Introduction to Dynamical Systems Notes

Francesco Chotuck

Contents
1 Differential equations 3
1.1 First order Differential Equations . . . . . . . ... ... ... ... 3
1.1.1  First order, explicit . . . . . . . . ... ... ... 3
1.1.2  First order, variables separable . . . . . . ... ... .... 3
1.1.3  First order, homogeneous . . . .. ... ... ... ..... 4
1.1.4  First order, linear . . . . . . . ... ... . ... ....... 5
1.2 Imitial value problems. . . . . . . .. ... ... 000 8
1.3 Existence and uniqueness . . . . . . ... ... 8
1.3.1 Picard’s and Peano’s Theorems (Short) . . . . . .. ... .. 9
1.3.2 Types of solutions . . . . .. ... .. ... .. 9
1.4  Second order Differential Equations . . . . . . ... ... ... ... 13
1.4.1  Second order linear, with constant coefficients . . . . . . . . 13
1.5 Solving a second order linear ODE with constant coefficients. Method
I: general theory . . . . . . . . ... ... 14
1.5.1 Method II: guessing a particular integral . . . . . . .. . .. 16
1.5.2  Method III: varying constants . . . . . . ... .. ... ... 17
1.6 Two coupled first order ODEs . . . . . . . . ... ... ... .... 18
1.7 Existence and Uniqueness — Picard’s theorem . . . . . ... .. .. 24
1.8 Simple Harmonic Motion . . . . . . . . . . ... ... ... ..... 24
2 Dynamical Systems 25
2.1 First order Autonomous Systems . . . . . . .. ... ... ... 26
2.1.1 Solving a first order autonomous dynamical system . . . . . 26
2.1.2  Termination of Motion . . . . . . ... ... ... ... ... 29
2.1.3 Corollary to Picard’s Theorem . . . .. .. ... ... ... 29
2.1.4 Asymptotic Analysis . . . . . . . ... oL 30
2.1.5 Asymptotic analysis for DS . . . .. ... ... 30
2.1.6  Estimating and bounding time of motion . . . . . . . . . .. 30
2.2 Results to remember . . . .. ..o 31



2.2.1 Stability of Fixed points . . . . . . . .. ... ... ...
2.2.2  Structural stability . . . ... ... o
2.3 Second Order Autonomous Systems . . . . . . . ... .. ... ...
2.3.1 Phase space and Phase portraits . . . . . . ... ... ...
2.3.2 Separable systems . . . .. ... ... L.
233 Limitcycles . . . . . .. ..o
2.3.4 Linear stability analysis . . . . . ... ... ... ... ...

Classical Mechanics
3.1 Motion of a particle. . . . . . .. ... o
3.1.1 Kinematical results . . . . . . . .. ... ... ... ... ..
3.2 Newton’s Law of motion . . . . . . . .. ... ... ... ... ...
3.2.1 Newton’s First Law (N1) . . . . ... ... ... ... ....
3.2.2 Newton’s Second Law (N2) . . .. ... ... ... .....
3.2.3 Newton’s Third Law (N3) . . .. ... ... ... ... ...
324 Centreof Mass . . . . ... ... ... ... ... ...,
3.3 Newton’s Law of Gravitation . . . . ... ... ... ... .....
3.3.1 Motion in the Earth’s gravitational field . . . . . . ... ..
3.4 Motion in a straight line . . . . ... ... ... ...
3.5 The energy equation . . . . .. ... oo
3.6 Use of the Energy equation . . . ... .. ... .. ... ......
3.7 Equilibrium and Stability . . . .. ... ... 00
3.8 Periodic motion . . . . ...

Hamiltonian systems
4.1 The variation of H with ¢ . . . . . .. .. .. ... ... ... ...
4.2  Testing if a second order system is Hamiltonian . . . . . . .. . ..
4.2.1 How to find the Hamiltonian function . . . . .. .. .. ..
4.3 Solving Hamilton’s equation . . . . . . .. ... .. ... .. ....
4.4 Stability . . . ..o
4.5 Motion in a potential . . . . . ... ... oL
4.5.1 Phase portraits for motion in a potential . . . . . . . . . ..
4.5.2  Motion along the separatrix . . . .. . ... ... ... ...
4.5.3 Motion along other orbits . . . . . . . ... ... ... ...
4.6 Summary: how to analyse motion in a potential . . . . . . . . . ..

Appendix
5.1 Solutions to memorise for ODEs . . . . . . .. ... ... ... ...
5.2 Notation for fixed points . . . . . . . ... ...

46
47
47
48
48
49
49
49
o1
o1
ol
52
o4
25
56

56
57
57
o8
29
59
60
60
60
60
60



1 Differential equations

1.1 First order Differential Equations

Definition 1.1. The order of an ODE is the order of the highest derivative ap-
pearing in the ODE.

Definition 1.2. If we plot the points {(¢,¢(¢));t € R} in the Cartesian plane
we generate a trajectory or solution curve of which passes through the point
(to, o) determined by the initial condition x(ty) = .

Definition 1.3. As we change the initial condition (i.e. the value of z, the
prescribed value of x at t = ¢y, and possibly ¢y) we generate a family of solution
curves of also called the flow.

Definition 1.4. We say that the family of functions {h(-,C)} is a general solution

of an ODE, if

d
3 M(t:C) = f(t.h(t.0)),

for any C.

Remark. The notation is to be understood that x = h(-,C) i.e. a function with
parameter C. So, a first order ODE has 1 free parameter.

1.1.1 First order, explicit

Explicit equations which can be solved by direct integration for example:

dx

i.e.

1.1.2 First order, variables separable

Equations which appear in the form of

dz
&~ Fha(a).



We can separate the variable in order tot evaluate the integral i.e.

/—dm—/f t)dt
G(z

)+ C1=F(t) + Cy
G(zx) = F(t)+ C (where C' = Cy — C}).

Hence, the general solution of a first order variable separable ODE is as follows
r=z(t) =G (F(t)+O).

It is not always possible to express the solution an explicit expression for G
Therefore, another possible form for a solution is

G(z) = F(t) + C.

1.1.3 First order, homogeneous

Definition 1.5. A multivariable function is said to be homogenous of degree d
if rescaling all the variables simultaneously by the same factor A is the same as
rescaling the function by \? :

F(Az1, Aoy, ... xn) = N F (21, 29,..., 2p).
Definition 1.6. An ODE is called homogenous if it is of the form

dx

&= )

where f(¢,x) is homogenous of degree 0, that is if

FfOt, Ax) = f(t, x).
Remark. Homogenous ODEs are invariant to rescaling.

Note. An homogenous ODE can be written in the form

5-e)

by setting A = %



To solve a first order homogeneous ODE we set v(t) = 7 or v(t) = xt where v
is a function of t. Note, we can think of v as velocity, x as displacement and t as
time. We then have

dz d dv
dv  Gv)—w
dt t

which is separable with the solution

1

After carrying out the v integration we then have a relation between z(t) and ¢
which, with luck, we can simplify to find x(¢) — but this is often not possible.

1.1.4 First order, linear
First order, linear ODEs are of the form

dx

T = I+ g(t).

They are called linear because, when written as

dx

T —af(t) = g(t),

the left-hand side is a linear function of x and its derivative. Let L be this linear
operator we have that

Lo =g, where L= (5= 70), L) = (5 - 10) o= (5 - 2s0).

First order linear ODEs can be solved with the method of integrating factors.

dx

&) = o) (1

Multiply through by p = u(t) where u is the integrating factor for (1). We have

dx
gy — Hef(t) = ng(t). (2)
Notice that
d du dx
qHe) =z (3)



so substituting (3) into (2) we have

%(/w) + (—uf(t) - %) x = pg(t).

By choosing v such that

dp
—uft)—E =0
nft) — 4
dp
o U f(t
one finds that (2) simplifies to
d
- = gt
3 (1x) = ng(t),

an explicit first order ODE, which is easier to solve. It is obvious that the choice
of
o= Iu(t) = e_ff(t)dt'

Remark. For a first order linear ODE of the form

T zf(t) =g(t),

the integrating factor is
ult) = el 7O,

Aside on first order linear ODE

Recall that a linear ODE can be written as

L(x) = g(t). (4)

We know from Linear Algebra that the linear operator L that there is a function,
known as the complementary function, z.;(t) satisfies the property

L(wer) = 0. (5)

So, x.¢(t) is an element of the kernel of L; the kernel of a linear operator is a vector
space so the solution to L(z.r) = 0 form a vector space — for a first order ODE
this will be a one-dimensional vector space.

The ODE (4) is known as an inhomogeneous linear differential equation, the
term ¢(t) on the right-hand side is called the inhomogeneous term and any
solution x,;(t) of (4) is called a particular integral.
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An equation such as (5) is known as a homogeneous linear differential equation,
where the solution of it is z.f(t).
Hence, by the principle of linearity the general solution for (4) is

z(t) = xpi(t) + wep(t), L(zp) = g(t) and L(x.s) = 0.

Remark. This means that the difference of xp; and x.; can also form the general
solution.

Example exam questions

Example. To which type of ODE is the following a solution to:
> =%+ Ca?

Solution: There are two methods to work it out

o Work out the ODE explicitly:

Rearrange to get

Yy
C:P—Jl
d( ) d y2
dx do \ 22
2y’ 2y
, oy, 2l
y ==+ —.
r 2y

This ODE is not explicit, separable, homogeneous or linear.

e Remember the form of solutions:

We have
v =2+ 01 <= y=+Va3+ Oz

This is not in the form of the solution of the known types:

F(x) + C (Explicit);

y) = G(z) + C (Separable);
F(z) + CG(z) (Linear);
xF(Cx) (Homogeneous).

-y
- F

~—~

Y
Y



1.2 Initial value problems
Proposition 1. The initital value problem

der =z

has no solutions if xy # 0 and has an infinite number of solutions if zy = 0.

1.3 Existence and uniqueness

Theorem 1.1. (a version of Peano’s theorem) Consider the initial value problem

i—? = f(t,x), x(to) = xo.

If we can find a value ¢ such that the function f : A — R is continuous on the set
A defined
{(t,z) : |t —tg <6, |x — zo| <}

(a square centre the initial point (¢, o) and side of length 24), then there is an
interval [ty — 01, o + d1] around the point value ¢, (with 6; < §) in which there
exists a solution z(t).

Remark. The i.v.p. could have a solution for all t, or just for a very small range,
the theorem does not tell you precisely where z(t) is defined, but it does say that
close to ty it exists.

Theorem 1.2. (a version of Picard’s theorem / the Picard-Lindelof theorem)
Consider the initial value problem

i—f = f(t,x), x(ty) = wo.

If we can find a value d such that the function f : A — R and the partial derivative

fo= % : A — R are both continuous on the set A defined as

{(t,x) |t —to <9, |x — 0| <4}
(a square centre the initial point (¢, xo) and side of length 24), then there is an

interval [ty — 01,%p + d1] around the point value ¢, (with §; < §) in which there
exists a solution z(¢) and in which the solution is unique.

Note. In a question it suffices to check whether f and f, are continuous at a point
(to, l’o).



1.3.1 Picard’s and Peano’s Theorems (Short)

Peano: If f(¢,x) is continuous in a box around (%o, zo) then there is a solution to
the i.v.p. for some range t € [ty — d,tg + 4.

Picard: If f(¢,x) and % are continuous in a box around (g, o) then there is a
unique solution to the i.v.p. for some range t € [ty — d,tg + 0].

1.3.2 Types of solutions
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1.4 Second order Differential Equations

Definition 1.7. We say that the family of functions () = h(t,C1, C2), involving
two free parameters, C,Cy is a general solution of a second order ODE if it is a
solution for all Cy, Cj.

Remark. A second order ODE has 2 free parameters

Definition 1.8. Two coupled first order ODES for functions x(t), z2(t) are equa-
tions of the form

dz
d_tl = fl(thl)mQ)v
dz
d_t2 = f2<t7x17$2)'

Proposition 2. Every second order ODE is equivalent to a pair of coupled first
order ODEs.

1.4.1 Second order linear, with constant coefficients
These are ODEs of the form

d?z  dx
— +a— +bx =t
where a and b are constants and ¢ is a given function of time. Just as with first

order linear equations, these can be written in terms of a linear differential operator
L:

Definition 1.9. The function ¢(¢) in the equation above is called the inhomo-
geneous term.

Definition 1.10. If the function ¢(t) in the equation above is zero, the equation is
said to be a homogeneous linear ODE. (The reason is that L(zx) is homogeneous
of degree 1, L(Azx) = A\L(z)).

Definition 1.11. A particular solution of an inhomogeneous second order linear
ODE is any one solution of the ODE.

Definition 1.12. A complementary function for an inhomogeneous second
order linear ODE is a solution of the corresponding homogeneous linear ODE.
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1.5 Solving a second order linear ODE with constant coef-
ficients. Method I: general theory

Here we give a construction of the general solution to a second order linear ODE
with constant coefficients. Note: it is NOT recommended as a practical method.
We shall call this method, Method 1.

One way to explain why the fact that the coefficients are constants means the
equation can be solved is that it lets one factorise the operator L into the product
of two first order linear differential operators:

L= (j—;+a%+b) = <%—A1) (%—AJ = j—;—(AlJrAZ)%JrAl)\Q,
where \; and \, satisfy
M+ A =—a, and M)Ay =0b.
This means that A\; and A\, each satisfy the equation
A=A)(=A =) =X = M+ A)A+ A =N +ad+b=0.

This is call the auxiliary or characteristic equation. We have now turned our
second order equation into two first order linear equations which we can solve by
using the method of integrating factors (twice).

As the first step, we write Lo(z) = u and so the original equation becomes

o) = Li(Lae)) = Latw) = (g =M Ju=o.

using the integrating factor we have a solution for u. Following the integrating
factor method once again to solve for Ly(z) = u we obtain the solution for z, i.e.

solving
d
Ly(z) =u= <& - /\2) x.

Provided A\; # Ay the general (homogeneous)solution is
Cle)\lt + C2€A2t.
Whereas, if A\ = Ay i.e. )\ is a repeated root we get

Clte)‘lt + Cge)‘lt.

14



Example. Find the general solution of the differential equation

d?z
E —9x = t,
we rewrite the ODE as a linear operator L : so we have
d?z d d
Lz)=——-9%2=—-3)(—=4+3)x=t.
(@) =G =% (dt ) (dt * ) ‘

N 7 \\

g

Ly Lo

d
Setting u = d_?f: + 3z, so we have to solve the first order linear ODE Ly (u) =t :

du
== _ = ¢
T 3u

d _ -
= in (ue 3t) =te ¥

= u =" /te_?’t dt

t 1
- _ . _ = C 3t.
3 9+ 1€

Now that we know u we can solve Ly(x) = u so we have:

d

£+3$:u

dz t 1 o
E+3I——§—§+016 .

By using the integrating factor of the LHS (i.e. €3') and multiply both sides:

1
%(me?’t) _ (% + §) &t 4+ bt

1
== e_?’t/ [(% + 5) et 4 Cle“t] dt

t C
=9 + Che 3t + 71e3t.

We can re-scale (' by 6 to get the “nicer” expression

t
T=3 + Ce3t + Cye™3.

15



1.5.1 Method II: guessing a particular integral

This is a simpler method than Method 1 which involves ‘guessing’ the particular
integral — this is the standard A-level/Pre-U method of solving second order linear
ODE.

Solving the homogeneous equation: simpler method

The homogeneous equation is solved with the help of solutions of the auxiliary
equation. This method is based on the observation that the equation Z+az+bx = 0

is solved by functions of the form
r(t) =z =eM

provided ) is properly chosen. The choice of A is obtained by the roots of the
substituting the solution of the ODE, using & = A\e™ and & = \2e*, so we get

i+ at +br = (A +a) +b)eM =0.
Since eM # 0, we see that e is a solution of the ODE provided that
p(A) =N +a\+b=0.
Since the auxiliary equation is a quadratic in A we have three possibilities

(i) a® — 4b > 0, the auxiliary equation has two distinct real solutions Ai, As.
So, it follows that x; = e*? and x5 = e*2* therefore, the general solution is
a linear combination of these two solutions (z; and x are complementary
functions so L(z1) = L(x) = 0) i.e.

r = x(t) = CreM' + Cye’,
(ii) a® — 4b = 0, the auxiliary equation has two repeated roots A\; o = A; in this
case we that the general solution is
= Cite™ + Chet.
(iii) a? — 4b = 0, the auxiliary equation has two complex conjugate roots Ay =

p £ iv. This means that x4 (t) = e+ are the solutions solutions and the
general solution using case (i) is

Cle(u—i—il/)t + Cze(u—iu)t’

where C] and Cy are free parameters. This solution is fine but we often want
the general solution in terms of a real function so we have

x = x(t) = Cre' cos (vt) + Cye! sin (vt),

where in this case C; and Cy are free real parameters.

16



Finding a particular integral

A guess is often called a “trial function” or an ansatz (plural ansdtze) to make it
sound better. This is often the fastest way. The reason this can be done is that
the linear operator L in the equation

L(z) = ¢,

maps polynomials to polynomials, trigonometric functions to trigonometric func-
tions, exponential functions to exponential functions and so on.

f(x) Substitution
c v
br +c Bx +
ax? 4+ bx + ¢ ar? + Br +
QeP* Qe (or QueP® or Qr?eP”)
7 cos (wz) + ssin (wx) pcos (wz) + o sin (wx)

IMPORTANT: If there is a multiple of f(z) in the complementary function
then the usual choice of substitution will not work. So, multiply the substi-
tution by = until you find a substitution that works. (This is referring to
the substitution of QeP*)

.

Remark. If the inhomogeneous term is a polynomial in this course it is usual to
‘guess’ a solution of the ODE to be a quadratic polynomial or higher, so that the
second derivative has a non-zero term.

1.5.2 Method III: varying constants

If the inhomogeneous term is complicated so that a particular integral is not easy
to guess, this method is suitable to find it. This method is best illustrated by an
example.

Example. Find the general solution of the differential equation

dz

Solution: The characteristic equation is A2 — 9 = 0 so that A\ = 43 and the
solution to the homogeneous equation is

x = Ae3t + Be 3.

17



We can take as a starting point for the method of varying constants the function

r=F(t)e*,

so that

&= <F+3F> - <F'+6F+9F) e,

and the equation for F and for ¢ = F become
T—9x =1
= <F+6F> et =t
= (F+6F) =te™
= ) + 61 = te™ .
Using the integrating factor (i.e. €®) of (6), it becomes

% (we6t) — te?,

which can be integrated directly to give

e = /tegt dt
1
= (% - 5) 40

t 1
= 77[] = (g — 5) 6_3t + Ce_Gt,

(7) can be integrated again to give

1.6 Two coupled first order ODEs

The system we are considering are equations of the form

() -0

18



which we can also write as

= Mr, Wherer:(x),M:(a b).
Y c d

As mentioned in the previous section we can write two coupled first order linear
ODEs as second order linear ODE; we do this by eliminating y and writing the
ODE in terms of x and we get

&—(a+d)x+ (ad —bc) = 0.
~—— ———
t=Tr(M) A=det(M)

We know from the previous section that we should for a solution of the z = Ae*

where \ satisfies
A—(a+d)A+ (ad — bc) = 0.

Substituting x = Ae* (and after a bit of algebraic manipulation) we have

a b
ME = \E, where M = (c d)'

Therefore, to solve these types of ODEs we must find the eigenvectors and their
eigenvalue obtained by the characteristic polynomial. Recall from LAG1, that for
any real 2 x 2 matrix M, is similar to one of only three forms of Jordan form
matrices so, exactly one of the following holds:

(i) M has two real eigenvalues, A1, A2, and we can find two linearly independent
eigenvectors (&1 and &) that span R?; so the general solution to the matrix
differential equation is

(yﬁﬁi) —r(t) = G 1 Coege™.

(ii) M has only one real eigenvalue and only a one-dimensional space of eigen-
vectors; then one can always fine non-zero vectors £ and ¢ such that

ME =)\, M =X +E

That is, &€ is an eigenvector and ¢ is another vector which is not an eigen-
vector. In this case the general solution is

(‘;Eg) = () = CLE + Co(C + HE)EM.

19



(iii) M has two distinct complex conjugate eigenvalues (« £ i/3) with complex
conjugate eigenvectors. Then we can find a non-zero complex vector £ such
that & = p + v and & = p — iv are corresponding eigenvectors (where
a, 3, p and v are real) such that

Mp=ap—pPr, Mv=_L,u+av.

In this case the general solution is

("zgg) = 7(t) = Cy (eos (Bt) — vsin (Bt)) e +Cy (sin (Bt) + v cos (Bt)) e,

Another way to write this is
r(t) = Re (D&e),
where D = (' 4 1C5 is an arbitrary complex number.

Recall that in each case one can find a real matrix P such that P~'MP is in
one of the real Jordan canonical forms. The Jordan canonical form of each case
are as follows:

" P'MP = (Aol A02> CPeEes

i PlMP = (3 i)  P=l@sd)

(1) P_lMP:<oz 5)7 P=(p:v).

Example: from lecture scans.

20



Chapter 3: Second order differential Equations 50

Example 3.6. Find the general solution to the matrixz differential equation

. 3 -2
t=Ma, M—<4 _3>, (3.90)

and find a real matriz P such that P~'M P is in normal form.

We first find the characteristic equation for M to determine its eigenvalues:
Det(M —X)=X—-1=0 = Xc{l,-1}. (3.91)
We now need to find the eigenvectors for these eigenvalues.

1
e A\ = 1. Assuming the eigenvector is of the form (a>:

(2 j) <i>=<i>;‘3—2a=1w=1. (3.92)

1
We find that & = <1) is an eigenvector with eigenvalue 1.

1
e A\ = —1. Assuming the eigenvector is of the form <a>:

G :§><;>:—<;):>3—2a:—1:>04:2. (3.93)

We find that & = <;) is an eigenvector with eigenvalue —1.

This means that the general solution to the equation (3.90) is

z=A <1> e + B <1> e !, (3.94)
1 2
and that a suitable matrix P is
- ) (11 _1 (1 0
P=(§:6)= (1 2) , PTIMP = <0 _1> : (3.95)
Note

If we swap A} with A2, and take @ to be the matrix Q = (&2 : &) we get the alternative,
equally valid normal form,

a=@:en=(, ;). @ me= (1 ). (3.96)

Version of January 31, 2022



Chapter 3: Second order differential Equations 51

Example 3.7. Find the general solution to the matrixz differential equation

=Mz, M:(j }) (3.97)

and find a real matriz P such that P~'M P is in normal form.

We first find the characteristic equation for M to determine its eigenvalues:
Det(M —A) =X =0 = e {0}. (3.98)

Since the characteristic equation has a repeated root A = 0, the normal form must be either

<8 8) (8 é) (3.99)

Since M is not identically 0, the answer must be the second case and there is only a 1-
dimensional space of eigenvectors of M.

1
e )\ = (. Assuming the eigenvector is of the form <a>:

(j 1) (clv):(8>:>—1+a:0:>a:1. (3.100)

We find that & = (1) is an eigenvector with eigenvalue 0.

To find a suitable second vector ¢ such that M{ =0-¢ + &, we take ¢ = (Z

M- (j 1) @ 0. (z) N G) = atb=1, (3.101)

and we can choose
¢ = (g) . (3.102)

This means that the general solution to the equation (3.97) is

z=A G) + B((?) e G)) , (3.103)

and that a suitable matrix P is

> and calculate

P=(£:¢)= G (1)) , PP'MP = (8 é) : (3.104)
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Example 3.8. Find the general solution to the matrix differential equation

. —2 2
&=Mz, M_<_5 4>, (3.105)

and find a real matriz P such that P~'M P is in normal form.
We first find the characteristic equation for M to determine its eigenvalues:

Det(M — M) =X -2\+2=0 = A=1+i. (3.106)
We now need to find the eigenvectors for these eigenvalues.

. . . . 1
e A\ =1 +4. Assuming the eigenvector is of the form <a>:

<:§ Z) <i>:(1+i)(é>:>—2+2a:1+i:>a:32+i. (3.107)

1
We find that & = <3 +Z~> is an eigenvector with eigenvalue 1+ ¢, but we can multiply this by
2

any non-zero constant and instead can choose

§_<3_2H>_u+iy, u—@) , u_((l)> . (3.108)

e A\ =1 —i. By complex conjugation, an eigenvector is & = p — iv.

This means that the general solution to the equation (3.105) is

x = Re( A1) = Cef(cost <§> —sint <(1))) + De'(sint <§> + cost <(1)>) . (3.109)
and that a suitable matrix P is
(20 s (11
P—(,u.l/)—(3 1) , P ]\4]3—<_1 1> . (3.110)
Note

If we swap A with A\*, and & with £€*, and take @ to be the matrix Q = (pu : —v) we get the
alternative, equally valid normal form,

Q=(u:—v)= @ _01) QMG = G ‘11) . (3.111)

Version of January 31, 2022



1.7 Existence and Uniqueness — Picard’s theorem

Theorem 1.3. Picard’s theorem Let A denote the cube
{(t,x1,22) 1 |t — to] < 0,]z1 —ay <6, |xe — as] <9, for some § > 0}

and suppose that fi, fo : A — R are continuous. Suppose also that the partial

derivatives w.r.t. the second and third arguments, %—’I" and % for 1 = 1,2 are
continuous on A. Then the system of differential equations

d$1 d.il?g

E :fl(t7x17l‘2)7 E :fQ(thlax?)a xl(t()) = ay, .Tg(to) = a2

has a unique solution z; = ¢(t),x2 = ¢(t),t € [ty — d1,t0 + 6 + 1], for some
9 <.
1.8 Simple Harmonic Motion

Definition 1.13. We say the equation

d?x )
— = —w’r,
dt?

is the equation of simple harmonic motion. The constant w is called the angular
frequency. The general solution is

x = Cy sin(wt) + Cy cos(wt).

If we define

then (z,y) satisfy the coupled first order ODEs

d fz\ _ (0 —w) (=
dt \y) \w 0 y)’
Then the general solution is

xr = Cysin(wt) + Cycos(wt), y = —Ccos(wt) + Cysin(wt).

The motion is periodic with period T" and frequency f given by
- p- 2
w 2m

A physical system with its motion dictated by the equation of simple harmonic
motion can be said to be a simple harmonic oscillator.
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2 Dynamical Systems

First we give a definition of a dynamical system as we will consider it in this course.

Definition 2.1. A dynamical system (DS) is any system described by a set
of variables {x1,...,2,} which depend on time ¢ and satisfy a set of ordinary
differential equations (ODEs) of the form

_xi:fi(t)xia"‘ﬂxn)7 Z:17’n

dt

The functions f; are called velocity functions. If we write the variables as a
vector, then its velocity f is given by the velocity functions,

T 33:1 fl
T d T

€Tr = 2 ,&w fr— f(t7 x) _— 2 ey f:.2
‘/‘En xn fn

If the variables x take a value x(t;) = a at time t; then we say that the system is
in the state a.

Definition 2.2. The phase space I is the set of admissible values for @ or {z;}.

Definition 2.3. If the description involves n variables, the dynamical system is
said to be of order n.

Definition 2.4. If the time t does not explicitly appear in the velocity functions
fi, the system is said to be autonomous, otherwise it is non-autonomous. Thus
for autonomous systems, we have

d

&= f(x).

Proposition 3. An n'* order non-autonomous system is equivalent to an (n+1)%"
order autonomous system.

Definition 2.5. The set of points {(¢,z(t));t € R} which solve a ODE, and for
which z(ty) = x¢ is called the trajectory or solution curve of the DS passing
through x.

Definition 2.6. The set of all trajectories obtained by varying ¢, and zy through
all physically allowed values is called the flow of the DS.

Definition 2.7. The set of points {x(¢);¢ € R} which solve the ODE, and for
which x(tg) = ¢ is called the orbit of the DS passing through .
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Definition 2.8. The set of all orbits obtained by varying ¢ty and x, through all
physically allowed values is called the phase-flow of the DS.

Definition 2.9. A picture which gives an illustrative selection of the orbits and
the direction of motion is called a phase portrait.

Remark. For a first order autonomous DS an orbit is represented as a set, either
and open or closed interval.

For a second order autonomous DS an orbit can be thought as looking down onto
the xy-plane showing the direction of motion of the DS. In this course an orbit is
only applicable to second order DS.

Definition 2.10. An invariant set S is a set such that if z(¢y) € S then z(t) € S
for all ¢, both ¢ > 0 and ¢ < 0.

Definition 2.11. A point @ = (ay, . .. a,) is called a fixed point (or equilibrium
point) of the (autonomous) DS if

fila)=0 <= —2;=0 atx=a, i=1,...,n

dt
A system which is at a FP will stay there forever, unless perturbed.

Definition 2.12. A FP a of a DS is called stable, if for any £ > 0 we can find a
d > 0 such that ||x(0) — a|| < 0 implies that |x(t) — a|| < € for all time. i.e. the
motion never moves away from the FP.

A FP a of a DS is called strongly stable, if for any § > & > 0 we can find a time
T such that ||(0) — a|| < § implies that ||x(f) — a|| < € for all times t > T i.e.
the motion must move in towards the FP.

2.1 First order Autonomous Systems
2.1.1 Solving a first order autonomous dynamical system

We will usually want to know the motion from the position z(tg) = x¢ at time t0
to the position x(t) at a later time t. We can derive it more correctly from

t
t:m+@—m:m+/dt

to

=) q¢



or just

1
T—t—to—/a;omdx

This represents the time taken to go from z¢ = x(to) to x = z(t).

Trajectories

These are the curves which solve the DS (i.e. the ODE) and are commonly drawn
on the x-t plane (¢ axis runs vertically) since the gradient represents ﬁ; whereas,
on the t-z the gradient is the velocity function i.e. f(z). The flow is obtained by
translating one of the trajectories by t.

Fixed points

The fixed points of a first order autonomous system are values a of x for which
f(a) = 0. These correspond to constant trajectories, z(t) = a, (i.e. = a) since
this satisfies the ODE

d d
ag,;(t) =—a=0= f(a) = f(z(t)).

These trajectories are horizontal lines in the t-x plane and vertical lines in the x-t
plane.

Phase portrait

The phase portrait is a sketch of the phase space of the dynamical system (which
will be the real line or some subset) together with arrows indicating the direction
of the motion along the orbit. The direction is to the right if z is increasing, i.e.
if f(x) > 0 and to the left if x is decreasing, i.e. f(x) < 0.

27



Chapter 5: First Order Autonomous Systems 56

7 o

\ \/

_ Lxed ponds cires ond
/lﬁ\/i U&;ﬂﬁ MJ ;
——

k—\/ _— \/\ ¢
=y >o ——

T o<e  Ftm<o
‘P\\QX— ‘)orkm‘-\~
> > ® —& Z £
A fixed go}/\h\
_Y—(x)?O N—————— N—————
Prrows §how fa<o ‘
MoNoA 1 Prvows Show mohom
t /\bb\k G to the LL{'(:
NS
Combined rP\/wM- \
?or&\(u:\‘\? cud
—| | veloauty funchon i

Figure 5.2: Examples of a velocity function, the trajectories, phase portrait
and combined sketch.
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2.1.2 Termination of Motion

Definition 2.13. The motion of a dynamical system is said to be terminating,
if it reaches a fixed point or goes to +oo in finite time.

Remark. The phrase “goes to £oo in finite time” means that lim, . x(t) = +oo
for constant ¢ with a DS described by DS & = f(x).

How to decide if a motion terminates

There are four methods that we can use to decide if a motion terminates.
1. Solve the dynamical system exactly, calculate the time taken.

2. Use Picard’s theorem, which can prove that a motion does not terminate at
a fixed point [but this is all it can prove].

3. Use Asymptotic analysis - find a much simpler system with the same be-
haviour which you can solve exactly.

4. Estimate the time taken to reach the fixed point and find a finite upper bound
[motion terminates| or an infinite lower bound [motion does not terminate].

Remark. First of all determine the evolution of the motion by sketching the
velocity function then, apply one of the four methods.

2.1.3 Corollary to Picard’s Theorem
Suppose that x = a is a fixed point of the DS

&= f(z)

and that f(z) and f’(z) are both continuous at = a, then the only trajectory
that terminates at © = a in finite time is the constant trajectory z(t) = a.

Example. In this case
fx)=(z—1(z-2)(x—3) f(x)=32%—12z+ 11,

are both continuous for all x, and in particular around x = 2 and so any motion
that approaches x = 2 cannot reach x = 2 in finite time. The motion cannot
terminate at x = 2 by the corollary to Picard’s theorem.
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2.1.4 Asymptotic Analysis

With this method we can find functions which are approximately similar to the
velocity function of a DS as x — a where is a fixed point.

Definition 2.14. A function f is said to be asymptotically equivalent to an-
other function g as  — z* — in symbols f(z) ~ g(x) as * — 2* if and only
if

f(z) =g(x)(1 +e(x)), withe(z) =0, asz— z"

In this definition the case £ — +oo is allowed. This is the same as

f (=)

flx)~g(x)asz — 2" < lim —= =1.
(@) ~ 9(a) tim 2

Since this is an equivalence relation, the following properties are true
1. Symmetric: f~g <= g~ f;

2. Reflexive: f ~ f;

3. Transitive: f ~gand g~ h = f ~ h.

Remark. If you are given a function f(x) and asked to find a simpler function
which is asymptotically equivalent to f(x) as x — x*, it is often usual to choose a
function of the form c(x — x*)* [if this is indeed correct], and this is often called
the leading asymptotic behaviour, but this is not a unique choice and other
choices may be better for the problem in hand.

2.1.5 Asymptotic analysis for DS
Suppose & = f(z), f(z*) =0 and f(z) ~ g(z) as © — z*.

Result 1. The motion with © = f(z) terminates at © = z* (in finite time) <= the
motion with # = g(x) terminates at x = x* (in finite time).

Result 2. Suppose 7 is finite, if f ~ g as x — 2 = 74(z0) ~ 75(x0) as xg — ™.

2.1.6 Estimating and bounding time of motion

Estimates and Bounds for the time 7 for a dynamical system to move from
x = xg to x = x; can be obtained without giving the full solution of the ODE
describing the dynamical system in question, i.e. without actually doing the x-
integral exactly. This is based on this idea: ‘if a dynamical system moves from
a to b at a faster speed then a second, it will take less time; if it moves slower
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then it will take more time. Given a velocity function f(z) we choose two other
velocity functions h(x) and g(x) such that h(z) > f(z) > g(z). Ideally, h(z) and
g(x) would be chosen in a manner that is simpler to solve than f(x). This in turn

becomes
h(z) > f(x) > g(x)
1 < 1 < 1
h(x) g(z)

b1
:>/ —dx /—d:z: /—da:.
g9(z)
Th S Tp < Ty

If 7, is finite then 7; is finite so this proves that the motion terminates. Whereas
if 75, is infinite then 7; is infinite which proves the motion does not terminate.

2.2 Results to remember

Proposition 4. This is only valid if x(0) > 0. If & ~ 2® then  — oo in finite
time if and only if a > 1.
If & ~ —2% then © — 0 in finite time if and only if o < 1.

2.2.1 Stability of Fixed points

The stability of a fixed point can be described as stable or unstable as illustrated
on in the figure below.

y o< Stedole.
e g

e U haible [ S
——

Definition 2.15. The stability analysis based on (and requiring only) Taylor series
expansions to 1% order is referred to as linear stability analysis of a fixed point.
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If a is the fixed point, f(a) =0 then the Taylor expansion of f(x) around a is

The sign of f/(a) tells us whether a fixed point is stable or not.

f((m\< o g Are
S\’;\OL@’ h B U/\S\'&)O&L
af'(a\"\? ;
DC(,%\ -G = E_X(‘n _d\] e o

On the other hand, if f’(a) = 0 we have to look at the first non-zero derivative.

14 %‘(’\1-—0, UJLcM\o-ok 0 ez Brsr Ao — 2w 0 re

Q)
in m-fo_@l_ﬂ UKVOV*-SW"\ /{: (>

b (X ”‘) _C_l_’ﬁ((ﬂ -
L\ = .

‘ ~
UN‘m\ﬂ\L £ <o
£G cm >0

\5 A uren
/ ;\ sl
halb-ahde, it is vatiate.
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2.2.2 Structural stability

Definition 2.16. A system described by the differential equation & = f(x) is
called structurally unstable, if the number of fixed points is changed by some
arbitrarily small perturbation f(z) — f(z)+ eg(x), (i.e., for some g and ¢ arbi-
trarily small), otherwise it is structurally stable (i.e., for all g there is a sufficiently
small €, such that the number of fixed points remains unchanged).

This can be encapsulated as: ‘If you change the velocity function in any small
way, can you change the number of fized points?’
Example from the lecture scans
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2.3 Second Order Autonomous Systems

A second order autonomous system describes the time evolution of the state of a
system in some two-dimensional phase-space I" through two differential equations.
In this chapter we often find it convenient to use conventional x, y notation instead
of z1, x5 and sometimes to write f, fs as F, GG, so the we could write these equations
as

dzx - dzx

B 4 F(xv y)
& or 3§
dr dr

:fQ('Tvy> :G(Q?,y>

2.3.1 Phase space and Phase portraits

Definition 2.17. The phase space I' is defined as the set of admissible values
for the coordinates x and y. The pair (x,y) denotes a point in R?, so generally
I C R2%

Definition 2.18. The set of points {(¢,z(t),y(t));t € R} with (z,y) is called a
trajectory or solution curve (through (zo, o))

Definition 2.19. A point (a,b) € R? is a fixed point of the dynamical system if
and only if fi(a,b) =0 and f>(a,b) = 0.

Definition 2.20. The set of points {(x(t),y(t));t € R} is called an orbit or phase
curve (through (zg,vo)).

If we parametrise the phase curve as y(z) then we have

dy g G(z,y)

de & F(a,y)

It is sometimes possible to solve this differential equation to find the phase curves
even if the ¢ dependence of z(t) and y(t) cannot be found. It is also sometimes
useful to solve the equations for the phase curve first and then substitute y = y(z)
in the equation for & to solve for x(t) explicitly.

Definition 2.21. The collection of all possible phase curves is called the phase
flow of the dynamical system.

Definition 2.22. A graphical representation of the the phase space I', including
a graph of the phase flow and/or the velocity f(x,y) evaluated at representative
points

Definition 2.23. The set of points (x,y) € R? for which fi(x,y) = 0 is called the
null-cline of f;. Similarly, The set of points (z,y) € R? for which fy(z,y) =0 is
called the null-cline of f.

36



Note: On a null-cline of f;, the z-component of the velocity vanishes so that
the flow is vertical; similarly, on a null-cline of f5, it is the y-component of the
velocity which is zero so that the flow is horizontal. Fixed points are intersections
of the null-clines of f; and f5. It is common to include the null-clines of the
velocity functions in the phase portrait since the null-clines divide the phase
space into regions on which the velocity field points in different general directions
which we can call by the points of the compass: NW, NE, SW, SE:

NE: If {fi > 0, f, > 0} then the flow is in the general direction  or in the
direction NE.

NW: If {f; < 0,fs > 0} then the flow is in the general direction \_or in the
direction NW.

SW: If {f1 < 0, fs < 0} then the flow is in the general direction  or in the
direction SW.

SE: If {fi > 0, f, < 0} then the flow is in the general direction \, or in the
direction SE.

Examples
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Example 6.1(b)
This is the system

b= Flry) =2, §=Clay) =z, (?):f:<2>. (6.8)

(i) The velocity function F'(x,y) is never zero but G(x,y) = 0 on the y—axis, z = 0.

(ii) F(x,y) > 0 always but G(z,y) < 0 for z < 0 and G(z,y) > 0 for x > 0, hence the flow
points SE for x < 0 and NE for = > 0.

(iii) The velocity function has |f| = V2 + 22 and so |f] is bigger the further it is from the
y—axis.

(iv) We can sketch the velocity field by plotting the vector f at representative points on a
typical part of the phase plane (see figure 6.2).

(v) If we join up the arrows we get curves. We can check by solving the equation for the

phase curves,
dy_G((L‘,y)_l‘ _12
de  F(x,y) 2’ Y=3" +0, (6.9)

and we see that these are actually parabolae, which we can also sketch (see figure 6.2).

— - L NS - —
- —t

W —_ 1 it fi>0, 2<0: SE — £1>0, 2>0: NE

ik S
ik | S

20 L - L | 20 L L
0 1 2 ) B 0 1

(a) The null-clines showing (b) The regions in which the
where the velocity field is hor-  velocity field points SE and

izontal and vertical. NE.
Iy a b P BN A
2 \ A v / \\ N ‘\*\‘ 7)// //
\ \\ T 7 //
I M=
i \ ~aL — v / 1 TN e r o ;
D /
N i s
« a > P4 0 \\\ T~ = //
N o e ,,//’ /
N i s
I S 2 N RN B
\\\\\ /,///
N e P
b \ S — P 4 / — A ‘\\_7\»7»/” 7
(¢) A set of arrows represent-  (d) A set of orbits joining up
ing the velocity field. the arrows of the velocity field.

Figure 6.2: Constructing the phase portrait for the system (6.8).
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Example 6.1(c)
This is the system

t=F(zr,y)=z, y=Gx,y) =y, <y>:f:<y> . (6.10)

(i) The velocity function F'(z,y) = 0 on the y-axis and G(x,y) = 0 on the z—axis. These
intersect at the point (0,0) and so this is a fixed point.

(ii) The velocity field points NE in the 1st quadrant, NW in the 2nd, SW in the 3rd and SE
in the 4th.

(iii) |f] = 22 + y? and so the field is larger and the flow faster the further from the origin.
(iv) The velocity fields points radially away from the origin (see figure 6.3).

(v) If we join up the arrows it looks like we get radial straight lines. We can check by solving
the equations for the flows,

t=r=>zx=ac, y=y=y=0be', soy=(b/a)r, (6.11)
or solving directly for the phase curves, as the equation is separable:
d G
& _ (ﬂs,y):g7 logy =logx+c, y= Az, (6.12)
x

de  F(z,y)

and we see that these are indeed straight lines.

L
-1

0

L
1

£1<0, f>0: NW

.

£>0, f>0: NE

/

/

£1<0, f,<0: SW

N

f1>0, f<0: SE

L
-2

L
1 0

L
1

L
2

(a) The null-clines showing where the velocity =~ (b) The regions in which the velocity field
field is horizontal and vertical. points SE and NE.
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(d) A set of orbits joining up the arrows of the
velocity field.

(¢) Arrows representing the velocity field.

Figure 6.3: Constructing the phase portrait for the system (6.10).
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2.3.2 Separable systems

Definition 2.24. If we have the special situation

then we say that it is a separable dynamical system, the differential equations
for z(t) and y(t) are also separable and can be solved easily to find

e®)  dr v dy
t—1to= / - = — .
w F@) Sy G)

If a system is not separable in the original coordinates (x,y) it may be possible to
find new coordinates (u,v) in which it is.

If a system is not separable in the original coordinates (x,y) it may be possible
to find new coordinates (u,v) in which it is. Consider a change in variable in polar
coordinates.

To find 7 and 6 it can be simplest to differentiate the equations equations

)

r? =2 +y?, tanf = =,
x

leading to

L .
2 = 2 1 2yy = 7 = oYY _ 2F(@y) TyClE,y)

r r
‘ ' S ‘ S a CWF
se0299:(1+tan29)9:—$y y:c:>9:xy yr _ =T (.y) —y (x,y)
$2 $2+y2 x2+y2

2.3.3 Limit cycles

A limit cycle of a second order dynamical system is a periodic trajectory corre-
sponding to a closed orbit that does not pass through any fixed points. The orbits
that pass close to the limit cycle can either all stay close to, or be attracted in
towards, the limit cycle, in which case it is a stable limit cycle, they can all be
repelled (it is an unstable limit cycle) or some can be attracted and some repelled;
formally this is also unstable but can be called “half-stable”.

To decide whether a limit cycle is stable or unstable analyse the velocity func-
tion 7 = f(r).
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Figure 6.9: Phase portraits of the system (6.37) with o = 1/4..

In this course we will look more deeply into two aspects of the structure of second order
systems, namely the stability of limit cycles and the stability of fixed points. The first topic
is relatively straightforward as it is essentially a one-dimensional problem and we summarise
the results in section 6.4; the second is more complicated. We shall look in detail into fixed
points in 6.5 and undertake a linear stability analysis and classify the possible fixed points
that can arise in this way in section 6.6.

6.4 Limit cycles

A limit cycle of a second order dynamical system is a periodic trajectory corresponding to a
closed orbit that does not pass through any fixed points. The orbits that pass close to the
limit cycle can either all stay close to, or be attracted in towards, the limit cycle, in which
case it is a stable limit cycle, they can all be repelled (it is an unstable limit cycle) or some can
be attracted and some repelled; formally this is also unstable but can be called “half-stable”.

We have already such a system in example 6.4 for which the unit circle is a stable limit cycle
- all nearby trajectories spiral ever closer to the unit circle. We shall give some examples of
the other types of behaviour for systems separable in polar coordinates.

Example 6.6. Consider the systems in polar coordinates with

P=f(r), 6=1. (6.38)

The condition for there to be a limit cycle is that the constant trajectory r = a is a solution,
which requires f(a) = 0. From our analysis in section 5.4.1 on the stability of fixed points,
if f'(a) > 0 then this is an unstable fixed point of the first order system for r and hence an
unstable limit cycle; the first order system and the limit cycle is “half-stable”. Three simple
models of this are

(a) f(r) =r —r3: the fixed point at r = 1 has f(1) = 0 and f/(1) = —2, hence it is stable.
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This is precisely example 6.4 and the phase portrait of the first order system for r and
the full second order system are in figure 6.7

(b) f(r) = —r +73: the fixed point at r = 1 has f(1) = 0 and f/(1) = +2, hence it is
unstable.

(c) f(r)=r(1—r*2% now f(1) = f'(1) =0 but f”(1) = 8, so the cycle is “half-stable”.

We illustrate cases (b) and (c) in figures 6.10 and 6.11 with plots of f(r), the phase portrait
of the first order system corresponding to r and the phase portrait of the full second order

System.

f(r)

A
A
\

(a) The phase portrait of the  (b) The phase portrait of the
first order DS 7 = —r(1 —r?).  full system.

Figure 6.10: Phase portraits of the DS (6.6)(b).

f(r)

(a) The phase portrait of the  (b) The phase portrait of the
first order DS 7 = r(1 — r?)2. full system.

Figure 6.11: Phase portraits of the DS (6.6)(c).
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2.3.4 Linear stability analysis

We will investigate the stability of the fixed point by performing a linear stability
analysis, based on a two-variable Taylor expansion (to first order) of the velocity
functions F' and G in the vicinity of the fixed point. This procedure involves three
steps.

Step 1 — Taylor Expansion of Velocity Functions
Let’s consider a second order autonomous system described by

dx dy

—=F — =G .

g =Py, =Gy

Let’s assume that the point (a,b) is a fixed point, i.e. F(a,b) = G(a,b) = 0 and
(a, b) is an intersection point of the null-clines of F' and G. The constant trajectory
{z = a,y = b} is a solution of the dynamical system. We can substitute F'(x,y)
and G(z,y) by their first order approximations and obtain the linearised system:

. oF OF

= F(z,y) = Flz,y) +z —a) -+ (y - b>(9_y
=0

) oG oG

y=Glz,y)=Glay) +Hz—a)5-+ (- b)%.

=0
Writing this in vector notation we have:
() - (et ng)- (& ) (20)
j (z—a)3e +(y—0)%; & %) \y—b
———
The Jacobian J
The matrix J denotes the Jacobian matrix given by
oF  9F
7= (% %)
or Oy

evaluated at the fixed point (a,b). Writing & = = — a,7 = y — b the linearised

system above becomes
Ay _ g (E
at\g) “\g/)
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Step 2 — Finding the Jordan canonical form of the Jacobian

We recall that the real Jordan canonical forms of a real 2 X 2 matrix are

0 2) Go) (5 0)

where A, u, @ and 3 are all real. The eigenvalues of the matrix

a b
=),

satisfy the equation

det(M — AI) =p(A) = A2 — tA+ A =0,

where t is the trace and A is the determinant of the matrix M :

t=(a+d)=Tr(M), A=ad—bc=det(M).

Given the characteristic equation, we can find the eigenvalues as

11
)\i:§t:|:§\/5D:t2—4A.

D is called the discriminant of the matrix M. Looking at the form of the eigen-
values, we see that it is the sign of the discriminant D which determines if they
are real or complex. We distinguish three cases:

(1)

(2)

D > 0, A\ are both real and the Jordan canonical form C'is diagonal. It is
possible to find a real matrix P such that the canonical form C'is diagonal,

IR O W
C=r MP_(O N E

If &1 are non-zero eigenvectors corresponding to the eigenvalues Ay, then
one possible choice for P is P = (&, : &) where (u : v) is the matrix with
columns given by the two vectors u and v.

D < 0,\y are complex conjugate complex numbers, Ay = «a £+ 4. It is
possible to find a real matrix P such that the canonical form is

_ a f
c=r 1MP=(_B a)

and the Jordan canonical form is not diagonal (it has a complex diagonal
canonical form but this is the real canonical form). If £ = p + v is a non-
zero eigenvector with eigenvalue A and p and v are real vectors then one
possible choice for P is P = (p : v).

44



(3) D =0, there is only one solution for A but two possibilities for the Jordan
canonical form.

(3i) M could be diagonal, i.e. it is

1 (A0
c=P MP—(0 )\).

This is already in normal form, there is nothing to be done. Note that
in this case P~'MP = M for any invertible matrix P;
(3ii) If M is not diagonal, then it is possible to find a real matrix P such
that
Al
— p-1 —
C=P MP= ( 0 /\) :

It is always possible in this case to find real non-zero vectors & and ¢
such that Mg = A\§ and M = A\{ + & and one possible choice for P is

P=(£:¢).
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Step 3 — Exploring the Consequences for Dynamics

A>0, D>0
Unstable node

D<0, t>0
Strongly unstable focus

D=0, t=0

Unstable node
or unstable improper no

Wok

A<0Q, D>0
Hyperbolic fixed point

BV
N

D<0, t=0
Marginally stable f

D<0, t<0
Strongly stable focus

-}Ié or ;&
A>0, D>0
Stable node

D=0, t<0
Stable node
Figure 6.13: Summary of the eight types of fixed point in the A—¢ plane

or stable improper node

3 Classical Mechanics

Definition 3.1. Kinematics is the study of the mathematical description of
motion and all the properties that follow just from the language of mathematics,
without any knowledge of how the motion is governed by physical laws.

Definition 3.2. Dynamics is the study of the laws that govern motion and their
consequences
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3.1 Motion of a particle

We assume that space is Euclidean and that it can be described in terms of a
system of three dimensional Euclidean position vectors measured relative to some
conveniently chosen origin. In order to describe a particle’s motion an observer
O may choose a reference frame consisting of a right handed system of Cartesian
axes Oxyz, usually fixed relative to the observer; the position of a particle P at a
particular instant is then made precise by assigning its position vector which we
can write as r = OP.

Definition 3.3. The velocity v(t) of a particle at time ¢ is defined as the the
derivative of the position with respect to time

dr

dt

We say this is the velocity relative to O or as measured by the observer O. The
velocity is the rate of change of the position vector and is a wvector.

v(t) =7 =

Definition 3.4. The speed v of the particle (as measured by O) at time ¢ is the
magnitude of its velocity, v = |v| = |7|.
Definition 3.5. The acceleration a(t) (as measured by O) of the particle at time

t is defined by
alt) =v=—=7F= —2
dt dez”

The acceleration is the rate of change of the velocity vector with respect to time

and is also a wvector.

Definition 3.6. The distance travelled by the particle is given by the integral

t1 t1 t1
l—s—/ |7"]dt—/ ]'i)]dt—/ vdt
to to to

3.1.1 Kinematical results

Proposition 5. The rate of change of the speed of a particle is given by

o1
V= -v-a.
v

Proof. The speed v is the magnitude of the velocity v, v = |v| and so v* = v - v.

Differentiating with respect to ¢ we get

=S2200=2v-0=2v-a

= v =7-a.
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Proposition 6. If a particle moves at constant speed then its acceleration is
orthogonal to its velocity.

Proposition 7. The rate of change r of the distance of a particle from the origin
is given by

o1
r=-r-v.
r
Proof. Similar to the proof of Proposition 5 ]

Proposition 8. If a particle is moving on a sphere of radius R, centre the origin,
then the velocity is orthogonal to the position vector.

Proof. On a sphere the position from the centre is constant thus, = 0. ]

Definition 3.7. A particle undergoes uniform motion if it is moving in a straight
line at constant speed. This is equivalent to the particle moving with zero accel-
eration.

3.2 Newton’s Law of motion

Newton assumed the existence of a preferred class of observers and associated
reference frames, called inertial frames of reference, with respect to which Newton’s
laws of motion were supposed to hold.

First, every particle P possesses an inertial mass m > 0 which is normally assumed
to be constant, whatever the state of motion of the particle. If 7(¢) is the position
vector of P relative to an observer O its momentum p is defined by the equation

P =mr = muv,
where v is the particle’s velocity.

Definition 3.8. An inertial frame of reference is a frame of reference that is
not undergoing acceleration — or, equivalently, it is a frame of reference in which
Newton’s first law of motion holds. (From Wikipedia)

3.2.1 Newton’s First Law (IN1)

Newton’s First Law states that with respect to an inertial frame of reference a
particle moves with constant velocity in a straight line unless constrained to depart
from this state by a force acting on it.
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3.2.2 Newton’s Second Law (IN2)

Newton’s Second Law states that with respect to an inertial frame of reference
the rate of change of momentum of a particle is equal to the total force acting on
the particle. If Fy, Fy, ... F, are the forces acting on a particle P, whose position
vector is r(t) with respect to the origin O of an inertial frame of reference, we have

d

where the total force F' is given by

Assuming that m is constant we may write

mr = F = ma.

3.2.3 Newton’s Third Law (N3)

Newton’s Third Law is often stated in the form “action and reaction are equal
(in magnitude) but opposite (in direction)”. To see more clearly the implication
of this law suppose that the force exerted on a particle ¢ by a particle j is Fjj;
correspondingly the force exerted by particle i on particle j is Fj; and

or
Fj = —F}.

The forces in question could be gravitational or, in the case of two particles
connected by a taut string, the tension force provided by the string.

3.2.4 Centre of Mass

A consequence of N3 leads to the idea of centre of mass: [See lecture scans]
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3.3 Newton’s Law of Gravitation

Consider two particles of gravitational masses mq, mo respectively and suppose
that the position vector of my with respect to my is r. Newton’s law of gravitation
states that the gravitational force F' exerted on mo by my is given by

F=———— S"r r=]|r|
where GG is an universal constant known as Newton’s constant of gravitation.

3.3.1 Motion in the Earth’s gravitational field

If we then take the Earth to be point particle of mass M at rg (relative to the
origin/observer O), and the body moving in the Earth’s field to be a point particle
of mass m at 7.4y, and we denote the position of the body relative to the centre
of the Earth by r» = 74,4y — 7, then Newton’s laws give

. GMm . GMm
Mrp = —5—r, mPey = — el
r
or
. GMm Mm
rTr = — 'S —
a B P T M m
If M > m then u ~ m and we get
. GMm
mr = — r.
73

We can factor m off both sides to find that the acceleration of the (light) particle
now only depends on its position,

and its value is the gravitational field of the Earth at the point r relative to
the centre of the Earth,

3.4 Motion in a straight line

Let z(t) denote the coordinate at time ¢ of a particle of mass m moving in a
straight line along the z-axis under the influence of a force F'e;. The equation of
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motion is (written three ways)
iy
mre; =Fe;,, m[0]|=10],mx=F.
0

Example. Consider a particle moving vertically close to the Earth’s surface where
the gravitational field can be approximated by

0
g=101],
-9
where ¢ is a positive constant.
In this case
0
F=mr=mg= 0
—mg
o
Motion is vertical so, » = | yo | with zg, yo constant therefore,

2(t)

Then Newton’s equations are
mz = —mg.

3.5 The energy equation

(This case is for motion in a straight line) We now make the special as-
sumption that F' depends only on x, the position coordinate of the particle so that
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F = F(x) and the equation of motion becomes

d /1 .
T <§mx = F(z)z
%mx’Q = /F(a:)idt—i—C’
dx
= | F(z)—dt+C
[ PG
:/F(ac) dx +C
1
—m + - [ Flx)dz ) = C
2 S~
N—— N ) Total energy, E

. . vV
Kinetic energy, T Potential energy, V'

T +V = F = constant

We note that from the energy equation we have that

dv

F(zx)= 4
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Interpretation of the potential force law

The law

F=-—. (7.39)

means that the force is rather like the effect of being on a hill with the same shape as the
potential function V: the force is always pointing downhill.

This means that moving “up” a potential, the force is acting to slow you down as your kinetic
energy is turned into potential energy; moving “down” a potential, the force is acting to speed
you up as the potential energy is turned into kinetic energy, as indicated in figure [7.8

?O;A.L a{—_eqwl\\of\\/l"\

- =0

N 1=

V)

’ \ﬂ:a&o
= dx )

Figure 7.8: Example of a potential and the force F = —dV/dz

The points where dV/dz = 0 have a special significance as points of equilibrium, places where
the force is zero and a particle can stay at rest - and which we investigate in more detail in

section [7.5

3.6 Use of the Energy equation

The relation
T+V=F,

can be re-written as .
T = §m9b2 =FE—V(x).

Since the LHS is non-negative the position of z is restricted to regions in which

E—-V(z)>0.
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3.7 Equilibrium and Stability

Consider a particle of mass m, moving along the z-axis under a potential V'(x), so
that the force acting on m is given by

dVv
F=——=-V'(x).
o= V@)
By N2 the equation of motion is
VI/(x)

m

mi = —V'(x), F=—

Definition 3.9. A point z = a for which V’(a) = 0 is known as an equilibrium
position for the particle, i.e. the possible equilibrium positions are the stationary
points of V.

Using Taylor’s theorem it is possible to linearise V' (z) for x = a leading to the
equation of motion which approximates to

= _V'(a) (x — a).

m

Writing 2z = x — a we obtain

V//(a)

Z+ z=0.

Depending on the sign of V”(a) there are two cases.
Case 1: Suppose that V"(a) > 0, so that = a is a minimum of V. Setting

W2 = V'(a)

m

>0

we obtain
4wl =0.

This is clearly an equation of motion for simple harmonic motion so, this equation
has general solution
z = Asin(wt + ¢),

where A and ¢ are constants. Expressing z in terms of z we now have
z(t) = a+ Asin(wt + ¢).

The initial conditions z(0) = a,#(0) = u require that Asin(e) = 0, Awcos(e) = u
from which it follows that ¢ =0, 4 = Therefore

EI:

z(t) =a+ . sin(wt).
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The particle executes simple harmonic motion about x = a with amplitude  and
period %’T Hence, the position x = a is a position of stable equilibrium.
Case 2: Now suppose that V”(a) < 0, so that x = a is a maximum of V.

Setting -
S C) >0

m

we obtain
5 0% =0.

This equation has general solution
2(t) = ae®™ + e = () = a + ™ + Be ¥,

where «, f are constants. Imposing the initial conditions z(0) = a,#(0) = u we

find that

z(t) =a+ %Sinh(Qt).

Since sinh(2¢) — oo as t — oo we see that x does not remain “near” a, so, * = a
is a position of unstable equilibrium.
In summary:

Definition 3.10. Let x = a is a stationary/equilibrium point then,

o if V”(a) > 0, so that z = a is a minimum, the position x = a is a position of
stable equilibrium, and performs simple harmonic motion “near” x = a;

o if V"(a) < 0 so that = a is a maximum, the position x = a is a position of
unstable equilibrium;

3.8 Periodic motion

Periodic motion can only happen when the motion is happening in the potential
well i.e. when E < V..

4 Hamiltonian systems

Definition 4.1. If H(x,p,t) is a function of time ¢ and the position  and mo-
mentum p of a particle moving in one dimension, then Hamilton’s equations of
motion for x and p are

_oH - OH
o U o

Remark. Sometimes q is used to denote position such that p is the conjugate
momentum of q.

x
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4.1 The variation of H with ¢

In the most general situation, H can depend on t both implicitly through ¢(t), p(¢)
but also explicitly, so that

H = H(q(t),p(t),t),

this can happen for motion in a potential if the potential changes with time.
Using the chain rule we can find how H changes with time:

dH _0Hdg  0Hdp  0H
dt  9¢dt  Opdt Ot

and then using Hamilton’s equation

_OHOH OHOH OH _ OH

dq Op  Op 8q+g ot

If H is only a function of ¢ and p and does not depend on t explicitly, i.e. H =
H(q,p), then 6H/t = 0 and so dH/dt = 0, in other words, H is constant in time.

In this course only autonomous Hamiltonian systems shall be considered i.e.
systems with H = H(q, p).

4.2 Testing if a second order system is Hamiltonian

Definition 4.2. A second order autonomous system

(7)== (Gon)

is Hamiltonian if there exists a function H (g, p) such that

_0H ,_ oH

F—a_p aq.

Corollary 4.0.1. If a second order autonomous dynamical system is Hamiltonian

then
or 0G B 0 0H 0 0H B

3¢ O 9q0p OpOqg

Remark. If v = (F,G) then the equation in Corollary 4.0.1 can be written as
V.v=0.
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4.2.1 How to find the Hamiltonian function

(5= (G

If the system is indeed Hamiltonian to find the function H(q,p) we need to
evaluate the line integral

Consider the system

(QP)
H(Q,P):/ Fdp— Gdg.

(0,0)

It is simpler to split the integral in two to find the Hamiltonian

Q P
H(Q, P) = / —G(q,0)dq + / F(Q, p) dp.

Example. Show that the following system is Hamiltonian and find a suitable
Hamiltonian function H. Consider the system

()= ()

Ap—¢q*) N d(2qp)
dq op

So, the system is indeed Hamiltonian. We have that

We have
=0.

Q P
H(Q. P) = / ~G(q,0)dg + / F(Q.p)dp

= [C2uaas [ ot

P
=/ p—Q*dp
0
1, 2 d
-
_lp Q*P.
2
So our Hamiltonian is .
H(q,p) = 5192 - ¢’p.
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4.3 Solving Hamilton’s equation

If the Hamiltonian is given as H(q,p) = % + V(q) then ¢ = p and p = V'(q).
Recall that H(q,p) = FE so we can rearrange to find p, which is +£+/2(E — V (q)).

So the equation of motion for the phase curves is

§=p=*1V2E-V(q).

To find the equation of motion of the separatrix we need to substitute the coor-
dinates of the hyperbolic fixed point to find its correspondent energy.

4.4 Stability

A Hamiltonian system is a second order autonomous dynamical system so, skills
from the previous sections van be used to analyse the system.

Recall that fixed points are defined by ¢ = p = 0. Using the Taylor expansion
on the system on a Hamiltonian system we have:

. OH 0?’H 0?’H
1= 9p Togap P T
OH  0*H 0%
“og Tag Pag T

p=

evaluate at fixed point (¢, p). So, we have the Jacobian

02H 02H
J = 9 8_1;22 _ Hgp Hpp
0°H O°H -H, A —-H.)]’

- 8q2 - dpdq qq pq

where Hp, = % etcetera. The nature of the fixed points is determined by the
eigenvalues of the Jacobian.
The three possibilities:

(i) t = A = 0. The eigenvalues of J are zero and we have learned nothing from
the linear analysis.

(ii) t =0,A < 0. The eigenvalues are real and of opposite sign. The fixed point
is hyperbolic and is structurally stable.

(iii) £ = 0,A > 0. The eigenvalues are imaginary. The fixed point is elliptic.
(This is the case because we have more information about the system.)

Remark. The notation for partial derivatives: fy, = 8% (%) .
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4.5 Motion in a potential

The Hamiltonian and Hamilton’s equations are simply

2
H=2_1v(), ¢=L, p=-Vv"

2m m

A fixed point corresponds to ¢ = p =0, i.e. p =0 and V'’ = 0,that is a stationary
point of the potential. In this case the matrix J is

0 1
J = (_V// 76)7

and the eigenvalues of J are + _TV”
Once again, there are three cases:
(i) V" =0, this tells us nothing.

(ii) V" < 0, the eigenvalues are real and of opposite sign, this is a hyperbolic
fixed point.

(iii) V” > 0, the eigenvalues are imaginary, this is an elliptic fixed point.

4.5.1 Phase portraits for motion in a potential

TO DO !l

4.5.2 Motion along the separatrix

An orbit that passes through a hyperbolic fixed point is called a separatrix. We
can analyse motion in a spearatrix given that at the hyperbolic fixed point z*
we have, H(z*,0) = E. Rearranging the equation we can obtain an equation of
motion for .

4.5.3 Motion along other orbits

4.6 Summary: how to analyse motion in a potential
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Chapter 8: Hamiltonian Systems 179

Comparison with the potential

We can now sketch the phase portrait along with the potential, which we show in figure 8.3.

Figure 8.3: Quartic potential described in the text and construction of the phase curves at
different energies.

We have indicated the energy for various sample orbits. It is very straightforward to produce
a sketch of the phase portrait for motion in a potential once you understand how the two are
related. We discuss this in the next section

8.4 Summary: how to analyse motion in a potential

We can now summarise the analysis of motion in a potential using all the tools we have
developed in the course so far.

A particle of mass m = moving in a potential V(x) corresponds to the Hamiltonian

2

p
H=2 1
o +V(x) (8.105)
with Hamilton’s equations being
OH p OH

P=— =2 p=——"=_V' 8.106
=G =L =G = V), (5.106)
= mi=-V'(z). (8.107)
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Chapter 8: Hamiltonian Systems 180

1. As a Hamiltonian system with H independent of ¢, the phase curves are H(x, p) =constant.

2. Treating (8.106) as a second order autonomous dynamical system, we can sketch the phase
portrait using the standard methods: the null clines are p = 0 on which & = 0 and the
flow is vertical;  such that V’(z) = 0 on which p = 0 and the flow is horizontal. These
lines divide the plane into regions on which we can deduce the general direction of the
flow.

3. We can find the fixed points and classify their nature. A fixed point of the system (8.106)
is (x = 2*,p = 0) where V/(z*) = 0. This will be either elliptic or hyperbolic, depending
on the sign of V" (x*).

If V”(2*) > 0 then this is a minimum of V(z), a point of stable equilibrium of (8.107)
and an elliptic (marginally stable) fixed point of (8.106);

If V"(2*) < 0 then this is a maximum of V(x), a point of unstable equilibrium of
(8.107) and a hyperbolic (unstable) fixed point of (8.106);

4. If there is a hyperbolic fixed point (z*,0) then the separatrix will go through this fixed
point and its equation with be H(z,p) = H(z*,0).

5. Knowing H(z,p) = p?/(2m)+V (x), we can sketch V(z) and then choosing suitable values
of the total energy F which satisfies H(z,p) = E, we can deduce the ranges of z to
which the motion is satisfied

6. We can find the exact period of periodic orbits using the reduction of the second order
system (8.106) to a first order system for x by use of the equation of conservation of

energy:
& =+/2/m(E - V(z)), / \/Q/m(f?:U— o /dt . (8.108)

We can find the approximate period of small periodic orbits around a fixed point by

linear stability analysis resulting in

27
T~ —8x—— . 8.109
V7 (z%) /m ( )

7. We can sketch typical trajectories by following the orbits on the phase portrait.

We will apply this now to three more examples.
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5 Appendix

5.1 Solutions to memorise for ODEs

(From Skills 9) This is an exhaustive list of ODEs (and their solutions) which you
are expected to be able to write without working out the solution explicitly.

o If i =X\x =2 =CeM;
o if 2 =0= 2=ux¢+ v0t;

o ifi4+w?r=0=2=C)coswt+ Cysinwt.

5.2 Notation for fixed points

In a first order DS fixed points are expressed as x = a; similarly points of equilib-
rium in a potential are expressed as x = a if V'(a) = 0. For second order DS fixed
points are expressed as a coordinate pair (z,y) = (a, b).
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