,v,-1 +U) of V/U

such that [Tz is upper-triangular. Then B = {v,vq,...,v,-1} is a basis of V, and
[T is upper-triangular.

As for the proof of Engel’s Theorem, the main part of the proof of Lie’s Theorem is
Step (a): finding a common eigenvector for all 7" in the Lie algebra L.

7.1 Weights

Note 7.4. In linear algebra, one is often interested in the eigenvalues and eigenvectors of
a fixed linear map. We now generalise these notions to families of linear maps. Let A be
a subalgebra of gl(V'). It seems reasonable to say that v € V.
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Proposition 7.5. Let V be a vector space over F. Let A C gl(V') be a subalgebra, and
suppose there exists 0 # v € V such that v is a common eigenvector for all a € A. So,

a(v) = Aa)v
for all a € A, where A(a) € F. Then the function A : A — F' is linear.

Definition 7.6. A weight for a Lie subalgebra A C gl(V) is a linear map A : A — F
such that
Vi={veV:av)=Aa)v for all a € A} # {0}.

Such a non-zero subspace V) is called the weight space for the weight .

Example 7.7

Let L = d(n, F') be the set of diagonal matrices. Let ey, ..., e, be the standard basis

of F™. Then for
aq

9p = €L,
Qp
we have z(e;) = ase;. So Span(e;) is a weight space for L, with weight \; : L — F|

where
651

)\i = ;.

On

Lemma 7.8 (Invariance lemma)

Assume thtat F' has characteristic zero. Let L C gl(V') be a subalgebra and let A be
an ideal of L. Let A : A — F be a weight of A. The associated weight space V) is an
L-invariant subspace of V' (i.e. [(V)) C V) for all l € L).

Proof. Omitted because I find it too long. [

Proposition 7.9

Let V' be a finite-dimensional vector space over C. Let L C gl(V') be a solvable Lie
subalgebra. Then there exists 0 # v € V such that v is a common eigenvector of all
z € L (ie. z(v) € Span(v) for all x € L).

Proof. We proceed by induction on dim L. The statement is true for dim L = 1, i.e.
L = Span(T'), as T has an eigenvector (since the field is C).
Now, assume that dim L > 1. As L is solvable, ' C L. Choose a subspace A of L
such that
L' C Aand dimA =dim L — 1.

Let z € L'\ A, so
L =A@ Span(z) (as vector spaces).
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Then [AA] C L' C A, and [A,2] C L' C A, so A is an ideal of L. By the inductive
hypothesis, there exists 0 # w € V such that w is a common eigenvector for all a € A.
So

a(w) = AMa)w for all a € A.

Let
Vi={veV:aw) = \a)v for all a € A}.

Then w € V), so V) # 0, and hence A is a weight of A. By Proposition 5.2, V) is
L-invariant, so

Therefore, there exists 0 # v € V) such that v is an eigenvector for z; say z(v) = fv.
Then for any a + az € L where a € A, a € C, we have

(a+ az)(v) = AMa)v + afv.

Hence v is a common eigenvector for all x € L. [ O

8 Representation theory

8.1 Basics

Definition 8.1. Let L be a Lie algebra over a field F'. A representation of L is a Lie

algebra homomorphism
p:L—gl(V)

where V' is a finite-dimensional vector space over F.

Note 8.2. For brevity, we will sometimes omit mention of the homomorphism and just say
that V is a representation of L.

Definition 8.3. A representation p is faithful if ker(p) = {0}.

Corollary 8.4. If p is a faithful representation of L we have that L = Im(p), a Lie
subalgebra of gl(V').

Definition 8.5. If we fix a basis B of V', the map

L — gl(n, F)
z = [p(x)]s

for all x € L, is called a matrix representation of L.
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Example 8.6

Some examples of representations.

1. For any Lie algebra L over F, the zero map L — F sending [ — 0 for all [ € L
is the trivial (1-dimensional) representation of L.

2. If L is a Lie subalgebra of gl(V') for some vector space V', the inclusion map
t: L — gl(V) is a representation of L, called the natural representation of
L.

3. If L is any Lie algebra, the map

ad : L — gl(L)
Tz — adzx

is a representation, called the adjoint representation of L. Its kernel is Z(L).

Example 8.7. More examples.

1. Let L = sl(2, F) with basis

s{e=(0) n=(0 %) =)

and structure constants [e, f] = h, [e,h] = —2e, [f,h] = 2f. With respect to this
basis, the adjoint representation of L gives a representation of L, sending

0 -2 0 2 0 0 0 00
e—(ade)s=(0 0 1|, h—=(adh)s=|0 0 0|, f—=(adfls=|-1 0 0
0 0 0 00 —2 0 20

Now, Z(L) = 0, provided char(F') # 2, so L is isomorphic to the Lie subalgebra of
gl(3, F'), spanned by these 3 matrices.

2. Let L be the 2-dimensional non-abelian Lie algebra over F', with basis {z,y} and
structure constant [z,y| = z. Define p : L — gl(2, F') by

p(x) = <8 é) p(y) = (_01 (1))

and extend it linearly to L, i.e. for all o, € F

plax + By) = <_0ﬁ 0‘35) :

One can easily check that p is a representation of L. (It suffices to check that
[p(x), p(y)] = p(x), which is clear when we multiply out the matrices.)
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Note 8.8. To “extend linearly” means to define a map on all elements of a vector space
by specifying its action on a basis and then applying linearity to extend it to any linear
combination of basis elements.

8.2 Modules for Lie algebras

Definition 8.9. If p : L — gl(V) is a representation, it is notationally convenient to
drop the p an instead of writing p(l)v we write [v. This defines a map

LxV =V
(L, v) = p(D)(v) = v

satisfying

L (b + l)v = lv+ v,

2. l(vy + vy) = lvy + vy,

3. Alv) =1(\v) = (N)v,

4. Iy, laJv = 1 (lov) — l2(l1v)
for all [;,l € L,v;,v € V and X € F.

Definition 8.10. Let L be a Lie algebra over a field F'. A vector space V over F is an

L-module if there exists a mpa
LxV =V

(l,v) = lv

satisfying all the conditions above.

Example 8.11

Any representation of L gives an L-module. In fact, L-modules and representations
of L are equivalent concepts:

o Given a representation p : L — gl(V'), defining lv = p()(v) for I € Land v € V
makes V' an L-module.

o Given an L-module V| we can define p : L — gl(V') by

p(D)(v) = lv

for all l € L and v € V. Then the conditions of an L-module imply that p is a
Lie homomorphism, hence a representation of L.
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Example 8.12

Some examples of Lie modules.

1. Let L be a 2-dimensional Lie algebra, with basis =,y and [xy] = 2. We have a
matrix representation p : L — gl(2, F') sending

. 0 1 . -1 1
7 o0) Yo o)
The corresponding L-module is V = F? with the standard basis e, e; and

multiplication
rep =0, xey =eyq,

ye; = —€1, Yea = ey.

2. Let L be any Lie algebra. We have the adjoint representation ad : L —
gl(L). The corresponding L-module, the adjoint module, is L itself, with
multiplication

lv=(adl)(v) =[l,v] forallle L,ve L.

8.3 Submodules

Definition 8.13. Let L be a Lie algebra and V' and L-module. A subspace W C V is a
submodule if W is L-invariant. That is, [W C W for all [ € L.

Example 8.14

Ideals of L are submodules.

Proposition 8.15

Let L be a solvable finite-dimensional Lie algebra over C, and let V be a finite
dimensional non-zero L-module. Then V has a 1-dimensional submodule.

Proof. Let p: L — gl(V) be the corresponding representation of L that is, p(l)(v) = lv
forall l € L and v € V. Then,

L
ker p

= imp C gl(V).

Now, im(p) is a solvable Lie subalgebra of gl(V') by some previous proposition hence,
by another previous proposition there exists a common eigenvector 0 # v € V for all
p(l) € im p. This implies

lv = p(l)(v) € Span(v)

for all | € L. Hence Span(v) is a 1-dimensional submodule. O

Example 8.16. In the previous example Span(e;) was such a submodule.
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8.4 Irreducible modules

Definition 8.17. An L-module V is said to be irreducible if
e it is non-zero, and
« the only submodules are {0} and V.

We then also say that the corresponding representation p : L — gl(V') is irreducible.

Example 8.18
Some examples.

1. If V is 1-dimensional, then V is irreducible. For example, the trivial representation
is always irreducible.

2. If L is the adjoint module, the submodules are ideals of L. So the adjoint
L-module is irreducible if and only if L is a simple Lie algebra (or dim L = 1).
For example, the adjoint representation sl(2, C) — gl(3, C) is irreducible.

Corollary 8.19

Let L be a solvable Lie algebra over C. Then every irreducible L-module is 1-dimensional.

Proof. Follows immediately from the previous proposition. O

8.5 Quotient modules

Definition 8.20. Let L be a Lie algebra, V' an L-module and W a submodule. We can
turn the quotient vector space V/W into an L-module, called the quotient module by

defining
l(lo+W)=lw+W

foralll € Land v e V.
Proposition 8.21. The quotient module is an L-module.

Proof. As usual, we must first check that the multiplication is well-defined. Suppose that
v+ W =04+ W' Then (lv) + W — (W) + W =l(v =0 )+ W=0+Wasv—-v €W
and W is L-invariant. The remaining properties are easy to check. ]

8.6 Composition Series

Definition 8.22. Let L be a Lie algebra and V' a (finite-dimensional) nonzero L-module.
Choose a non-zero submodule V; C V of minimal dimension. Then V; is irreducible.
Form the quotient % 0. If % = 0, find a submodule % of minimal dimension, where

Vo C V is a submodule V; C V5. Then % is irreducible. Continuing, the sequence

O=VWwcwvicWwc.---CcV,=V,

where Ll are irreducible, terminates, because V' is finite-dimensional. This is a composition
k2

series of V.
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8.7 Direct sums

Definition 8.23. Let V' be a vector space over a field F', and let U, W C V be subspaces.
We say that V' is the direct sum of U and W, written

V=UaoW,
if the following two conditions hold:
o Every vector v € V can be written as

v=u+w forsomeueU, weW.

o This expression is unique, i.e.,

Unw ={0}.

Definition 8.24. If V' is an L-module such that V = U @& W, where both U and V are
L-submodules of V', we say that V' is the direct sum of the L-module U and W.

Remark 8.25. More generally, let V' be an L-module. Suppose V =U; & --- ® U,, i.e.,
V=U+ ---+U,and U; N <Z#i Uj> = 0 for all 7, where each U; is a submodule. Then

we say V is the direct sum of the submodules Uy, ..., U,.

Definition 8.26. The L-module V is said to be completely reducible if it can be
written as a direct sum of irreducible L-modules; that is V =5, & Sy @ - - - ® Sk, where
each S; is an irreducible L-module.

Example 8.27

Some examples.

1. Let L=4d(2,F) = {(g g) ca, € F}, an abelian Lie algebra. Let V = 2,

the natural L-module with standard basis e;,es. Then V; = Span(e;), Vo =
Span(es) are submodules, as

a 0 a 0
(0 6)612@61, (0 ﬁ)62=ﬁez,

and V = V] & V5. Each Vj is irreducible, so V' is completely reducible.

2. Let L =1t(2,F), V = F? be the natural L-module. The only nontrivial (not 0
and not V') submodule of V' is Span(e;), so V' is not completely reducible.

8.8 Homomorphisms

Definition 8.28. Let L be a Lie algebra, and let V and W be L-modules. An L-module
homomorphism is a linear map

¢:V — W such that ¢(lv) = lp(v)
foralll € Land v e V.
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Definition 8.29. An isomorphism is a bijective L-module homomorphism.

We want to interpret the notion of homomorphism in terms of representations. Let
pv i L — gl(V) and py : L — gl(W) be the corresponding representations of L. Then ¢
is a homomorphism if

6(ov (1)) = pw (D)(é(v)) for all | € Ly € V
ie. popy(l)=pw(l)o¢forallle L. If ¢ is an isomorphism, this says
pw(l) =dopy(L)od".
So we can choose bases By of V and By of W such that the corresponding matrices are
equal:
v sy = [ow D]z, for all 1 € L,
i.e. the matrix representations
L= lpvD]sys L lpw D]y

are identical.

I Note 8.30. This is a way to tell whether two L-modules are isomorphic.

Example 8.31

Let L = Span(zx), a 1-dimensional Lie algebra. Then L has matrix representations

(1o (L1

The corresponding L-modules are isomorphic as the matrices p; (), p2(x) are similar.

9 Representations of sl(2,C)
Note 9.1. We shall use the following basis of s[(2, C):
01 0 0 1 0
=(o) 7=(0) =05

and structure constants
[eug] = ha [hve] = 2e [h7f] = _2f

9.1 The modules Vj

I Note 9.2. We begin by constructing a family of irreducible representations of sl(2, C).

Definition 9.3. Let C[X, Y] be the vector space of all polynomials in X, Y with complex
coefficients. For each integer d > 0, let V; be the subspace of homogenous polynomials
in X and Y of degree d i.e.

Vy = Span (X4, XY, XYTL YY),
Thus dim(Vy) = d + 1.
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Note 9.4. Recall homogenous polynomials of degree d are polynomials whose non-zero
terms have all the same degree.

Example 9.5

Vp is the 1-dimensional vector space of constant polynomilas, and for d > 1, the space
V, has a basis of monomials { X%, X471y, ... XY4-! yi}.

Definition 9.6. We now make V, into an s((2,C)-module. Define the folllwoign Lie

algebra homomorphism

¢ :sl(2,C) — gl(Vy)

by 5
¢(e) = Xa_y
v 0
o(f) = d
0 0
o) =Xy ~Vay
Theorem 9.7

With these definitions, ¢ is a representation of L = s[(2,C). Hence V; is an L-module
of dimensional d + 1.

Proof. By construction ¢ is lienar. Thus, all we have to check is that ¢ preserveds the
Lie brackets. By linearity, it is enough to check this on the basis elements of s[(2,C), so
there are three equations to verify:

L [g(e), o()] = o(le, 1) = o(h).
2. [o(h), p(e)] = 26(e).
3. [o(h), o(f)] = —o(f).

This is a computational exercises, we only show the first one. We begin by showing

[p(e), d(f)] = o([e, f]) = ¢(h). If we apply the left-hand side to a basis vector XY with
a,b>1and a+ b= d, we get
[o(e), o(f )](X“Yb) d(e) ((NXY?)) = o(f) (6(e)(X*Y?))
¢) (aX 1Y) — g(f) (bX°T1YP )
a(b + XY —b(a+1)X°Y"
= (a — b) XY
This is the same as ¢(h)(X*Y"?). We check separately the action on X%,
[B(e), s(NHIXT) = ¢(e) (S(F)(XD)) = (f) (¢(e)(X))
= ¢(e) (dXY) — ¢(f)(0) = dX?,

[9(e), ¢(f)]

]

which is the same as ¢(h)(X?). Similarly, one checks the action on Y%, so
and ¢(h) agree on a basis of V; and so are the same linear map.
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9.1.1 Matrix representation

It can be useful to know the matrices that correspond to the action of e, f,h on Vj;
these give the matrix representation corresponding to ¢. As usual, we take the basis
B = {X X%Y,...,Y?} of V;. The calculations in the proof of the theorem above
show that the matrix of ¢(e) with respect to this basis is

o1 0 ---0
00 2 0
e lplels=|: + . o,
00 -+ 0 d
00 -+ 0 O
the matrix of ¢(f) is
0 0 0 0
d 0 0 0
felo(f)ls=|0 d-1 001,
0 0 1 0
and ¢(h) is diagonal:
d 0 0 0
0 d—2 0 0
h= [o(h)]s = : S
0 0 —d+2 0
0 0 0 —d
where the diagonal entreis are the numbers d — 2k, where £ =0,1,...,d.

Example 9.8
Let L = s[(2,C). The module V} is the trivial representation e, f, g — 0. The module

V) is given by
o 0 1 F 00 N 1 0
“7\o o) 10)° 0 -1
and it is equal to the natural L-module. The module V5 is given by:
0
0
-2

e+

e e e

10 2 0 000
02|, h=10 0 Cf=l200
00 00 010

and is isomorphic to the adjoint L-module.

9.1.2 Irreducibility

Theorem 9.9
The s[(2, C)-module V; is irreducible.
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Proof. Suppose U is a non-zero submodule of V;. Then ¢(e), d(f), ¢(h) send U to U.
Since ¢(h) has d+1 distinct eigenvalues, the eigenvalues of the restriction ¢(h)|y : U — U
are also distinct, and U contains an eigenvector for ¢(h). The eigenspaces of ¢(h) are the
1-dimensional spaces spanned by the basis vectors in B. Hence

XY € U for some a, b.
Apply ¢(e) to this successively to get
Xa+1yb—1 Xa+2Yb_2 o Xd cU
and apply ¢(f) to this successively to get
Xa—lyb—‘rl Xa—2yb+2 o Yd cU.

Hence U = V. This shows V} is irreducible. O

9.2 Classifying the irreducible sl[(2, C)-modules

Note 9.10. It is clear that for different d the s[(2,C)-modules V; cannot be isomorphic,
as they have different dimensions. In this section, we prove that any finite-dimensional
irreducible sl(2, C)-module is isomorphic to one of the Vj.

I Remark 9.11. For brevity, we shall write e?v rather than e(ev), and so on.

Lemma 9.12. Let V be a finite dimension sl(2, C)-module.

1. If v € V with hv = Av then

h(ev) = (A +2)ev, h(fv) = (A—2)fv.

2. The L-module V' contains an eigenvector w # 0 for h such that ew = 0.
Proof. We prove each statement in turn.

1. Observe that
h(ev) = e(hv) + [he]v = e(Av) + 2ev = (A + 2)ewv,
and similarly for h(fv).

2. Note that the linear map v + hv has an eigenvector (since the field is C). Say
hv = Av. Consider

v, ev, e*v, . . ..

If all of them are non-zero, by (1), these are eigenvectors for h with distinct
eigenvalues, hence they are linearly independent. Hence, as V' is finite-dimensional,
there exists k such that efv # 0, but e¥*'v = 0. Put w = e*v to complete the
proof.

]

40



Francesco N. Chotuck MATHT70062 Lie Algebras

Theorem 9.13
If V is a finite dimensional irreducible s[(2, C) module, then V' = V; for some d.

Proof. Let V be an irreducible finite-dimensional s[(2, C)-module. By Lemma the second
part of the lemma above, there exists w # 0 such that

hw = A \w, ew =0.

By the proof of of the lemma above, there exists d such that

Step 1.

Step 2.

flw#0, f¥w=0.

The elements w, fw, ..., f%w form a basis of V, consisting of h-eigenvectors with
eigenvalues A\, A — 2,..., A\ — 2d.

Indeed, by the lemma above, these are eigenvectors for h with the given eigenvalues,
hence they are linearly independent. To show they span V', we set

U = Span(w, fw, ..., fow).

We show U is a submodule. Well, clearly
JUCU, hUCU.

We will show that ef*w € Span(w, fw,. .., f* w) for all k < d by induction on k.
This is clearly true for k£ = 0, as ew = 0. Assume this is true for £ — 1. Then

effw =e(f(f*'w)) = (fe+ e, /" w = (fe+ h) f*w.
By the inductive hypothesis, ef* 1w € Span(w, ..., f*~2w), and hence
fef*'w € Span(w, ..., fF w).

This completes the induction and shows that eU C U. We have hence shown that
U is a submodule of V' and, as V is irreducible, we have U = V.

If B is the basis in (Step 1), then

A —2d
Also, h = [e, f] € L', so Tr[h|g = 0. Hence
A4+ A=2)+---+(A—=2d)=0.

Thus (d + 1)\ = d(d + 1), which shows that A = d.
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Step 3. We have that V = V.

The L-module V has a basis w, fw,..., f%w, and the L-module V; has a basis
X4 fX1 ..., fiX9 Both bases consist of h-eigenvectors with eigenvalues d,d —
2,...,—d. Define ¢ : V — V; by

o(ffw) = fFX? for 0 <k < d.
We show that ¢ is an isomorphism of L-modules. We need to show that
o(lv) =lp(v) forallveV
for [ =e, f,h. For f:
fo(ffw) = F(fEXY) = fFHXT = o(f ).

For h:
ho(ffw) = h(f*X7) = (d = 2k) f* X = p(h(fw)).
For e, we show that
ep(frw) = p(efrw)

by induction on k. For & = 0, we have

ep(w) = eX?=0= pew).

This completes the induction and shows that V' = V. O

10 Cartan’s criteria

Note 10.1. In this section, we describe a practical way to decide whether a Lie algebra is
semisimple or, solvable by looking at traces of linear maps.

Remark 10.2. A trick:
Tr([a, ble) = Tr(alb, d])

for linear transformations a, b, ¢ of a vector space.
10.1 Jordan normal form
I Note 10.3. In this section we recall about the Jordan normal (or canonical) form.

Let V' be a finite-dimensional vector space over C and let f : V' — V be a linear map,
then there si a basis B of V' in which f is given by the direct sum of Jordan blocks i.e.

Ji (A1) 0 0
0  J,(\) -~ 0
[f]B - : : : ’
0 0 s Ty (k)
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where
A1 0 - 0 0
o x 1 - 0 0
0o 0 X - 0 0
Ji(A) = :
0O 0 0 - Al
0O 0 0 - 0 A

txt

10.2 Jordan decomposition

Note 10.4. Working over the complex numbers allows us to consider the Jordan normal
form of a linear transformation.

We can rewrite the matrix [f|sz as D + N where

D:diag(/\l,...,>\1,)\2,...,)\k,...,)\k)

and
010 O 00
0 1 0 00
000 1 00
N = s
0 0O 0 10
000 -- 0 01
000 -- 0 00

which is strictly upper triangular. Clearly N is a nilpotent matrix (i.e. N' = 0 for some
l), and we have DN = ND.

Theorem 10.5 (JNF theorem)

Any linear transformation f of a vector space V' over C has a Jordan decomposition,
f=d+n where d: V — V is a diagonalisable linear transformation and n: V. — V
isa nilpotent linear transformation such that dn = nd.

Definition 10.6. A Jordan basis B of V is a basis in which [d]sp = D and [n]g = N.

Lemma 10.7. Let f have Jordan decomposition f = d + n as above, where d is
diagonalisable, n is nilpotent, and d,n commute.

1. There is a polynomial p(X) € C[X] such that p(z) = d.

2. Fix a basis of V in which d is diagonal. Let d be the linear map whose matrix
with respect to this basis is the complex conjugate of the matrix of d. There is a
polynomial ¢(X) € C[X] such that ¢(z) = d.

Proof. We prove each statement in turn.
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e Observe that (X — \)*, for ¢ = 1,...,k, are pairwise coprime. The Chinese
Remainder Theorem says that the natural map

k

CIX] = P CIX/((X = A)™)

i=1
is surjective.

Hence, for Ay, ..., Ag, we can find a polynomial p(X) such that
p(X) =X mod (X — \)%, fori=1,2,...,k.
Then we have that
p(X) = A 4+ @i (X)(X — \)%, for some ¢;(X) € C[X],

and hence for v € V;, we have p(z)v = \jv + o(z)(x — N\ I)%v = \jv. Therefore,
k
p(z) = @ Nily, = d.
i=1

« Define ¢(X) to be the polynomial equivalent to i modulo (X —\)%, fori =1,..., k.
The same argument now shows that ¢(z) = d.

]

Lemma 10.8. Let V be a vector space, and suppose that = € gl(V) has Jordan
decomposition d + n. We have that ad(z) : gl(V)) — gl(V) has Jordan decomposition
ad(d) + ad(n).

Proof. By linearity of ad, we have ad(z) = ad(d) +ad(n). Next, a previous lemma, ad(n)
is nilpotent, because n is nilpotent. We claim that ad(d) is diagonalisable. Consider the
basis in which d is diagonal. Recall that E;; (the matrix with 1 in the ij entry and 0
everywhere else) is the standard basis of gl(V'). For this basis of gl(V'), ad(d) is diagonal.
Finally, [ad(d),ad(n)] = ad([d,n]) = 0. By the Jordan canonical form theorem, ad(d)
and ad(n) are the diagonalisable and the nilpotent parts of ad(z), respectively.

O]

10.3 Testing for solvability

Proposition 10.9

Let V' be a finite-dimensional vector space over C, and let L C gl(V') be a solvable
Lie algebra. Then Tr(zy) =0 for all x € L and y € L'.

Proof. By Lie’s Theorem, there is a basis B of V' such that [z|p is an upper-triangular
matrix for all x € L. Then [z1]g[xe]p — [x2]p[z1]p is strictly upper-triangular for all
x1,29 € L. Hence for any y € L', [y|p is strictly upper-triangular, hence [z]g[y]p is
strictly upper-triangular. Therefore, Tr(zy) = Tr([z]g[y|s) = 0. O O

Lemma 10.10. Let V be a finite-dimensional vector space over C. If z,y,z : V — V
are linear maps, then Tr([z,y|z) = Tr(z[y, 2]).
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Proof. We have that

Tr([x,y]z) = Tr(zyz — yzz) = Tr(xyz) — Tr(yzz)
and

Tr(x[y, z]) = Tr(zyz — xzy) = Tr(xyz) — Tr(xzy),

so we only have to check that Tr(yxz) = Tr(zzy). But this is clear, since Tr(AB) =
Tr(BA):
Tr(yzz) = Tr(y(zz)) = Tr((x2)y) = Tr(xzy).

Proposition 10.11

Let V be a finite dimensional vector space over C. Let L C gl(V') be a Lie subalgebra.
If Tr(zy) = 0 for z,y € L, then L is solvable.

Proof. The idea is to show that every x € L’ is nilpotent. Then Engel’s Theorem implies
that L’ is a nilpotent algebra. Hence L’ is solvable, therefore L is solvable.

Let © € L'. Consider the Jordan decomposition x = d + n. There exists a basis B of V'
with respect to which d = diag(\, ..., \,) and [n]p is strictly upper-triangular. We need
to prove that d = 0, i.e. \; =0 for all 7. This will follow if we show that

i=1

Define d : V — V by [d]z = diag(Ay, ..., \,). Let us note that
i=1

It is enough to prove that

Tr(d[yz]) =0
for any y, z € L, because x € L' = Span{[yz] : y,z € L}. By a previous lemma

Tr(dlyz]) = Tr([dyz).

By a previous lemma, the Jordan decomposition of ad(x) is ad(d) +ad(n). By a previous

lemma, there is a polynomial ¢(X) € C[X] such that ad(d) = g(ad(x)). But it is clear

that ad(d) = ad(d). Therefore, ad(d) maps L — L (because this is a polynomial in
ad(z) and ad(z) : L — L). In particular, ad(d)(y) = [d,y] € L. Since Tr(zy) = 0 for
any x,y € L, we conclude that Tr(|dy]z) = 0. We have seen above that this implies

AL =--- =\, =0, so that z is nilpotent. O

Proposition 10.12
A Lie algebra L is solvable if and only if ad(L) is solvable.
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I Remark 10.13. We note that ad(L) = {ad x : x € L} C gl(L).

Proof. We have that ad(L) = L/Z(L). Since Z(L) is always abelian hence solvabe it
must be that L is solvable if and only if ad(L) is solvable. O

10.4 The Killing form
Definition 10.14. Let L be a Lie algebra over C. The Killing form is the map

K:LxL—C
(z,y) — Tr(ad(z) o ad(y))

Proposition 10.15. The Killing form is a symmetric bilinear map.

Proof. The Killing form is bilinear because ad is linear, the composition of maps is
bilinear, and tr is linear. It is symmetric because tr(ab) = tr(ba) for linear maps a

and b. 0

Corollary 10.16. Another very important property of the Killing form is its associativity,
which states that for all z,y, z € L we have

K([z,y],2) = K(z, [y, 2]).

Proof. Follows immediately from a previous lemma. O

Theorem 10.17 (Cartan’s first criterion)
Let L be a Lie algebra over C. We have that L is solvable if and only if K(L, L") = 0.

Proof. We prove each direction in turn.

» Proof of (=).
Consider ad : L — gl(L). Now, ad(L) is a Lie subalgebra of gl(V'). By the remark
above, the solvability of L is equivalent to the solvability of ad(L). We are given
that L is solvable, hence ad(L) C gl(V') is solvable. Thus Tr(ad(z)ad(y)) = 0 for
any ¢ € L and any y € L' by a previous proposition.

« Proof of («).
We are given that Tr(ad(z) o ad(y)) = 0 for any = € L,y € L'. By a previous
proposition we obtain that L(®) is solvable. But this implies that L’ is solvable so
L is solvable.

]

10.4.1 Recollections of linear algebra

Definition 10.18. Let V' be a vector space over C of dimension dimV = n (we can
replace C by any field). Define the dual vector space V* as the set of linear maps
a 'V — C. This is a vector space over C.
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Proposition 10.19

If vq,...,v, is a basis of V, then there is a natural basis fi,..., f, of V* defined by
the condition
1 ifi=j
i V;:) = 61 = 5

the Kronecker delta. This basis {fi,..., f,} is called the dual basis. In particular,
dim V* =dim V.

Definition 10.20. A bilinear form V x V — C is a function (u,v) which is linear in
each argument.

Definition 10.21. A bilinear form (, ) : V x V — C is symmetric if (u,v) = (v, u) for
all u,v e V.

Definition 10.22. Let W C V be a vector subspace. Then
W={veV|(v,z)=0foralzecW}
Proposition 10.23. The set W+ is a vector subspace.

Definition 10.24. A bilinear form (, ) : V x V — C is called non-degenerate if
VEi=0.

If we choose a basis vy,...,v, of V, then (, ) is given by a n x n matrix A = (a;;),
where a;; = (v;,v;) for all 1 <4, <n. Then for v =) \v;, w =) pjv;, we have

(U, U}) = Z aij)\iuj.

Exercise. A bilinear form (, ) is non-degenerate if and only if A is invertible.

Proposition 10.25 (8.7). Let (, ) be a non-degenerate bilinear form on V. For u € V|
define f,, € V* by the rule

fulz) = (u,z) for all z € V.
Then the map V' — V* given by u +— f, is an isomorphism of vector spaces.

Proof. Linearity follows from the linearity of (, ) in the first argument. (That f, € V*
follows from the linearity of (, ) in the second argument.)

Since dim V* = dim V/, it is enough to show that the kernel is 0. But the kernel of
this map is V*, and this is 0 since (, ) is non-degenerate. O

Proposition 10.26 (8.8). Let (, ) be a non-degenerate bilinear form on V. Let W C V
be a vector subspace. Then

1. dmW 4+ dim W+t = dim V,
2. if WNWL ={0}, then V=W @ W+,
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Proof. For (1), choose a basis vy, . .., v, of W, and then extend it to a basis vy, ..., v, of V.
By definition, u € W+ means that f,(z) = (u,r) = 0 for all x € W, which is equivalent
to fu(v;) =0 fori=1,...,r. This happens if and only if f, € Span(f,11,..., fn) (Where
we recall that f;(v;) = d;;). Hence the image of W+ in V* has dimension n — r. But by
Proposition 8.7, the map V' — V* that sends u to f, is an isomorphism. Thus

dimW* =n—r=dimV — dim W.
This proves (1).
If we have subspaces Vi C V and V5 C V such that dimV; + dim V5 = dim V' and
VinVy = {0}, then V =V, @& V,. We apply this to Vi = W and Vo = W to get (2). O

Definition 10.27. If W N W+ = {0}, let us call W a non-degenerate subspace of V.

10.5 Testing for semisimplicity

Lemma 10.28
Let I be an ideal of L.

1. For z,y € I, Ki(z,y) = K(z,y).

2. Define
t={z€L:K(z,i)=0forallicI}.

Then I+ is an ideal of L.

Proof. We prove each statement in turn.
1. Let B be a basis of I, and z,y € I. Let

ladz|p = M,, [ady]p = M,.

So K(z,y) = Tr(M,M,) by definition. Extend B to a basis B’ of L. As [ is an
ideal, ad x maps L — I, so

lad z]p = (]\6[3; ]\(;m) . [adyls = (]\gy ]gy) ,

[(ad z)(ad y)| 5 = <M:c0My M%Ny>

So

and hence
K(z,y) = Tr((ad z)(ad y)) = Tr(M,M,) = Ki(z,y).
2. Let x € I*+. Then
0= K(z,i) =Tr((adz)(adi)) forallie I.
Let y € L,i € I. Then
K ([zy], i) = Tr(ad[zy] ad )

= Tr([ad z, ad y] ad 7)
= Tr(ad z[ad y,ad i]) by Lemma 8.5
Tr(ad z ad[yi])
K(x,[yi]) =0 since [yi] € I.
Hence [zy] € I+ for all z € I+ y € L. So I is an ideal.
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]

Theorem 10.29 (Cartan’s second criterion)

A finite dimensional Lie algbera L over C is semisimple if and only if its Killing form
is non-degenerate.

Proof. We prove each direction in turn.

« Proof of (=).

Suppose L is semisimple. By a previous lemma, L+ is an ideal of L. Also,
K(z,9) =0 forall z,y € L* (by definition).

This implies that L is solvable by Cartan’s first criterion. Since L is semisimple
i.e. Rad(L) = 0, it follows L1 = 0, which means that K is non-degenerate.

« Proof of («).
we show that if L is non-semisimple, then K is degenerate (i.e. L+ # 0). Suppose
R = Rad(L) # 0. Let the derived series of R be

RQR(DQR(?)Q...QR@):Q

Then A = R*=Y is a nonzero abelian ideal of L. We will show that A C Lt.

We claim that the map (ada)(adz) : L — L is nilpotent for any a € A,z € L. For
[ € L, the composition (ad a)(ad z)(ad a) sends

[ — [all]] = [z[a[l]] = O

as A is abelian. Therefore, (ad a)(ad z)(ada) = 0, so ((ad a)(ad x))? = 0.
Therefore, Tr((ada)(ad z)) = 0. Hence

K(a,z) =Tr((ada)(adz)) =0 foralla € A, x € L,

which shows A C L+, hence L+ # 0.

Example 10.30

The Lie algebra sl(2,C) is semisimple (because it is simple), and the matrix of its
Killing form with respect to the basis e, h, f is

O = O
O O =
co O O
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10.6 Structure of semisimple Lie algebras

Lemma 10.31. Let L be a semisimple Lie algebra over C. Suppose [ is a non-zero ideal.
Then
L=1@I" (perpendicular with respect to K)

and [ is itself semisimple.

Proof. Since K(x,y) = 0 for any z,y € I N I+ by definition of I+, Cartan’s first
criterion shows that I N I+ is solvable. As L is semisimple, I N I+ = 0. Hence, as
K is non-degenerate by a previous theorem, L = I @ I+ by a previous proposition. As
I NI+ =0, the restriction of K to I is non-degenerate. Hence so is K, the Killing form
of I, by a previous lemma. Therefore, I is semisimple by a previous theorem. Il

Theorem 10.32

Let L be a finite dimensional Lie algbera over C. We have that L is semisimple if
and only if there exists simple ideals Ly, ..., L, of L such that L = @;_, L,.

Remark 10.33. This means
1. L=L1&---& L,, as vector spaces,
2. [Li,Lj] C LN L; =0 for all i # j.
Furthermore, for any finite dimensional Lie algebra L over C, this means

o Rad(L) is the maximal solvable ideal of L,

o L/Rad(L) is semisimple, so it is the direct sum of simple ideals.

Proof. We prove each direction in turn.

« Proof of (=).
We first proceed by induction on dim L to show that if L is semisimple, then L
is a direct sum of simple ideals. The statement is trivial when L is simple (in
particular, when dim L = 1). So let 0 # I C L be an ideal. Then by a previous
lemma, L = @I+ and the ideals I, I* are semisimple. By the inductive hypothesis:

I=0L1® - &L, I'=M& - -&M,
where L;, M; are simple ideals of I, I+, respectively. Then
[Li, L) = [Li, T+ 1) = [Li, 1) + [Li, 1] = [Li, 1] € Ly,

since [L;, I*+] C [I,1+] C INI+ = 0. Hence all L; are ideals of L, and similarly, M;
are ideals of L. Hence

L=0Li® - @®L,®M ®---® M,

is a direct sum of simple ideals.
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« Proof of («).
let L = L; & ---&® L,, where L; are simple ideals. Let I be a soluble ideal of L.
Then
[[L;] € 1N L,

so [I, L;] = 0, since L; is simple and [ is soluble. Hence
L =[I,L1]|® - &[[,L,]=0
and I C Z(L) =D, Z(L;) = 0.

10.7 Derivations of semisimple Lie algebras

Note 10.34. We apply Cartan’s second criterion to show that the only derivations of a
complex semisimple Lie algebra are those of the form ad(x) for x € L.

Proposition 10.35. The set ad L = {adx : x € L} is an ideal of Der L.
Proof. Let 0 € Der L and z,y € L. Then
[0, ad z](y) = d([z, y)=[z,0(y)] = [0(=), yl+[x, 0(y)] =[x, 0(y)] = [0(2), y] = (ad(d(x)))(y).

Hence
[0,ad x] = ad(d(z)).

So ad L is an ideal. O

Proposition 10.36
If L is a semisimple Lie algebra over C, then ad L = Der L.

Proof. Let M = adL. As Z(L) = 0, ad : L — M is an isomorphism, so M is also
semisimple, and M is an ideal of Der L. Let K be the Killing form of Der L. We claim

that M+ = 0. By Lemma 8.10, the Killing form K,; of M is the restriction of K to M.
By Theorem 8.11, K, is non-degenerate, so M N M+ = 0. Note that

[M,M+] C MNM*-=0,

and hence for § € M+ and adz € M, we have [§,ad z] = 0. By the proof of Proposition
9.4,
ado(z) = [§,ad x] = 0,

so §(z) =0 for all z € L, i.e. 6 =0. Hence we have shown that M+ = 0. This implies

that
(Der L)* € M+ =0,

and therefore K is non-degenerate, so by Proposition 8.8,
dim(Der L) = dim M + dim M=+ = dim M,
as dim M+ = 0, which implies that M = Der L. ]

10.8 Abstract Jordan decomposition
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Note 10.37. Given a representation ¢ : L — gl(V) of a Lie algebra L, we may consider
the Jordan decomposition of the linear maps ¢(z) for x € L.

For a general Lie algebra there is not much that can be said about this decomposition
without knowing more about the representation ¢. For example, if L is the 1-dimensional
abelian Lie algebra, spanned, say by x, then we may define a representation of L on a
vector space V' by mapping x to any element of gl(V'). So the Jordan decomposition of
p(x) is essentially arbitrary.

Theorem 10.38
Let L be a finite-dimensional semisimple Lie algebra over C. Then every x € L can

be expressed uniquely as
r=d+n

where
1. d,n € L,
2. add: L — L is diagonalizable, and adn : L — L is nilpotent,
3. [d,n] =0.

Moreover, for y € L,

[z, =0 = [d,y] = [n,y] =0.

Definition 10.39. We call x = d + n the Jordan decomposition of xr. We call d a
semisimple element of L and n a nilpotent element.

Definition 10.40. So an element x € L is called semisimple if ad x : L — L is
diagonalisable.

Proposition 10.41. Let L C gl(V) be a semisimple Lie subalgebra over C. Then the

Jordan decomposition
r=d+n

in Theorem 9.1 is the same as the Jordan decomposition of = as a linear map V' — V.
Proof. Let
r=d+n
be the Jordan decomposition of x : V' — V. So d’' : V' — V is diagonalizable, n’ : V — V
is nilpotent, and [d’,n'] = n'd’ — d'n’. By Lemma 8.2,
ad(z) = ad(d') + ad(n’)

is the Jordan decomposition of adx : L — L. If x = d + n as in the theorem above, then
by (1)=(3)
ad(z) = ad(d) + ad(n)
is also the Jordan decomposition of ad x : L — L. By uniqueness of Jordan decomposition,
ad(d') = ad(d) and ad(n’) = ad(n).
As L is semisimple, Z(L) = 0, so ad : L — gl(L) is injective. Therefore, d’ = d and
n' =n. O
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Proposition 10.42

Let L be a Lie algebra over C. Let ¢ € Der L have Jordan decomposition (as a linear
map L — L)
0=0+v

where o : L — L is diagonal, v : L — L is nilpotent, and ov = vo. Then o, v € Der L.

Proof. Let A\i,...,\. be distinct eigenvalues of 0 : L — L, and m; be the size of the
largest \;-Jordan block. Then
=@,
i=1

where

Ly, = ker(o — \,I)™.

On each Ly,, o acts as \;I, and v as a strictly upper-triangular matrix. For each A\ € C,
define
Ly, ifA=M\,

L)\:{J,‘EL(O'_AI)k(l‘) = 0 for some kf}: {0’ lf)\7é/\1

We claim that
[Lx,L,] € Lyg,.

We show that for any n € N,

n

6= 0+l = 3 ()l = Aol (o = 0]

by induction on n. The base case n =1 is clear:
RHS = [z, (0 — 1)(y)] + [(6 = M)(2),y] = [2,6(y)] + [0(2), y] — (A + p)[z, y],
= 0([z,y]) = (A +p)lz,y] = (6 — (A + p)I)[zy] = LHS.
The inductive step is omitted. By equation (1), for x € L,y € L,,,
(0 = (A+p)I)"[zy] =0

for sufficiently large n. Hence [zy] € Lyy,, which shows that [Ly, L,] C Lyy,. Now, we
use this to show that o € Der L. Recall that L, is a A-eigenspace for 0. Forx € L,y € L,,
[zy] € Lasy, so

o(z) = Az, o(y)=py and olzy]= A+ p)lzyl.

Hence
[o(x),y] + [z, 0()] = My + pa + [zy] = (A + p)[zy] = ofzy],
showing that o € Der L. Hence v =6 — o € Der L. O
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Proof of Theorem 10.38. Let L be a semisimple Lie algebra over C and let x € L. Then
x € Der L. Let the Jordan decomposition of adx : L — L be

ader =0+v

(for o diagonalizable, v nilpotent, ov = vo). By Proposition 9.6, o,v € Der L. By
Proposition 9.5, Der L = ad L, so there exist d,n € L such that

Hence
adz = ad(d) + ad(n) = ad(d + n).

As Z(L) =0, ad: L — ad L = Der L is an isomorphism, so
r=d+n.
As d,n € L, part (1) of Theorem 9.1 holds. As 0 = add, v = adn, part (2) holds. Also

ad[dn] = [ad(d),ad(n)] = [o,v] = 0,

hence [dn] = 0, so part (3) holds. As ¢ and v are unique (by uniqueness of Jordan
decomposition), so are d and n. We finally prove the last part of Theorem 9.1. Let y € L

with [zy] = 0. By Lemma 8.1, 0 and v = 0 — ad x are polynomials in ad x. Say
v=c(adz) 4 -+ cradr + col.
As (ad(x))(y) = [ry] = 0, this means
v(y) = coy.
Since v is nilpotent, ¢y = 0, so v(y) = 0. Hence
0 =wv(y) = (adn)(y) = [ny],
so [ny] = 0, and then [dy] = 0 as [zy] = 0. O

11 Root space decomposition

I Note 11.1. We now work towards the classification of the complex simple Lie algebras.

We have seen that s[(2,C) is a simple Lie algebra, with basis e, f, h such that
o ad h is diagonalisable — h is a semisimple element

e ¢, f,h are a basis of eigenvectors for ad h.

For sl(3,C) replace h by

aq 0 0
H = {diagonal matrices} = 0 ay 0] : Z a; =0
0 0 as

a 2-dimensional abelian subalgebra.
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Lemma 11.2
We have that (ad h)(e;;) = [h, e;;] = (a; — a;)e;;. Therefore,

s((3,C) = H @ @ span(ey;),
%,J

a direct sum of weight spaces for ad H. The weights corresponding to each of these
weight spaces are

e For the space H the weight is 0.

« For the space span(e;;) the weights are ¢; — ¢; where ¢; : H — C such that
h — a;.

Our strategy is therefore:

1. to find an abelian Lie subalgebra H of L that consists entirely of semisimple
elements; and

2. to decompose L into weight spaces for the action of ad H
3. and then exploit this decomposition to determine information about the structure
constants of L.
11.1 Preliminary results

Remark 11.3. In this section, we assume L is a Lie algebra over C, and H is an abelian
subalgebra of L consisting of semisimple elements.

Lemma 11.4

Let L be a Lie algebra over C, and H is an abelian subalgebra of L consisting of

semisimple elements. Then L has a basis of common eigenvectors for all ad h, for all
heH.

Note 11.5. There is a single basis for L such that each basis element is an eigenvector of
every ad h for all h € H.

Proof. Let hq,..., h, be a basis for H and a; = ad h; : L — L. Then
[Oéi,Oéj] =ad [hz, h]] =0

since H is abelian. So «g,...,q, are commuting, diagonalizable linear maps L — L.
Such maps have a basis of common eigenvectors. ]

Definition 11.6. Let = € L be a common eigenvector for ad H. Define weight o : H —
C (i.e. a € H*) by
(ad 1)(z) = [h, 2] = a(h)s

for all h € H.
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Definition 11.7. The weight space of « is
Lo ={x € L:[hzx]=alh)rforal he H}

Example 11.8
One of these space is the 0-weight space:

Lo={zeL:[hyz]=0forall he H}.

Note that H C L.
Proposition 11.9. Let ® denote the set of non-zero o € H* for which L, # 0. Then we

can write
L=Lo® EB L.

Since L is finite-dimensional, this implies that & is finite.

Proposition 11.10
Let o, € H*.
1 [LCH Lﬁ] C La—l—ﬁ

2. If a+ B #0, then K(L,, Lg) = 0.
3. Suppose L is semisimple. Then the restriction of K to Ly is non-degenerate

Proof. We prove each statement in turn.

1. Let z € Ly, y € Lg. For h € H,
[h, [z, y]] = [[h, z],y] + [z, [h,y]] by the Jacobi identity.

Thus,
= a(h)zy] + B(h)[ry] = (o + B)(h)[zy]

and hence [zy] € Lop.

2. Let h € H with (a+ 8)(h) # 0. For v € Ly, y € Lg,
a(h)K(z,y) = K(Jhz],y) as K is bilinear,

as K is bilinear,

= —K(z, [hy])
= —K(z,p(h)y) by Lemma 8.5,
= —f(h)K(z,y) as K is bilinear.

Hence (a + 5)(h)K(z,y) =0, so K(z,y) = 0.
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3. Lety € LoNLy. Then K(Lg,y) = 0. For x € L, use the weight space decomposition
(1) to write

x:xo—l—Zxa (o € Ly).

By (2), K(Lo,Ly) =0if a # 0. So K(z4,y) =0 for all « € . Also, K(z9,y) =0
by assumption. Hence
K(z,y)=0 forall xz € L.

Soy € L*. As L is semisimple, K is non-degenerate, so L+ = 0. Hence y = 0.

Corollary 11.11
If x € L,, where a # 0, € H*, then ad x is nilpotent.

Proof. For any weight 5 € ® U {0}, we have
(ad ZE)(Lﬁ) Q La+5,

(ad #)*(Ls) C Laats,

(ad )" (Lg) € Lrats,

by a previous proposition. But ® is finite, so for some r, we will have ra + 5 ¢ ®. This
means that (ad x)"(Lg) = 0.

Once again, since ® is finite and for each 5 € ® U {0}, we can find r such that
(ad z)"(Lg) = 0, we can take the maximum of these r to obtain one r such that

(ad 2)"(Lg) =0
for any 5 € ® U{0}. Since

L:LO@@La

we see that (ad x)" is the zero transformation L — L. O

11.2 Cartan subalgebras

Definition 11.12. A Lie subalgebra H of a Lie algebra L is said to be a Cartan
subalgebra if

1. H is abelian,

2. every element h € H is semisimple,

3. H is maximal among subalgebras H C L satisfying the properties above.
Proposition 11.13. Let L be a finite dimensional semisimple Lie algebra over C, then

L has a Cartan subalgebra.

o7
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Proof. Recall that each x € L has a Jordan decomposition x = s+n, where s is semisimple
and n is nilpotent, with s,n € L and [s,n] = 0.

Suppose that the semisimple part of every x € L is zero. Then all elements of L are
nilpotent. Hence ad z is nilpotent for any x € L. By Engel’s Theorem, this implies that
L is a nilpotent Lie algebra — a contradiction, since L is semisimple by assumption.

Therefore, there exists some x € L whose semisimple part is nonzero. Hence semisimple
elements exist. Let s € L be such a semisimple element. Then Span(s) is an abelian
subalgebra of L consisting of semisimple elements.

Now, we can extend Span(s) to a maximal abelian subalgebra H C L consisting entirely of
semisimple elements. Such an H satisfies the defining conditions of a Cartan subalgebra:
it is nilpotent (in this case, abelian) and self-normalising. Hence, a Cartan subalgebra
exists. [

Definition 11.14. For a subset X C L, we define the centraliser of X in L by
Co(X)={leL:[l,z] =0forall z € X}.
Proposition 11.15. C7(X) is a Lie subalgebra of L.
Lemma 11.16. Suppose H is a Lie subalgebra of L such that:
1. H consists of semisimple elements;
2. C(H)=H.
Then H is a Cartan subalgebra in L.

Proof. Note first that H C C,(H) always holds. If equality occurs and H is made entirely
of semisimple elements, then it is abelian and maximal among such subalgebras.

Suppose not, i.e., there exists a larger subalgebra H; 2 H with the same two properties.
Then we would have H; C Cp(H) = H, a contradiction. Thus H is maximal among
abelian subalgebras made of semisimple elements and hence is a Cartan subalgebra. [J

Example 11.17
Let L = sl(n,C) = {n x n matrices with trace 0}, and let

H = {diagonal n x n matrices with trace 0}.

Then H C L is clearly abelian and consists of semisimple (diagonalisable) elements.
Also,
sin,C)=He& @ CEy,

1<i,j<n
i

so CL(H) = H, and thus H is a Cartan subalgebra.

o8
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Theorem 11.18
Let L be a semisimple Lie algebra over C. Let H be a Cartan subalgebra in L. Then

CL(H) = H.

Proof. Let L be semisimple with Cartan subalgebra H.

So,

o Step 1. Choose h € H such that dim Cy(h) is minimal. We aim to show Cp(h) =

CL(H). Suppose not, so Cr(h) # C(H). Then there exists s € H such that
CL(h) N CL<S) g OL(h)

Let us build a basis for these centralisers to analyse the structure. Choose a basis
€1y ..y 0p of Cp(h) N CL(s). Extend this to a basis

Clyeeey Cny Ty ey T
of Cr(h) consisting of eigenvectors for ad(s), and
Clyeo oy Coy YLy o3 Yg
of Cp(s), eigenvectors for ad(h). Then extend to
Clye ey Cry Ty ey Tpy YLy ooy Ygs Z1s - -+ s 2r

a basis of L of simultaneous eigenvectors for ad(h), ad(s).

Now, note that for each i,
[szi] #0, [hy;] #0,  [ha] = aizi,  [szi] = Bizi,
where «;, 6; # 0. Consider
Choosing A such that «; + \3; # 0, we get z; ¢ Cr(h + As). So,
CL(h + )\S) g CL(h),
contradicting the minimality. Hence,
Cp(h) = CL(H).
Step 2. Show Cp(h) is nilpotent. Let x € Cp(h), with Jordan decomposition
x =d+n, then
[h,x] =0 = [h,d] = [h,n] = 0.
Since d € H, the restriction ad(d) : Cp(h) — Cp(h) is zero. Then ad(z) =
ad(n), which is nilpotent. Hence ad(CL(h)) consists of nilpotent maps, so Cp(h) is
nilpotent (Engel’s theorem).
Step 3. Show C(h) C H.

By Step 2, CL(h) is nilpotent. Hence, ad(z) is strictly upper triangular for x €
Cr(h). Write © = d + n (Jordan form), and since K(n,y) = 0 for all y € Cr(h),
by the non-degeneracy of the Killing form K on Cp(h), we get n = 0. Hence
r=deH.

Cu(h) C H.

By Steps 1 and 3, C,(H) = H, as required. ]
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11.3 Definition of the root space decomposition

Definition 11.19. Let L be a semisimple Lie algebra over C and H be a Cartan
subalgebra. We have the root space decomposition

L=Ho®EPLa

where
Lyo={z€L:[hx]=a(h)r forallhe H}
and ® C H*\ {0}, the set of roots of L (with respect to H).

I Note 11.20. That is, a € ® are roots and L, is the associated root space.

11.4 Subalgebras isomorphic sl(2)-subalgebras

Proposition 11.21
Let o € ®. Then:

1. —a e P,
2. Let 0 # x € L,. Then there exists y € L_, such that
s = Span(z,y, [z,y])

is a subalgebra of L isomorphic to sl((2,C).

Proof. We prove each statement in turn.

1. Let 0 # = € L,. Since the Killing form K is non-degenerate, there exists y € L
such that K(z,y) # 0. Writing

Bed

and using the orthogonality properties of root spaces under the Killing form, we
find that K(z,y) = K(z,y-o) # 0. Hence y_, # 0, and so —a € ®.

2. Let x € Ly, y € L, with K(x,y) # 0. Then the element [z,y] € H, and we claim
that it’s non-zero. Indeed, using Lemma 8.5 and the non-degeneracy of K,

K([z,yl,u) = a(u)K(z,y) # 0
for some u € H, so [z,y] # 0. Define
s = Span(z,y, [r,y]) C L.
This is closed under Lie brackets and so forms a subalgebra. We show s = sl(2, C).

]
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Proposition 11.22. Let h = [z,y] € H. Then

[[x,y],:v] = &([:c,y])x, [[x,y],y] = _O‘([xay])y-
So if we rescale:
€a =2, €_o=1Y, hs=]Ix9],

and define

[eaa e—a] - ha7 [haa ea] = 260“ [hou e—a] = _2€—a7

then these relations satisfy the s[(2, C) Lie algebra structure. Hence,

s = sl(a) = s1(2,C).

Example 11.23
Take L = sl(3,C). We have the root space decomposition:

L = H & P Span(Ey)

i#]
with roots €; — €;, where
aq 0 0
@5 ¢ 0 ay O = a;.
0 0 as

For a fixed root o = ¢; — ¢;, the subalgebra
5[(0&) = Span(Eij, Eji? hm‘), where hij = E” — Ejj7
is isomorphic to sl(2, C).

Note 11.24. Each root a of sl(3,C) defines a copy of s[(2,C) sitting inside the
full algebra. The pair of off-diagonal elements E;;, Ej; act like the raising/lowering
operators, and h;; behaves like a diagonal Cartan element. These subalgebras give
local symmetries analogous to those of s((2).

Module structure. We can regard L as an sl(a)-module, with the action defined
by:
s-l=s,/] (s esl(a), L€ L).

Proposition 11.25
Let « € ® and § € ® U {0}. Define the subspace

M= P Lsica

cEZ
B+cacd

Then M is an sl(«)-submodule of L.
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Proof. By a previous proposition, we have:

[L,B+cou Lia] g LB—l—(c:I:l)om and [LBJrcou H] g Lﬁ+ca>

so the Lie bracket of sl(a) with M is closed within M, making it an sl(«)-submodule.
O [

Definition 11.26. The set of roots
{+ca:ceZind

is called the a-string through £.

Example 11.27
Let L =51(3,C), o = €3 — €3, B = € — €5. Then the a-string through f is

B, Bta=e —es.

So the corresponding submodule is:

M = Span(E12, Elg) =

o O O
O O ¥
O O ¥
3%
=
S
N—
Il
o OO
¥ ¥ O
¥ ¥ O

Proposition 11.28
Let o € ®. Then:

1 e, — 1
2. If ne Z\ {0} and na € ®, then n = +1.

Proof. Define
W := Span(e_q, H, Lo : 1 € N).

Then W is invariant under ad e, ade_,, and ad H, making it an sl(«)-submodule. Let
(ad eq)w be the restriction of ad e, to W. Then:

Tr((ad eq)w o (ade_o)w) = 0,

and also
Tr(ad[eq, €_o))w = Tr(ad hy)w-

Now, we compute the trace of ad h, on W. Writing

—a(h)
(ad ha)W = 0f s
na(h)I
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Note 11.29. Where 0] represent a block matrix with 0 as the diagonal and na(h)! is also
anohter block matrix with na(h) as the diagonal.

with contributions from e_,, H, and L, respectively. Taking the trace, we find:

0=—a(h) + Z na(h) dim Ly,
n>1
Taking a(h) = 2, we obtain:
> ndim Ly, = 1.

n>1

Hence, dim L, = 1 and L,, = 0 for n > 1. A similar argument applies to L_,, showing
dimL_,=1and L_,, =0 forn > 1. [l

Proposition 11.30

Let S = Span(e, f,h) = sl(2,C), and let V be a finite-dimensional S-module. Then
every eigenvalue of the linear map

v — ho (veV)

is an integer.

Proof. Recall that the irreducible S-modules are V;, and on Vj, the element A has
eigenvalues

dd—2,... —dcZ.

Now take a composition series:
V=WyoW;D---DW,=0,

where each W is a submodule and each quotient W, /W, is irreducible. Thus,

W;
=V,
Wii "

for some d; € Z>,. With respect to a suitable basis of V', the action of h is block diagonal:

do

_do

—d,

Each diagonal block corresponds to an irreducible module V5, and since h acts diagonally
with integer eigenvalues on each block, all eigenvalues of h on V' are integers. [
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Proposition 11.31
Let a, f € ® with 8 # +a.

1. B(h,) € Z.

2. The a-root string through £ is

B—ra,B—(r—Da, ..., B, ..., b+ qu
where 7,¢ > 0 and B(hy) =7 — q.

3. If a+ 5 € ®, then
[eow 66] = Aeatp (/\ # 0)-

4. B— B(hy)a € D.

Proof. Let
M = Z LB—i—cau
which is an sl(«)-submodule by a proposition above.

1. Clear: fB(h,) is an eigenvalue of h, acting on Lg, so it must be in Z by the
proposition above.

2. By a proposition above, dim Lg,., € {0,1}, and the eigenvalues of ad(h,) on M
are ((hy) + 2¢. These are all either even or odd, implying M is an irreducible
5[(2,C)-module V, for some d. So the eigenvalues form the string:

{B(ha) +2c:B+cae®={dd-2,...,—d}.
This gives part (2), with:
d=0(ha) +2q, —d=—p(hy)—2r.
Adding gives f(hy) =1 —q.

3. Suppose a + 5 € ® but [e,, e5] = 0. Then h,eg = deg, so S(h,) = d, hence ¢ = 0.
But this contradicts a + 8 € ® = ¢ > 1, s0 [eq, e5] # 0.

4. This follows from the explicit form of the string in (2), since 8 — f(hq)a = 5 — (r —
Qo€ .

]

11.5 Cartan subalgebras as inner product spaces

Proposition 11.32
Let L be semisimple and H a Cartan subalgebra. For hy, hy € H,

K(hi, ha) = a(hy)a(hy).

aced
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Proof. Let B be a basis of L, given by:
B = (basis of H) U {e, : a € ®}.
For h € H, the matrix of ad(h) in the basis B is:
0

(ad h)B = ; 0 s
a(h)

where the first block (corresponding to H) contributes 0, and each root space L, contributes
a(h)I. So,

K(hy, ha) = Tr((ad hn)(ad hy)) =~ a(hy)a(hs),

acd

as required. O

Proposition 11.33
We have that Span(®) = H*, the dual space of H.

Proof. Suppose, for contradiction, that Span(®) = W C H*. Then the annihilator
Amy(W)={he€ H: f(h) =0 for all f € W}

is nonzero, since dim H* —dim W > 0. Hence, there exists 0 # h € H such that «(h) =0
for all a € . Now,

e K(h,H) =0 by Proposition 12.1, since a(h) = 0 for all roots.
o K(h,L,) =0 for all a, by a previous proposition.

Thus K (h, L) = 0, implying h € L+ = 0 by non-degeneracy of K. This is a contradiction.
Therefore, Span(®) = H*. O

Proposition 11.34. For each a € ®, there exists a unique ¢, € H such that
a(r) = K(ty,x) forallz e H.
Proposition 11.35. Let a € ® and z € L.,y € L_,. Then
[zy] = K(z,y)ta-
Proof. For all h € H,
K (h, [z, y]) = K([h, 2], y) = a(h) K(z,y) = K(h, K(z,y)la).
Since K is non-degenerate on H, we conclude [z, y] = K(z,y)t,. O

Proposition 11.36.
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o 2
L to = gte—y, and hence hy = zte.

2. K(to,to)K(ta, hy) = 4.
Proposition 11.37. If a, 5 € &, then:
1. K(ha, hg) € Z,
2. K(ta,tg) € Q.
Proof. We prove each statement in turn.
1. By a previous proposition
K(hashg) =Y y(ha €Z,
yED

since all terms are integers.
2. By a previous proposition

K<ta7 ta) K(t/% tﬁ)
2 2

K(to,tg) = K(ha, hg) - € Q,

as required.

Proposition 11.38
We define a bilinear form on H* as follows: for 6,0, € H*, let §; = 0, for h; € H,
and define
(01,05) :== K(hy, hs).
Since Ky is non-degenerate on H, this form is non-degenerate on H* as well.
For a, f € @, we write

(Oé, B) = K(ta, tﬂ)

Proposition 11.39. If g € ®, then

k
b= Znai, for r; € Q.

=1

Proof. Let 5 =">r;a; for r; € C. Then for each j,

M»

T au a]
=1

In matrix form:
(ﬁ> 041) "1
: =A| |, where A= ((a,q;)).
(8, ax) Tk

By Proposition 12.6, all entries of A € Q, and since K is non-degenerate, A is invertible.
Hence A=' € Q, so r; € Q for all 4. O
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Definition 11.40. Let £ C H* be the real span of ay, ..., ay, i.e.,

k
E = {Zriai:ri ER}

i=1

Proposition 11.41

Properties.
1. E does not depend on the choice of basis aq, ..., ag,
2. dCE,

3. E = Spang(®P).

Proposition 11.42

The bilinear form ( , ) is a real-valued inner product on the vector space E.

Proof. For «, 8 € @, we know that
(a, B) = K(ta,tg) € R.

Hence, ( , ) is real-valued on E.
To see positive-definiteness, let § € E, so § = 6, for some h € H. Then

(On, 60) = K(h,h) = y(h)?

yed
This shows that (65, 6,) > 0 and is zero only when ~(h) = 0 for all v € ®, i.e., h =0, so

0 = 0. Therefore, (, ) is a real inner product on E. ]

12 Root systems — lecture notes
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Let 8 € E, so 8 = 6,, for some h € H. Then
(On,6n) = K(h,h)

= > v(h)? by Proposition 12.1
= VS K(t,,h)*> by definition of ¢,
= 75(7, 0)? by definition of ( , )
~vED
As (v,0,) € R, this shows that (0, 6;,) > 0.
If (65, 605) = 0 then vy(h) = 0 for all v € . Hence h =0, so 6 = 0. O

13. ROOT SYSTEMS

Let E be a finite dimensional real vector space with an inner product ( , ). For 0 # v € F,
the reflection s,: E — E is defined by

2
sp(x) =2 — (U’x)v for all x € E.
(v, 0)

Note that s, sends v — —v and fixes every vector in v*.

Note. The reflection s, preserves the inner product, i.e.

(su(x), 84(y)) = (x,y) for all z,y € E.

(Showing this is left as an exercise.)
Notation. Write (z,v) = % (linear in z, not in v).

Definition. A subset R of F is a root system if

(1) R is finite, 0 € R, and Span(R) = F,
(2) for a € R, the only scalar multiples of v in R are +a,

(3) for a € R, the reflection s, sends R to R, i.e. permutes the set R,
(4) for o, 5 € R,

_2(8,0)

(@) € Z.

(B, )

We call the elements of R roots, and dim E the rank of R.

Example. The only root system of rank 1 is

Proposition 13.1. Let L be a semisimple Lie algebra over C, H a Cartan subalgebra, and
root decomposition
L=H®o® @ L.
acd

Let E = Spang (®) C H*, with inner product (, ) as in Chapter 12. Then ® is a root system
n E.
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Proof. Axiom (1) is clear. Axiom (2) is Proposition 11.3 (2), and Sheet 5, Question 2.
To check axiom (3), let «, 5 € . Then

sa(B) = B — (B, ).
We claim that (5, @) = B(hs). Indeed:

B(ha) = K(tg, ha) by definition
=K (tg, %) by Proposition 12.5
= 2((55)) by definition
= (6, a) by definition
Hence s,(5) = B — B(ha)ar € @ by Proposition 11.5 (4). Finally, (4) follows from (3, a) =
B(ha) € Z by Proposition 11.5 (1). O

Examples.

(1) Let L = sl(n,C). The Cartan subalgebra H consists of diagonal matrices in L, the
root spaces are

Span(E;;) with roots €, —¢; (i # j),
where

ay

an

E = SpanR(q)) = {zn: )\iei . iAZ = O}
i=1 i=1

of dimension n — 1. Inner product (rescaling) is the usual

<Z Ai€i, Z Ni@') = Z Aifi-

(2) Some rank 2 root systems.
(a) Let L =sl(3,C). Let o« = €; — €2, B = €3 — €3. Then the root system

¢ = {a,ﬁ,a+ﬁ,—a,—5, _Oé_ﬁ}
Also (a, 8) = —1, (o, ) = 2. So the angle between o and 3 is cos™ (%) — 21

Here

B a+p

—a—8 A
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(b) Another rank 2 root system. Again, let €, €; be standard unit vectors in R?

and let o = €5, 8 = €; — €. The angle between o and 3 is cos™! (\7—%) =3
B a+pB=e 20+PB=¢€1+e€2
—a «
~20-p 5 -5
(¢) Another one
B
Ca N
-8

Definition. We say that root systems R C E, R' C E’ are isomorphic if there exists a
vector space isomorphism ¢: E — E’ such that

(1) o(R) = R,
(2) (p(a),0(B)) = (a, B) for any «, 8 € R.

Definition. A root system R C E is reducible if R = Ry U Ry where R; # () and
(o, B) = 0 for any a € Ry, B € Ry.
Otherwise, R is irreducible.
Example. In the examples above, (2)(c) is reducible, but (2)(a) and (2)(b) are irreducible.

Proposition 13.2. Let L be a semisimple Lie algebra over C with root system of ®. If ® is
irreducible, then L is simple.

Proof. We have
L=Hao @ L.

aced
Suppose L is not simple, so it has an ideal I # 0, L. Now, [HI] C I, and ad H is simultane-
ously diagonalizable on L, hence also on [.

Therefore, I has a basis of common eigenvectors for ad H, so

I:Hl@@La

acdq
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where H; C H, ®; C ®. Similarly,
I'=H,® @P L.
acdy
AsL=1®I
H=H & Hy, = Ud,y, & NDy—0.
If &5 = (), then ®; = &, so I contains all L, (a € ®), so also all [L,L_,], which span H.
Hence I = L, a contradiction. Hence ®; # () for i = 1, 2.

Finally, for a € &, g € P,
[hgea] € IN T+ =0,
SO
0 = a(hg) = (a, B)
by the proof of Proposition 13.1. Hence (a, ) = 0, showing that ® is reducible. O

Classification theorems (Killing, Cartan). The root system ® depends on the choice
of Cartan subalgebra H. However, we have the following theorem.

Theorem 13.3. Let L be a semisimple Lie algebra over C with Cartan subalgebras Hy, Ho
and corresponding root systems @1, ®5. Then & = Py.

The proof is based on the fact that all Cartan subalgebras are conjugate, i.e. there exists
g € Aut(L) = {x € GL(L) : z([ab]) = [z(a),z(b)] for all a,b € L}
such that g(H;) = Ho.

So every semisimple Lie algebra over C has a unique unique root system. The converse also
holds.

Theorem 13.4. For any root system ®, there ezists a unique (up to isomorphism) semisim-
ple Lie algebra L over C with root system ®.

Uniqueness. We can specify the structure constants of L in terms of root systems ®: there
exists a Chevalley basis of L with the following structure constants. Recall, for a, 8 € ®, the
a-string through S is
b —ra,...,0+qao.
Then the Chevalley basis is h,’s, e,’s, and the structure constants are
[hahs] =0

[haes] = B(ha)es and B(hy) =1 —q
[€at_a] = ha
_fo0 ifa+p5¢gPdU{0}
€€l =\ L(g+ ears fatfed

Existence. Given an irreducible root system (these are classified), one can construct a
simple Lie algebra with that root system. The simple Lie algebras as

(classical) sl, sp, so,
(exceptional) g, fa, €6, €7, es.
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Alternative approach to existence: use Serre relations.

Conclusion. Classification of simple Lie algebras is equivalent to classification of irreducible
root systems.

14. IRREDUCIBLE ROOT SYSTEMS

Let R C E be a root system for a real inner product space E. Recall that for o, 5 € R,

_2(8,0)
(0.8 = 2.
Also,
(@, @) = [[a]|?

(where ||a|| is the length of a), and
(e, B) = ||e|]]|B]| cos @

where 6 is the angle between a and f.

Proposition 14.1. If o, € R and  # *a, then

_ M B
(B0 8) = 557

Proof. If 0 is the angle between o and /3,
(8, a)(a, B) = 4cos* 0 < 4.

We only have to note that it is not equal to 4; otherwise, cos?’f = 1, and 6 = nm, so
b = ta. O

Proposition 14.2. Let o, 5 € R, § # *a, and assume that (3, 5) > (a, «). The possibilities
for {a, B), (B,a), O are as follows

€{0,1,2,3}.

(0.8) (B.0) cos6 0 (5=
0 0 0o z

1 1 1z 1
—-1 -1 -3 = 1

1 2 5 3 2
-1 -2 -5 ¥ 2

1 3 ¥ =z 3
-1 -3 ¥ o 3

The proof is an easy calculation.

Proposition 14.3. Let 0 be the angle between o, 3 € R.

(1) If0 > 5, then a + 3 € R.
(2) If 0 < 5, then a — 3 € R.
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Proof. By axiom (3),
sg=a—(a,p)p € R.

From Proposition 14.2, # > 7 implies that (o, 5) = —1, and § < 7 implies that (o, 3) = 1.
0

Example (Classification of root systems of rank 2). Let R C R? be a rank 2 root system.
Pick o, 8 € R with 3 # Fa, and the angle 6 between o and 3 as large as possible (6 > 7).

By Proposition 14.2, the possibilities of § are 2%, 3T 5% op T

3 406 2

Take 6 = %’r Then «, # have the same length, and we have

@

Apply reflections to get the root system

®

a+f3

Take § = 2%. Here, (3, 8) = 2(a, @), and we get

Take 6 = ‘%’r. Here, (3, 5) = 3(«, ), and we get
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Take 6 = 7. Here, we get

This root system is reducible.

Weyl groups. Recall that for a root system R C F and a root a € R, we defined the
reflection s, by

2(a, x)

aforallz € E.
(o, @)

So(r) =2 —
Definition. The Weyl group W(R) of a root system R C FE is
W(R) = (Sa : @ € R)
a subgroup of GL(E).
Proposition 14.4. The Weyl group W(R) is finite.

Proof. By axioms (3), each reflection s, gives a permutation of the finite set R. So we have
a homomorphism

¢: W(R) — Sym(R).

If g € Kerg, then g(a) = « for all @« € R, hence as F = Span(R), g = 1. Therefore,
Ker¢p =1, so W(R) = Im¢ < Sym(R). O

Examples. R = A,
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B=e2—€e3 a+PB=e1—e3

a=¢€]—€2

Here W(A2) = (Sa, S8, Satps). Action on basis €y, €9, €3 of R3:
S = Sej—ey - €1 < €2, €3 > €3

Sg 1€ <> €3, €1 €

Satf © €1 € €3,€ > €
Hence W(As) = S;.
R = A,_1 Roots ¢, —¢; (i # j) for i, j € {1,...,n}. Reflection s,_, sends ¢; <+ ¢;, and fixes
the other basis vectors. Hence W (A,,_1) = S,.
Bases.
Definition. Let R C E be a root system. We say a subset B of R is a base of R if

(1) B is a basis of E (as a vector space)

(2) for any 5 € R,
b= Z NaQ

a€EB
where n,, € Z, and either n, > 0 for all « or n, < 0 for all a.

We say 8 € R is a positive Toot (with respect to base B) if all n, > 0. Similarly, define
negative roots.

Example. R = A,

B a+pB

—a—p —B

A base is a, [ (the positive roots are a, 3, a + ().

Another base is a, —a — f (the positive roots are o, —a — 3, —3).

Note, there exists w € W(A,) sending {«, 8} to {a, —a — f}. (Exercise)
Theorem 14.5.
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(1) Every root system has a base.
(2) If B, B’ are bases of R, then there exists a unique w € W(R) such that w(B) = B’.

Hence R has precisely |W(R)| different basis.
Example. The root system A, has 6 different bases, all of the form w({«, 5}) for w € W(As).

Proof of Theorem 14.5. Omitted. U

Dynkin diagrams. Let R be a root system with a base B. Define the Dynkin diagram
A = A(R) of R (with respect to B) to be the following graph®

vertices: elements of B
edges: join «, fin B by d,s edges, where d.g = (8, «) € {0,1,2,3}

If dog > 1, then «, 8 have different lengths, and we draw an arrow from the longer to the
shorter root.

Note. By Theorem 14.5, the diagram A does not depend on the choice of the base B.

Examples.

(1) A,—1. Roots ¢; —¢; for i # j in {1,...,n}. Here is a base:

€1 — €y, €9 —€3, ..., €1 — €y
aq a2 Qp—1

This is a base, as for i < j,
€ — € :Oéi+04i+1+"'+05j,1.
So the positive roots are ¢; — ¢; for i < j and the negative roots are €; — ¢; for i > j.
Here,
daiai+1 =1
Aoy, = 0if j #1£ 1.
So the Dynkin diagram is
—eo o—0o—o

2) B».
B a+PB=¢€; 2a+fB=e1+e€2
—Q o
—2a—p B8 -8

It has base «, 3, and its Dynkin diagram is
—e

A graph where we allow multiple edges between vertices.
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(3) Go.

It has base «, 3, and its Dynkin diagram is
«—

(4) A1+ Ay

-B
It has base «a, 3, and its Dynkin diagram is
° °
Proposition 14.6. A root system R is irreducible if and only if its Dynkin diagram is
connected.

Proof. Sheet 5, Question 3. 0

Simplicity of classical Lie algebras.

Theorem 14.7. Let n > 2. Then the classical Lie algebras, sl(n,C), so(n,C), sp(n,C) (n
even) are simple, apart from so(2,C) and so(4,C).

Idea.

(1) Use the next proposition to show L is semisimple.
(2) Use the root system and Proposition 14.6 to show L is simple.

Proposition 14.8. Let L be a finite-dimensional Lie algebra over C, with Z(L) = 0. As-
sume H is a Cartan subalgebra and

L=H®EP La
acd

where ® C H* \ {0}. Suppose
(1) dim Ly, =1 for all « € ®
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(2) ifa € ® then —a € O
(3) [[La, L—o], La) # 0 for all a € ®.

Then L is semisimple.

Proof. Suppose for a contradiction that L is not semisimple. Then L has a soluble ideal, so
it has an abelian ideal I # 0. Now [HI] C I, and ad H acts diagonalizably on L, hence also
on I.

Hence [ is a sum of eigenspaces of ad H, so

I=(INH) &)Y (INLy).

acd

If INL, # 0 for some «, then L, C I by (1), so
(Lo Lol Lo S (1L o 1) C 1,1 =0,
a contradiction with (3).
Therefore, I = INH,ie. I C H. As Z(L) = 0, there exists a € ® such that [/L,] # 0. But
[[L) CIN[HL] CINLy =0,
a contradiction. O

Proof of Theorem 14.7. We just do the case L = sl(n,C). The other cases so, sp are Sheet 5,
Question 7.

We use Proposition 14.8. First, the case Z(L) = 0 was Sheet 3, Question 3. Otherwise, we
have a Cartan subalgebra H of diagonal matrices, and root space decomposition

L=H®D L

acd
We check assumptions (1)—(3) of Proposition 14.8:
(1) the root spaces L, are of the form Span(FE;;), 1-dimensional,
(2) € —€; € ® implies that ¢; —¢; € ©
(3) for L, = Span(E;;), we have L_, = Span(FE};), and check
[Eij, Ejil, Eij] = 2E3; # 0.
Hence L is semisimple by Proposition 14.8.

Finally, the Dynkin diagram of L is

which is connected, so L is simple by Propositions 13.2 and 14.6. 0
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Classification of irreducible root systems.

Theorem 14.9. Let R C E and R' C E' be roots, and suppose R, R’ have the same Dynkin
diagram. Then R = R’

So we just need to classify the possible Dynkin diagrams.

Theorem 14.10. The Dynkin diagrams of the irreducible root systems are

Dynkin diagram Notation — Corresponding simple Lie algebra
— o o—o o A, m>1) sl(n+1,C)
—o o> B, (n>2) s0(2n +1,C)
— o o—o=0 C, (n>2) sp(2n,C)
[ ° [ -<:
D, (n>3) s0(2n, C)
G g2
—eo—9o o
Fy f2
° ® I ® °
Eg €6
[ ° I ° ° °
Er e7
[ ° I ° ° ° °
Eg €g

In particular, each of these Dynkin diagram shows the existence of the Lie algebra on the
right. However, these Lie algebras are actually not easy to construct.

We will prove Theorem 14.9. For that sake, we need the following proposition.
Proposition 14.11. Let R C E be a root system, with base B. Define

Wo = (sq 1 € B) < W(R).
If B € R, then there exists a € B, w € Wy such that w(a) = B (i.e. Wo(B) = R).

Proof. Suppose € R™ (positive root with respect to B), so
B=> kyy, ky > 0.

yeB

ht(8) =Y k.

YEB

Define
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We proceed by induction on ht(3). If ht(8) = 1, then g € B and take a = 3, w = 1.
Now, assume ht(/5) > 2, By axiom (2) of a root system, at least two k,’s are nonzero.

We first claim that there exists 79 € B such that (3,7) > 0. Otherwise,
(B.8) = _ky(8,7) <0,

YEB

so (B8,5) =0, hence 8 = 0, contradicting 5 € R.
We now claim that s.,(8) € RT. Well,
S’YO(B) - B - <Ba’70>’}/07

S0 $.,(3) has at least one coefficient k., > 0, and hence s,,(8) € R™.

By the previous two claims,

ht(s4,(8)) = ht(8) — (8,70) < ht(5).
By the inductive hypothesis, there exists a € B, w € W, such that
w(a) = s5,(5).
Then s,,w € W, and it sends « to S.

Proof of Theorem 14.9. We have R C E, R’ C E" with bases
B=A{ay,...,a,}, B ={a,...,a}

n

such that
(g, a5) = (af, af) for all i, j
(same Dynkin diagram).
Define a linear map ¢: £ — E’ by
(i) = o for all 1.
We need to show that ¢(R) = R'. (This will show that R = R'.)
We use Proposition 14.11 to obtain
{wo(a) : v € Bywg € Wy} = R.
Now
O(sa,()) = Pl — (o, a)ai) = o — (o, a)af = sar () € R
by axiom (3). Hence for wy € W,
(ﬁ(’ll)o(()[)) € R/.
So ¢(R) C R'.

The same argument for ¢! gives ¢~!(R’) C R. Hence ¢(R) = R/
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