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Abstract
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1 Basics
Definition 1.1. A group is a set G and a mapping from the Cartesian product G×G
into G which will we denote by juxtaposition (variables side by side)

G×G→ G

(g1, g2) 7→ g1g2,

with the following properties:

• Associativity: g1(g2g3) = (g1g2)g3 for all g1, g2, g3 ∈ G;

• Identity: there exists e ∈ G, called an identity, such that ge = eg = g for all g ∈ G;

• Inverse: for all g ∈ G there exists g−1 ∈ G, called an inverse of g, such that
gg−1 = g−1g = e, where e is an identity in G.

Remark 1.1. When asked to define a group state this: “a group is a set with a multipli-
cation law G×G→ G with (g1, g2) 7→ g1g2 which satisfies etc…”.

Elements in groups have some ”nice” properties:

1. The identity e is unique;

2. Given any g ∈ G its inverse g−1 is unique;

3. (gh)−1 = h−1g−1 for all g, h ∈ G;

4. (g−1)−1 = g for all g ∈ G.

Definition 1.2. The order of a group G is the number of elements of G, denoted |G|.

Definition 1.3. If gh = hg for all g, h ∈ G, then G is a commutative, or abelian,
group.

Definition 1.4. A subset H ⊂ G is a subgroup of G if it is a group under the law of
composition of G. That is, H is a subgroup if

1. h1h2 ∈ H for all h1, h2 ∈ H and

2. h−1 ∈ H for all h ∈ H.

Example 1.1
Some interesting examples of groups are:

• Zp : the integers under addition modulo p ∈ N;

• Matrices with determinant 1 under the matrix multiplication (determinant of
1 is necessary to guarantee the existence of inverses);
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Note 1.1. In this course the set R∗ = R\0.
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2 The Cyclic Groups
Let g ∈ G be an element of a group G which has identity e. The power notation for
group elements gn where n ∈ Z is defined to be the n-times product of g with itself i.e.
gg . . . g︸ ︷︷ ︸
n times

, for n > 0; it is the |n| -times product of g−1 with itself for n < 0, and it is e if

n = 0. Consequently, we define

gm+n = gmgn, (gm)n = gmn ∀m,n ∈ Z.

Definition 2.1. A group G is called cyclic if there is exists a g ∈ G such that G = 〈g〉.
Such an element is called a generating element for G; in general it is not unique.

Theorem 2.1. The set generated by g ∈ G, denoted 〈g〉, is the set of all powers if g:

〈g〉 = {gn : n ∈ Z}.

Note 2.1. All cyclic groups are abelian.

Theorem 2.2. If p is prime then Zp = 〈n〉 for any n ∈ {1, 2, 3, . . . , p− 1}.

Theorem 2.3. Let G be a cyclic group generated by g0. Then

1. gn0 for n = 0, 1, 2, . . . , |G| − 1 are all distinct elements and

2. g|G| = e for all g ∈ G.

Theorem 2.4. Every subgroup of a cyclic group is cyclic.

2.1 Symbols and relations
The notion of a generating element can be extended to more than one element. Let 〈a, b〉
is the set of all powers of a and b and their products i.e.

〈a, b〉 = {e, a, a2, . . . , b, b2, . . . , ab, ab2, . . . , ba, ba2, . . . , abab, . . .}

is called the span of a and b, or the group generated by a and b. By imposing restriction
such as an = e, bn = e and anbn = bnan for any n ∈ Z the span of a and b becomes a
finite set which allows us to denote a group.
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3 Maps and Permutation Groups
Consider two sets X,Y and a map f : X → Y . We write y = f(x) for the value in Y
that is mapped from x ∈ X.

Definition 3.1. We say y is the image of x under f .

Definition 3.2. The set f(X) = {f(x) : x ∈ X} ⊂ Y is the image of X under f .

Definition 3.3. The map f is surjective (or onto) if every y ∈ Y is the image of at
least one x ∈ X i.e. if f(X) = Y (denoted f : X ↠ Y ).

Definition 3.4. The map f is injective (or one-to-one) if for all y ∈ f(X) there exists
a unique x ∈ X such that y = f(x) (denoted f : X ↣ Y ).

Proposition 3.1. A function is said to be injective if f(x1) = f(x2) implies that x1 = x2.

Definition 3.5. A map f that is both injective and surjective is said to be bijective.

Theorem 3.1. If f : X → Y is bijective an inverse map f−1 : Y → X can define such
that

f(f−1(y)) = y, f−1(f(x)) = x ∀y ∈ Y, x ∈ X.

Remark 3.1. The inverse map itself is bijective.

Theorem 3.2. The span of a set of bijective maps of a finite set X to itself forms a
group under composition of maps. This is called a permutation group of X, Perm(X).

Definition 3.6. The set of all permutations of a finite set containing n elements is called
the symmetric group Sn.

Note 3.1. The set Perm(X) ∈ S|X|.

Theorem 3.3. The order of the symmetric group |Sn| is n!.

Example 3.1
S3 is a symmetric group of all permutations of three elements. It consists of the
permutations: (

1 2 3
1 2 3

)
= e,

(
1 2 3
2 3 1

)
= a,

(
1 2 3
3 1 2

)
= a2,(

1 2 3
2 1 3

)
= b,

(
1 2 3
1 3 2

)
= a2b,

(
1 2 3
3 2 1

)
= ab,

Notice how the bottom row is cycled through by ’shifting to the right’ i.e. bottom
row for e = (123), a = (231), a2 = (312) and so on.
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Remark 3.2. A 2-cycle such as (12) is called a transposition and every permutation can
be rewritten as a product of a transposition. The converse is also true i.e. every cycle
permutation can be rewritten as a transposition.

Definition 3.7. An even permutation is one which can be written as the product of
an even number of transposition.

Definition 3.8. An odd permutation is one which can be written using an odd number
of transposition.

Definition 3.9. The alternating group An is a subgroup of Sn consisting of all the
even permutations in Sn.

Theorem 3.4. The order of An is always half the permutations in Sn, hence |An| = n!
2

.

3.1 Cycle composition
Definition 3.10. Two (or more) cycles are disjoint if they do not have any common
elements.

Theorem 3.5. Every permutation σ ∈ Sn can be decomposed to a composition of dis-
joint cycles.

Example 3.2
Let σ = (173)(15) ∈ S7. Write the decomposition of σ into disjoint cycles.
Solution: The cycles (173) and (15) are NOT disjoint since they both share the
element 1.
Let σ = (173)︸ ︷︷ ︸

α

(15)︸︷︷︸
β

= αβ. Then

σ(1) = αβ(1) = α(β(1)) = α(5) = 5

σ(2) = αβ(2) = α(β(2)) = α(2) = 2

σ(3) = αβ(3) = α(β(3)) = α(3) = 1

σ(4) = αβ(4) = α(β(4)) = α(4) = 4

σ(5) = αβ(5) = α(β(5)) = α(1) = 7

σ(6) = αβ(6) = α(β(6)) = α(6) = 6

σ(7) = αβ(7) = α(β(7)) = α(7) = 3.

So, σ = (1573).
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4 Homomorphism and Isomorphism
Definition 4.1. Let G and H be groups. A map ϕ : G → H is a homomorphism (of
groups) if ϕ(gh) = ϕ(g)ϕ(h) for all g, h ∈ G.

Remark 4.1. The operation on the LHS is the operation of the group G, whereas the
operation on the RHS is that of group H; i.e.

ϕ(g ◦︸︷︷︸
in G

h) = ϕ(g) ◦︸︷︷︸
in H

ϕ(h).

Note 4.1. For a group homomorphism given by ϕ note that

• the notation ϕ−1(g) means the inverse map of ϕ whereas,

• the notation (ϕ(g))−1 means the inverse element of ϕ(g).

Theorem 4.1. Let ϕ be a homomorphism from G to H and eG, eH be the identity
elements in G and H respectively, then

1. ϕ(eG) = eH and

2. ϕ(g−1) = (ϕ(g))−1 for all g ∈ G

Proof. We prove each statement in turn.

1. Since eGeG = eG then, ϕ(eG) = ϕ(eGeG) = ϕ(eG)ϕ(eG). Multiplying by the inverse
element (ϕ(eG))

−1 in H, and we have ϕ(eG)ϕ(eG)−1 = ϕ(eG)ϕ(eG)ϕ(eG)
−1 hence,

eH = ϕ(eG).

2. Consider eG = gg−1 for g ∈ G then, using the previous result we have eH = ϕ(eG) =
ϕ(gg−1) = ϕ(g)ϕ(g−1). Multiplying by the inverse element ϕ(g)−1 in H we have
ϕ(g)−1 = ϕ(g)−1ϕ(g)ϕ(g−1) = ϕ(g−1).

Note 4.2. If we want to check whether if two groups are homomorphic we need to check
whether Definition 4.1 and Theorem 4.1 hold.

Definition 4.2. An isomorphism is a homomorphism that is bijective.

Example 4.1. A trivial example of an isomorphism is the identity map id : G→ H.

Definition 4.3. Two groups G and H are isomorphic if there exists an isomorphism
ϕ : G→ H.

Theorem 4.1
The ’isomorphic’ relation is an equivalence relation, denoted by ∼=.
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Remark 4.2. If two groups are isomorphic then they are structurally the same group; i.e.
if G ∼= H then: |G| = |H| ;G abelian ⇐⇒ H abelian; etc.

Theorem 4.2. The order of an element g ∈ G is the smallest positive integer k such
that gk = e.

Corollary 4.1. Let ϕ : G→ H be an isomorphism and let g ∈ G then ϕ(gn) = (ϕ(g))n.

Theorem 4.2
Two cyclic groups of the same order are isomorphic.

Proof. Let G = 〈g〉 and H = 〈h〉 with N = |G| = |H| where N is finite. Since, G and H
are cyclic groups we can write

G = {g0, g1, g2, . . . , gN−1} and G = {h0, h1, h2, . . . , hN−1}

as sets. Define the map
ϕ : G→ H

ϕ(gn) 7→ hn

fot all n ∈ Z. We will show that this is an isomorphism. By contruction it is bijective.
To show it is a homomorphism, consider

ϕ(gmgn) = ϕ(gm+n)

= hm+n

= hmhn

= ϕ(gm)ϕ(gn).
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5 Cosets and Lagrange’s theorem
Let H ⊂ G be a subgroup of the group G. We can define an equivalence relation between
a, b ∈ G if they are related by left multiplication by an element of H, i.e. if

ha = b then ba−1 = h ∈ H for some h ∈ H.

So we define an equivalence relation ∼ by:

a ∼ b ⇐⇒ ba−1 ∈ H.

Example 5.1
Consider the group

G =

{(
a 0
b a

)
: a ∈ R, a 6= 0, b ∈ R

}
.

Let
H =

{(
a 0
0 a

)
: a ∈ R, a 6= 0

}
be a subgroup of G. Find matrices which, up to equivalence, form the left-coset space
G/H.

Solution. Recall, two elements M,N ∈ G lie in the same left coset with respect to
H if M−1N ∈ H. Let

M =

(
a1 0
b1 a1

)
and

(
a2 0
b2 a2

)
then,

M−1 =
1

a1

(
1 0

− b1
a1

1

)
.

We want
M−1N =

(
1 0

− b1
a1

1

)(
a2 0
b2 a2

)
=

1

a1

(
a2 0

− b1a2
a1

+ b2 a2

)
∈ H.

Therefore, we must have − b1a2
a1

+ b2 = 0 which implies

b1
a1

=
b2
a2

≡ λ ∈ R.

Setting a1 = 1 gives
G/H =

{(
1 0
λ 1

)
: λ ∈ R

}
.

Definition 5.1. The equivalence class of a is denoted by [a] := {b ∈ G : b ∼ a}.

Denote the set Ha := {ha : h ∈ H} then, this will be shown as [a] = Ha =
{e, h1, h2, . . . , hn−1}a = {a, h1a, h2a, . . . , hn−1a}, (supposing the set has n elements).
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Definition 5.2. The set of equivalence classes Ha = [a] = {Ha : a ∈ G} is the set of
right cosets of G with respect to H, where G is a group and H ⊂ G is a subgroup of G.

Definition 5.3. The set of equivalence classes {aH : a ∈ G} is the set of left cosets of
G with respect to H.

Remark 5.1. For left cosets we define the equivalence relation as a ∼ b if and only ah = b
for some h ∈ H. Or equivalently a ∼ b if and only if a−1b ∈ H.

Theorem 5.1. Two right cosets of G with respect to H are either disjoint or identical.

Proof. Let a, b ∈ G. If [a] and [b] have no elements in common, then they are disjoint.
If c ∈ [a] and c ∈ [b], then a ∼ c and b ∼ c, hence a ∼ b by transitivity and symmetry
therefore, [a] = [b].

Note 5.1. When listings cosets if one the cosets has at least on element in common with
another coset then stop listing, as such coset is identical to one listed before.

Theorem 5.2. All right cosets of G with respect to H have the same number of elements.

Proof. It is enough to show there is a bijection between two right cosets.
Fix g ∈ G and consider its right coset Hg. Consider the map

M : H → Hg

h 7→ hg.

We now show it’s a bijective map. Given a ∈ Hg we have a = hg for some h ∈ H
hence, a = M(g) so, M is surjective. Suppose M(h) = M(h′) then hg = h′g hence,
hgg−1 = h′gg−1 ⇒ h = h′ so, M is injective.

Note 5.2. In mathematics when wanting to prove two sets have the same cardinality it is
enough to show that there is a bijection between the two sets.

Definition 5.4. The number of cosets of G with respect to H is called the index of H
in G, which is denoted by i(H,G).

Theorem 5.1 (Lagrange’s Theorem)
Let H be a subgroup of G. The order of H divides the order of G i.e.

|G| = |H| i(H,G).

Definition 5.5. A proper subgroup of G is a subgroup H ⊂ G that is different from
the trivial group {e} and from G itself.

Corollary 5.1. If |G| is prime, then the group G has no proper subgroup.

Proof. For the sake of contradiction, suppose H is a proper subgroup of G then, |H|
divides |G| however, |H| is a number not equal to 1 or |G|.
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Corollary 5.2. Let g ∈ G and let k be the order of g. Then k divides |G|.

Proof. The order of g is the same as the order of 〈g〉, the subgroup of G generated by g.
By applying Lagrange’s theorem on 〈g〉 we conclude that the order of g divides the order
of G.

Corollary 5.3. If |G| is prime then G is a cyclic group.

Proof. Given any g ∈ G where g 6= e, consider the subgroup 〈g〉. Since |G| is prime it
has no proper subgroups. Since the order of 〈g〉 is greater than 1 then 〈g〉 must be G
itself.

12
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6 Groups of Low order
We will identify or construct all the groups of low order.

• |G| = 1 ⇒ G = {e}. This is the only possibility as e must always be contained in
the group.

• |G| = 2 ⇒ G = {e, a}. With a 6= e, as G is a group then a−1 exists and is
a−1 = a⇒ a2 = e. Since the order of G is 2, that is prime then we have G ∼= Z2.

• |G| = 3 ⇒ G = {e, a, b}. As |G| is prime then G ∼= Z3.

• |G| = 4 ⇒ G = {e, a, b, c}

Theorem 6.1. Every group of order 4 is either cyclic or has the rules:

e a b c
e e a b c
a a e c b
b b c e a
c c b a e

Note 6.1. In a Cayley table there are no repeat entries in a row and column.

Remark 6.1. If Cayley table is symmetric i.e. switch the rows with column then the group
is abelian.

6.1 The Klein’s Four Group
Definition 6.1. The group with the rules above is denoted V4 and called the Klein
four-group (Vieregruppe).

Theorem 6.1
The group V4 can be described using symbols and relations. It is generated by the
symbols a, b with the relations a2 = b2 = e and ab = ba. So we have

V4 = 〈a, b〉 = {e, a, b, ab}.

Proposition 6.1. All groups of order 5 or less are abelian.

Proposition 6.2. Properties of V4:

1. it is the smallest non-cyclic group;

2. All the elements have order 2 (for exception to the identity);

3. it has 5 subgroups: the trivial ones as well as the 3 proper subgroups, 〈a〉, 〈b〉 and
〈ab〉.

13
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Theorem 6.2. The group V4 can be seen as a subgroup of S4:{
e,

(
1 2 3 4
2 1 4 3

)
,

(
1 2 3 4
3 4 1 2

)
,

(
1 2 3 4
4 3 2 1

)}
.

Proposition 6.3. V4 ∼= Z2 × Z2.

14
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7 Direct Products
Definition 7.1. Let G and H be groups. Then G × H = {(g, h) : g ∈ G, h ∈ H} is a
group, with the multiplication law (g, h)(g′, h′) = (gg′, hh′). We call G × H the direct
product of G and H.

Proposition 7.1. If G and H are abelian then so is G×H.

Proposition 7.2. The order of G×H is |G×H| = |G| |H|.

Theorem 7.1
A group of order 6 is isomorphic to Z6 (the cyclic group of order 6) or to S3.

Example 7.1. Consider the group Z2×Z3; this group has order 6. Is this group isomor-
phic to Z6 or S3? We note that Z2 ×Z3 is abelian and so is Z6 however S3 is not. Hence,
we conclude that

Z2 × Z3
∼= Z6.

Theorem 7.2
The group Zp × Zq is isomorphic to Zpq if and only if p and q are coprime.

Lemma 7.1. All groups of even order contain at least one non-identity element whose
order is 2.

Proof. Consider a finite group of even order where G = {e, g1, g2, . . . , g2n−1} for n ∈ Z.
For the sake of contradiction, suppose that G does not contain any non-identity element
of order 2 and note that such an element is its own inverse element. We can pair up each
element with its unique inverse element. But, e is its own inverse element which means
that we have an odd number of remaining elements to be ordered into distinct pairs –
which cannot be done. Hence, the assumption is contradicted.

Example 7.2.

• Consider the group Z2 = {e, a}, it has a2 = e;

• the group Z4 = {e, a, a2, a3} has (a2)2 = e.

15
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8 Symmetry transformations
8.1 Symmetries and groups
Definition 8.1. A symmetry transformation is an action on a set that leaves the set
as a whole unaltered.

Note 8.1. An even function f(x) has the property f(x) = f(−x), it is symmetric under
the map x 7→ −x. In R2 this is a symmetric reflection in the y-axis. An odd function
satisfies g(x) = −g(−x), and it is symmetric reflection about the origin.

8.2 Isometries of the Euclidean Plane
Definition 8.2. Let X and Y be two vector spaces equipped with distance functions DX

and DY . An isometry between X and Y is a distance preserving map f : X → Y i.e.

DX(x1, x2) = DY (y1, y2)

where f(x1) = y1 and f(x2) = y2.

The transformations of R2 can be described with matrices:

• an anti-clockwise rotation of θ about the origin is given by

A(θ) =

(
cos θ − sin θ
sin θ cos θ

)
.

Its inverse is given by
A(−θ) =

(
cos θ sin θ
− sin θ cos θ

)
;

• a reflection in the straight line through the origin at angle θ to the x-axis is

B(θ) = A(θ)BA(−θ)

where B is a reflection in the x-axis, so B =

(
1 0
0 −1

)
i.e. B

(
x
y

)
=

(
x
−y

)
.

Geometrically the operation B(θ) is a reflection on the straight line inclined by θ as
indicated in the figure below.

16
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Similarly consider the operation B(θ) = A(θ)BA(−θ), we do the operation from right
to left. We will explain the geometric interpretation with the aid of the diagram below.

Consider the straight line through the origin inclined at θ and a triangle which we
want to apply B(θ):

1. we rotate the line down to the x-axis with A(−θ);

2. then apply a reflection on the x-axis with B;

3. restore the line by moving back by θ with A(θ).

Proposition 8.1
The properties of A(θ) and B(θ):

• A(θ + π) = −A(θ);

• B(θ + π) = B(θ);

• A(θ)BA(θ) = B ⇒ A(θ)B = BA(−θ);

• (A(θ))⊤ = A(−θ);

• B⊤ = B;

• (B(θ))⊤ = B(θ).

Definition 8.3. Let n ≥ 2 be an integer. The set of rotations and reflections that
preserve the regular n-sided polygon Pn is called dihedral group, Dn.

Theorem 8.1
Let n ≥ 2 be an integer. The set of rotations and reflections that preserve the regular
polygon Pn, formed by successively joining the points(

cos
(
2πk
n

)
sin

(
2πk
n

)) , k = 0, 1, . . . , n− 1

by straight lines, is called the dihedral group Dn.

17
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Remark 8.1. The case n = 2 is a special case: P2 is a line segment and not a polygon.
We have that D2

∼= V4.

Proposition 8.1. The order of the groups Dn is given by |Dn| = 2n.

Theorem 8.2
The full set of the dihedral group elements is:

Dn = 〈a, b〉 = {e, a, a2, . . . , an−1︸ ︷︷ ︸
n rotations

, b, ab, a2b, . . . , an−1b︸ ︷︷ ︸
n reflections

}

equipped with an = e, b2 = e and akb = ba−k as(
A

(
2π

n

))k

B︸ ︷︷ ︸
akb

= A

(
2πk

n

)
B = BA

(
−2πk

n

)
= B

(
A

(
−2π

n

))k

︸ ︷︷ ︸
ba−k

.

Remark 8.2. We have that D3
∼= S3.

Corollary 8.1. A combination of rotations and reflection can always be represented by
a reflection.

Corollary 8.1
The order of every reflection is 2.
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9 Conjugation, Normal Subgroups and Quotient Groups
9.1 Conjugation
Definition 9.1. Given a group G, we sat that a is conjugate to b if there exists a g ∈ G
such that a = gbg−1 for a, b ∈ G.

Remark 9.1. Every finite group G is made up of some set of permutation in the symmetric
group, if |G| = n then we can embed G into Sn i.e. G ⊂ S|G|. This is known as Cayley’s
theorem which can be restated as: every group G is isomorphic to a subgroup of a
symmetric group.

Note 9.1. We can interpret conjugation as changing labels of the elements.

Example 9.1. Conjugation in the symmetric group relates the permutations formed out
of the same length cycles where the only difference is that the labels in the cycles are
change. Thus, conjugation is a way of relating similar transformations. Consider the
permutation (123) ∈ S3. If we swapped the labels of the elements 2 ↔ 3 we would find
another 3-cycle permutation, namely (132). We can carry out the swap 2 ↔ 3 using
elements of S3 as follows:

(23)(123)(23)−1 = (23)(123)(23) = (132).

The operation (23)(123)(23) is a conjugation of (123) with g = (23).

Theorem 9.1. The conjugacy relation is an equivalence relation.

Definition 9.2. The set [a]C = {gag−1 : g ∈ G} is called the conjugacy class of a.

Proposition 9.1
Two or more conjugacy classes are either disjoint or identical.

Remark 9.2. Conjugation is an equivalence relation.

Theorem 9.2. Conjugacy classes form a partition of G however, it is not an equiparti-
tion.

Proposition 9.1. Properties of conjugacy classes:

• [e]C = {e} hence, no other class is a subgroup as the identity element is not con-
tained in all classes.

• All elements of a conjugacy class have the same order.

• If G is abelian then [a]C = {a} for all a ∈ G.

Corollary 9.1. Suppose G is a group and a, b, g ∈ G. Let b = gag−1 then bk = gakg−1;
i.e. the order is preserved.
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Corollary 9.1
Suppose G is a group then all elements of G in the same conjugacy class are elements
of the same order.

Proof. Suppose that the order of a ∈ G is k i.e. ak = e. Consider an element b ∈ [a]C , i.e.
b ∼ a⇒ b = gag−1. We have that bn = gang−1, the lowest value of n for which bn = e is
when n = k, the order of a, i.e. bk = gakg−1 = geg−1 = gg−1 = e. Hence, all elements in
the same conjucacy class have the same order.

Proposition 9.2. If G is an abelian group then [a]C = {a} for all a ∈ G.

Proof. As [a]C = {gag−1 | ∀a ∈ G} = {gg−1a | ∀g ∈ G} = {a}.

Theorem 9.3. On any subset H ⊂ G, the conjugation map

M : H 7→ gHg−1

h 7→ ghg−1

associated to g ∈ G is bijective.

Example 9.2. In this example we illustrate how the group D3 is partitioned in respect
to its conjugacy classes. Notice how it is not an equipartition.
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Example 9.1
Consider D3

∼= S3. We know D3 = 〈a, b〉 with a3 = e, b2 = e and ab = ba−1 = ba2 so,
D3 = {e, a, a2, b, ab, a2b}. Let us look at the order of each element:

D3 = { e︸︷︷︸
1

, a, a2︸︷︷︸
3

, b, ab, a2b︸ ︷︷ ︸
2

}.

Firstly, by Proposition 9.1 we have our first conjugacy class,

[e]C = {e};

secondly we have that all elements in a conjugacy class have the same order thus, we
can guess that the conjugacy classes could be

[a]C = {a, a2} and [b]C = {b, ab, a2b}.

Now we need to check if they are conjugacy classes:

• [a]C can only contain a and a2; by definition a is contained in its conjugacy
class, so we need to check if a2 ∈ [a]C . We can split the elements of D3 (in
general Dn) into rotations and reflections i.e. an and anb. Now check if a2 can
be conjugated by rotations and reflections:

ana2a−n = a2✓
(anb)a2(anb)−1 = (anb)a2(ba−n) = a2.✓

We conclude that a2 ∈ [a]C .

• Similarly, we need to check if ab, a2b ∈ [b]C ; as before b ∈ [b]C by definition of a
conjugacy class. So, check if b can be conjugated by rotations and reflections:

anba−n = a2nb = { b︸︷︷︸
n=0

, a2b︸︷︷︸
n=1

, ab︸︷︷︸
n=2

}.✓

This is enough as all remaining elements of D3 are listed in the conjugacy class
of [b]C , thus we do not need to check for rotations in this case. We conclude
that the conjugacy classes of D3 are as follows:

[e]C = {e}
[a]C = {a, a2}
[b]C = {b, ab, a2b}.

9.2 Normal subgroups
Definition 9.3. A subgroup H is called normal or invariant if gHg−1 ⊂ H for all
g ∈ G (equivalently ghg−1 ∈ H ∀h ∈ H and ∀g ∈ G).
If H is a finite group then gHg−1 = H.
If H is normal in G we write H ◁ G.
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Note 9.2. We can interpret a normal subgroup to be a group which under conjugation it
remains in itself.

Remark 9.3. The notation gHg−1 = {ghg−1 : h ∈ H}. That is, H is a normal if for every
h ∈ H and every g ∈ G, we have ghg−1 ∈ H.

Proposition 9.2
Let H ⊂ G. Properties of normal subgroups:

• If H is normal then gHg−1 = H for all g ∈ G.

• The previous property implies gH = Hg.

• The group H is normal to G if and only if H is the union of the entire conjugacy
classes.

• {e} is a (trivial) normal subgroup.

• Every subgroup of an abelian group is normal.

• G and H are normal subgroups of G×H.

Remark 9.4. The last property does not imply that every normal group is abelian.

Example 9.3. Some examples of normal subgroups:
• every subgroup of Zn is normal as Zn is abelian;

• V4 ∼= Z2 × Z2 is a normal subgroup of A4, as V4 = [e]C ∪ [(12)(34)]C ⊂ A4;
Definition 9.4. A group is simple if it has no proper normal subgroup(s).

Note 9.3. We can think of simple groups as atomic groups i.e. they cannot be formed by
other groups.

Example 9.4. Some examples of groups which are simple or not:
• We have Zp for p is a prime are simple groups, while Zpq ∼= Zp × Zq are not.

• The dihedral groups are not simple groups as 〈a〉 ◁ Dn.

• A5 is a simple group.

• In general the groups An with n > 4 are all simple groups.
Definition 9.5. A group is semi-simple if it has no proper abelian normal subgroup.
Definition 9.6. The centre Z(G) of a group G is the set of elements which commute
with all elements of G:

Z(G) = {a ∈ G : ag = ga ∀g ∈ G}.

Example 9.5. If G is abelian then Z(G) = G.
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Theorem 9.1
The centre Z(G) of a group is a normal subgroup.

Proof. We first show that Z(G) is indeed a subgroup.

• Closure: let a, b ∈ Z(G) and g ∈ G then abg = agb = gab hence, ab ∈ Z(G).

• Identity: e ∈ Z(G).

• Inverse: let a ∈ Z(G) and g ∈ G then, ag−1 = g−1a hence, ga−1 = a−1g which
implies a−1 ∈ Z(G).

• Associativity: Z(G) has the same group multiplication rule as G, which is associa-
tive as G is a group by construction.

We now prove Z(G) is a normal subgroup. For a ∈ Z(G) and g ∈ G we have that
gag−1 = gg−1a = a ∈ Z(G).

Corollary 9.2. Consequently, if G is a finite simple group then Z(G) = {e} or Z(G) = G.

Proposition 9.3
The centre of the group Dn:

• Z(Dn) = {e} for odd n;

• Z(Dn) = {e, an
2 } for even n.

Proof. Consider Dn = 〈a, b〉 with an = e, b2 = e and akb = ba−k. Elements of Z(Dn)
satisfy zg = gz for all g ∈ Dn and z ∈ Z(Dn), but we know that

akb = ba−k.

Hence, if any element of the form am ∈ Dn is in Z(Dn) we would require amb = bam;
by imposing the condition of Dn we need a−m = am, for it to commute with b. Now,
a−m = am ⇒ e = a2m but we know that an = e thus, the condition becomes an = a2m.
Therefore, if n is odd then am is not in the centre whereas, if n is even then m = n

2
and

a
n
2 is in the centre. We check the remaining elements of Dn.

• For odd n:

(amb)b = ba−mb = b(a−mb)

so, amb is not in the centre as amb 6= a−mb for odd n.

• For even n:

(amb)a = ama−1b = a−1(amb) = an−1(amb)

and for n > 2 we have a−1 6= an−1.
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9.3 Quotients
Definition 9.7. Let G be a group and H a subgroup of G.

• The quotient G/H = {gH : g ∈ G} is the set of all left-cosets.

• The quotient H\G = {Hg : g ∈ G} is the set of all right-cosets.

Definition 9.8. Given two subsets A and B of G, the multiplication of a set A by B is
defined by element wise multiplication, AB := {ab : a ∈ A, b ∈ B}.

Theorem 9.2
If H is normal to G then, the quotient G/H with the above multiplication law on
subsets is a group.

Note 9.4. The theorem above also applies to right cosets, however we will now focus on
left cosets.

Proof. We need to check the axioms of a group.

• Closure: We have (g1H)(g2H) = g1Hg2H = g1(g2Hg
−1
2 )g2H = g1g2HH = g1g2H,

where we have used the fact that H is a normal subgroup of G.

• Associativity: inherent from the associativity of G and the relation above.

• Identity: e ∈ H is the identity as eH = H.

• Inverse: the inverse of gH is g−1H under the multiplication law.

10 Kernel and Image of a group
Definition 10.1. Let ϕ be a homomorphism of G onto H (i.e. ϕ is a surjective map to
H). Then the kernel of ϕ is

kerϕ = {g ∈ G : ϕ(g) = eH}

where eH is the identity element of H.

Remark 10.1. Observe that eG ∈ kerϕ.

Example 10.1. Consider the map ϕ : D3 → Z2 given by

ϕ(anbm) = bm

(i.e. bm ∈ 〈b〉 ∼= Z2). This map is indeed a homomorphism as:

ϕ(an1bm1)ϕ(an2bm2) = bm1bm2
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while
ϕ(an1bm1an2bm2) = ϕ(an1a(−1)m1n2bm1bm2)

= bm1bm2

= ϕ(an1bm1)ϕ(an2bm2).

Then, given bm = e
kerϕ = {anbm ∈ D3 : ϕ(a

nbm) = e ∈ Z2}
= {anbm : ∀n ∈ Z and m ∈ 2Z}
= {an ∈ D3 : ∀n ∈ Z}
= 〈a〉
∼= Z3.

Theorem 10.1
A group homomorphism ϕ : G → H is an isomorphism if and only if it is surjective
and kerϕ = {eG}.

Remark 10.2. We can reformulate the theorem above as follows: A group homomorphism
ϕ : G→ Imϕ is an isomorphism if and only if kerϕ = {eG}. By the way ϕ has been defined,
the surjectivity of ϕ is guaranteed.

Note 10.1. In other words the theorem is saying that a map (of groups) is injective if and
only if kerϕ = {eG}.

Theorem 10.2
The kernel is a normal subgroup.

Note 10.2. This is a powerful theorem as it allows us to find a normal subgroup rather
simply.

Example 10.2. Let ϕ : D3 → Z2 given by ϕ(anbm) = bm. We have already shows that
this is a homomorphism where we found that kerϕ = 〈a〉 ∼= Z3. Therefore, Z3

∼= 〈a〉 ◁D3.

Definition 10.2. Let ϕ be a homomorphism of G on H. Then the image of ϕ is

Imϕ = ϕ(G) = {ϕ(g) : g ∈ G}

Remark 10.3. Notice that for ϕ : G→ H we have that kerϕ ⊂ G and Imϕ ⊂ H.

Theorem 10.3
The image Imϕ of a group homomorphism ϕ : G→ H is a subgroup of H.
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10.1 The homomorphism theorem
We know that G/ kerϕ is a quotient group since kerϕ◁G, so the question becomes which
group it is.

Theorem 10.4 (The Homomorphism Theorem)
Let G and H be groups and ϕ : G→ H be a homomorphism then, G/ kerϕ ∼= Imϕ.

Example 10.3. Let ϕ : D3 → Z2 given by ϕ(anbm) = bm. This is a homomorphism so,
by the homomorphism theorem

D3/Z3
∼= Z2,

as kerϕ = 〈a〉 ∼= Z3 and Imϕ = 〈b〉 ∼= Z3.

Theorem 10.5
Given a group G and a normal subgroup H ⊂ G then there exists a homomorphism
ϕ : G→ G/H which is surjective such that H = kerϕ.

Proof. If g ∈ G define ϕ(g) = gH. This is a homomorphism:

ϕ(gg′) = gg′H

= gHg′H

= ϕ(g)ϕ(g′).

Its kernel is
kerϕ = {g ∈ G : gH = H}

= {g ∈ G : g ∼ e}
= eH

= H.

Corollary 10.1. Simple group, having no non-trivial normal subgroup, admit only trivial
homomorphism i.e. if kerϕ = {e} then Imϕ ∼= G or, if kerϕ = G then Imϕ = {e}.
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11 Automorphism
Definition 11.1. An automorphism is an isomorphism of G onto itself.

Note 11.1. An automorphism is a homomorphism ϕ : G→ G such that ϕ is surjective.

Definition 11.2. For each element a ∈ G, define the map ϕa : G→ G by ϕa(g) = aga−1

for all g ∈ G.

• An inner automorphism is an automorphism ϕ such that ϕ = ϕa for some a ∈ G.

• If an automorphism ϕ is not inner, then it is called an outer automorphism.

Note 11.2. An inner automorphism is an automorphism which admits to a conjugation
automorphism.

Definition 11.3.
Notation:

• The set of all automorphism of a group G is denoted Aut(G).

• The set of all inner automorphism of a group G is denoted Inn(G).

• The set of all outer automorphism of a group G is denoted Out(G).

Example 11.1. Let a ∈ G and define ϕa : G → G by ϕa(g) = aga−1 for all g ∈ G (this
is the conjugation of g by a). Then ϕa is an inner automorphism.

• Homomorphism: ϕa(g1g2) = ag1g2a
−1 = ag1 a

−1a︸︷︷︸
e

g2a
−1 = ϕa(g1)ϕa(g2).

• Bijection:

– Surjective: given g ∈ G there exists g′ ∈ G such that ϕa(g′) = g ⇒ ag′a−1 = g
therefore, g′ = a−1ga ∈ G.

– Injective: Suppose ∃g1 6= g2 ∈ G such that ϕa(g1) = ϕa(g2) then ag1a
−1 =

ag2a
−1 ⇒ g1 = g2 which is a contradiction.

Corollary 11.1. If G is an abelian group then Inn(G) = {id}.

Note 11.3. The identity map being ϕa(g) = g.

Theorem 11.1
The set of all automorphism, Aut(G), is a group under composition. Furthermore,
subset Inn(G) is a normal subgroup to Aut(G) i.e. Inn(G) ◁ Aut(G).
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Remark 11.1. Aut(G)/ Inn(G) ∼= Out(G).

Theorem 11.2
Let G be a group then G/Z(G) ∼= Inn(G).
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12 Matrix groups
12.1 Basics
Definition 12.1. The set of all N ×N matrices with elements in R and C are denoted
by MN(R) and MN(C) respectively.

Theorem 12.1 (Matrix operation). We can combine matrices A and B to find another
matrix by

• Addition: A+B = C where in components Cij = Aij +Bij.

• Matrix multiplication: AB = C where, in components, Cij =
∑N

k=1AikBkj.

Note 12.1. The notation for components form, Cij , means the entry on the ith row and
the jth column. So, in matrix multiplication to get the element in the ith row and jth

column of the product BA, take the scalar product of the ith row-vector of B with the jth

column vector of A.

Definition 12.2. A matrix A is invertible if there exists a matrix A−1 such that AA−1 =
A−1A = I.

Theorem 12.1
Given any matrix A, we may

• Take its complex conjugate, A∗ : (A∗)jk = (Ajk)
∗.

• Take its transpose, A⊤ : (A⊤)jk = Akj.

• Take its adjoint, A† = (A⊤)∗ = (A∗)⊤.

Note 12.2. We can interpret the adjoint as the complex-conjugate transpose.

Definition 12.3. A matrix A is

• self-adjoint if A† = A.

• symmetric if A⊤ = A.

• unitary if A† = A−1.

• diagonal if Ajk = 0 for all j 6= k.
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Theorem 12.2
Properties of the determinant:

• det(I) = 1.

• det(AB) = det(A) det(B)

• If A−1 exists then det(A−1) = (det(A))−1 = 1
det(A)

.

• det(A) 6= 0 if and only if A is invertible.

• det(A∗) = (det(A))∗.

• det(A⊤) = det(A).

• det(λA) = λN det(A), where A is an N ×N matrix.

• If A is a diagonal N × N matrix then det(A) =
∏N

j=1Ajj, i.e. det(A) is the
product of the diagonal entries.

• det(SAS−1) = det(A).

• For an N ×N matrix det(det(A)I) = (det(A))N .

Proof. We provide a proof of the last property. The matrix det(A)I is a diagonal matrix
with each diagonal entry being det(A) therefore, det(det(A)I) = det(A)N i.e. the product
of the diagonal entries.

12.2 The classical groups as matrix groups
12.2.1 The General Linear Group

Definition 12.4. The general linear group is defined as all N × N matrices with
complex entries and non-zero determinant. It is denoted by

GL(N,C) = {A ∈MN(C) : det(A) 6= 0}.

Corollary 12.1. The set of N ×N matrices with real entries is a subgroup of GL(N,C)
i.e.

GL(N,R) = {A ∈MN(R) : det(A) 6= 0}
⊂ GL(N,C).

Theorem 12.3
Consider the maps

det : GL(N,C) → C∗ = C\{0} and det : GL(N,R) → R∗ = R\{0}

are both surjective homomorphisms.

Proof. To show the map is surjective take a diagonal matrix with λ for one of the diagonal
entries and the rest of the diagonal to be 1. To show it is a homomorphism use the
property of det(AB) = det(A) det(B).
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Theorem 12.4
We have

Z(GL(N,C)) = {λI : λ ∈ C∗} ∼= C∗

and
Z(GL(N,R)) = {λI : λ ∈ R∗} ∼= R∗.

Remark 12.1. That is the centre of the general linear groups is the set of all diagonal
matrices.

12.2.2 The Special Linear Group

Definition 12.5. The special linear group is defined as all the N ×N matrices with
complex entries and a determinant of 1. It is denoted by

SL(N,C) = {A ∈MN(C) : det(A) = 1}.

Remark 12.2. The special linear group with real entries is similarly defined and is denoted
by SL(N,R).

Theorem 12.2. The group SL(N,R) is a normal subgroup of GL(N,C).

Proof. By definition SL(N,C) = ker(det), where by ” det ” we mean the map

det : GL(N,C) → C∗.

Theorem 12.3. GL(N,C)/ SL(N,C) ∼= C∗.

Remark 12.3. Similar theorems are equivalent with real entries.

Theorem 12.5
We have

Z(SL(N,C)) ∼= ZN
and

Z(SL(N,R)) ∼=

{
Z2 if N is even
{I} if N is odd.

Remark 12.4. The symbol I denotes the N ×N identity matrix.

Proof. We outline a proof for each case.

• As before the centres must be matrices proportional to the identity matric i.e. the
centre is of the form {λI : λ ∈ C∗}. However, for A ∈ SL(N,C) we require
det(A) = λN = 1 which implies that λ must be an N -th root of unity which are
isomorphic to ZN .
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• Similarly, we require det(A) = λN = 1 hence, if N is even we have λ ∈ {−1, 1} ∼= Z2

and if N is odd we have λ = 1 ∼= {I}.

12.2.3 The Unitary Group

Definition 12.6. The unitary group is the group

U(N) = {A ∈ GL(N,C) : A† = A−1}

where A† = (A∗)⊤ = (A⊤)∗.

Note 12.3. We can think of † as the ”complex-conjugate transpose”.

Proposition 12.1
Some properties of unitary matrices, we take A ∈ U(N):

1. A†A = I.

2. |det(A)| = 1.

3. det(A) = eiθ for some θ.

Corollary 12.2. The group U(1) can be expressed as

U(1) = {z ∈ C : zz∗ = 1}
= {z ∈ C : |z| = 1}.

Note 12.4. The group U(1) parametrises the unit circle, S1, as z = eiθ.

Theorem 12.6
The map det : U(N) → U(1) is a surjective homomorphism.

Proof. To prove surjective let z ∈ C with |z| = 1 and choose a diagonal matrix with an
entry z and the remaining diagonal entries to be 1.

12.2.4 The Special Unitary Group

Definition 12.7. The special unitary group is the group

SU(N) = {A ∈ U(N) : det(A) = 1}.

Theorem 12.4. The group SU(N) is a normal subgroup to U(N).

Corollary 12.3. We have
U(N)/SU(N) ∼= U(1).

Proof. Consider the map det : U(N) → U(1) with ker(det) = SU(N). By the
homomorphism theorem we get the isomorphism.
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12.2.5 The Orthogonal Group

Definition 12.8. The orthogonal group is the group

O(N) = {A ∈MN(R) : A⊤ = A−1}.

Corollary 12.4. The orthogonal group is a subgroup of the unitary group as O(N) ⊂
U(N).

Proposition 12.1. If A ∈ O(N) then (det(A))2 = 1. If det(A) ∈ R then det(A) ∈
{−1, 1} ∼= Z2.

Theorem 12.7
The map det : O(N) → Z2 is a surjective homomorphism.

12.2.6 The Special Orthogonal Group

Definition 12.9. The special orthogonal group is the group

SO(N) = {A ∈ O(N) : det(A) = 1}.

Theorem 12.8
We have that O(N)/SO(N) ∼= Z2.

Proof. Recall det : O(N) → Z2 is surjective also, ker(det) = SO(N) hence, by the
homomorphism theorem we have that

O(N)/SO(N) ∼= Z2.

Theorem 12.9
If N is odd then O(N) ∼= Z2 × SO(N).

Proof. Consider the map ϕ : O(N) → Z2 × SO(N) given by

ϕ(A) =

(
det(A),

A

det(A)

)
for some A ∈ O(N).
We prove the map is well-defined.

1. det(A) ∈ Z2 as
A⊤A = I

⇒ det(A⊤A) = 1

⇒ (det(A))2 = 1.

As det(A) ∈ R we must have det(A) ∈ {−1, 1} ∼= Z2.
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2. A
det(A)

∈ O(N) as (
A

det(A)

)⊤ (
A

det(A)

)
=

A⊤A

(det(A))2

= A⊤A

= I.

3. A
det(A)

∈ SO(N) as

det

(
A

det(A)

)
= det(λA)

= λN det(A),

where λ = 1
det(A)

. Therefore, we have

det

(
A

det(A)

)
=

(
1

det(A)

)N

det(A)

=
1

(det(A))N−1

= 1

since N is odd.

We prove surjective:
We can always find a matrix A ∈ O(N) such that ϕ(A) = (a,B). Indeed, just take A =
aB. This is in O(N) because A⊤ = (aB)⊤ = aB⊤ and A−1 = (aB)−1 = a−1B−1 = aB⊤

so, they are both equal (here we have used that a−1 = a for a ∈ Z2 and B−1 = B⊤

for B ∈ SO(N)). Also, A has determinant det(A) = det(aB) = aN det(B) = a det(B)
(since N is odd and a = ±1), so that det(A) = a (since B ∈ SO(N)). In conclusion,
ϕ(A) = (a,A/a) = (a,B), which shows surjectivity.

12.3 Groups of infinite order
For finite group the order of the group is finite and is defined to be the number of elements
in the group.

Definition 12.10. The real dimension of a matrix is the number of real numbers
needed to specify a particular element in the matrix group.

Remark 12.5. This idea can also be extended to define the complex dimension.

Theorem 12.10
dim(G/H) = dim(G)− dim(H).

Theorem 12.5. The real dimension of GL(N,R) is N2.

Proof. Each element A ∈ GL(N,R) has N2 real entries subject to the condition that
det(A) 6= 0.
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Theorem 12.6. The real dimension of SL(N,R) is N2 − 1.

Proof. Recall that GL(N,R)
SL(N,R)

∼= R∗ therefore,

dim[GL(N,R)]− dim[SL(N,R)] = dim(R∗)

N2 − dim[SL(N,R)] = 1.

This implies that dim[SL(N,R)] = N2 − 1.

Theorem 12.7. The real dimension of O(N) is N(N−1)
2

.

Proof. If A ∈ O(N) then A ∈ GL(N,R) so, A has at most N2 entries. As A ∈ O(N)

then A⊤A = I but also
(
A⊤A

)⊤
= I⊤ = I. Therefore, we must only consider either upper

triangular or lower triangular matrices; each of these matrices has 1+2+. . .+N = N(N+1)
2

entries i.e. constraints. The dimension of O(N) is then

N2 − N(N + 1)

2
=
N(N − 1)

2
.

Theorem 12.11
The real dimension of SO(N) is N(N−1)

2
.

Proof. Recall that O(N)
SO(N)

∼= Z2 therefore,

dim[O(N)]− dim[SO(N)] = dim(Z2)

N(N − 1)

2
− dim[SO(N)] = 0.

Which implies that dim[SO(N)] = dim[O(N)] = N(N−1)
2

.
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13 The structure of matrix groups
13.1 SO(2)

Let A ∈ SO(2) be given by A =

(
a b
c d

)
for a, b, c, d ∈ R such that A⊤A = I and

det(A) = 1. Now A⊤ = A−1 we have that(
a b
c d

)
=

1

det(A)

(
d −b
−c a

)
=

(
d −b
−c a

)
.

Therefore, a = d and b = −c. We can rewrite A as

A =

(
a b
−b a

)
with det(A) = a2 + b2 = 1.

A consistent choice is a = cos θ and b = − sin θ, such that

A(θ) =

(
cos θ − sin θ
sin θ cos θ

)
for θ ∈ [0, 2π).

By this definition of A(θ) ∈ SO(2), we conclude that SO(2) has real dimension 1, as only
one parameter is needed to construct a matrix in SO(2). Furthermore, we notice that
SO(2) is abelian as by explicit matrix multiplication we have

A(θ)A(θ′) = A(θ + θ′) and A(θ)−1 = A(−θ).

Theorem 13.1
SO(2) ∼= S1 ∼= U(1).

Proof. Consider ϕ : SO(2) → S1 given by

ϕ(A(θ)) = eiθ ∈ S1.

We can also rewrite U(1) = {eiθ : θ ∈ [0, 2π)}.

Definition 13.1. SN is the N -dimensional sphere of unit radius i.e.

SN =

x =


x1
x2
...

xN+1

 ∈ RN+1 : ‖x‖ = 1


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Note 13.1. Therefore, S1 = {x ∈ R2 : x2 + y2 = 1}, which are the set of all points which
make up the unit circle. Similarly,

S2 =


xy
z

 ∈ R3 : x2 + y2 + z2 = 1

 .

13.2 SU(2)

Let A ∈ SU(2) hence A† = A−1 and det(A) = 1. By applying these defining relations to

A =

(
α β
γ δ

)
for α, β, γ, δ ∈ C, we find that

A† =

(
α∗ γ∗

β∗ δ∗

)
=

1

det(A)

(
δ −β
−γ α

)
= A−1

=

(
δ −β
−γ α

) .

By comparing the entries we find that α∗ = δ and γ∗ = −β. Therefore, any matrix
A ∈ SU(2) takes the form

A =

(
α β

−β∗ α∗

)
with |α|2 + |β|2 = 1.

By writing the complex numbers as

α = a+ ibz α∗ = a− ibz

β = by + ibx −β∗ = −by + ibx,

we find that

A =

(
a+ ibz by + ibx

−by + ibx, a− ibz

)
= a

(
1 0
0 1

)
+ ibx

(
0 1
1 0

)
+ iby

(
0 −i
i 0

)
+ ibz

(
1 0
0 −1

)
= aI+ ibxσx + ibyσy + ibzσz

= aI+ ib · σ.

Where b =

bxby
bz

 and σ =

σxσy
σz

, so that b · σ = bxσx + byσy + bzσz and also where

σx ≡
(
0 1
1 0

)
σy ≡

(
0 −i
i 0

)
σz ≡

(
1 0
0 −1

)
.

Definition 13.2. The matrices σx, σy and σz are called the Pauli matrices.

Theorem 13.1. Each A ∈ SU(2) is given by a point on S3 ⊂ R4.
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Theorem 13.2
The properties of Pauli matrices; this is for any i ∈ {x, y, z}.

• Traceless, Tr(σi) = 0.

• Self-adjoint, σ†
i = σi

• σ2
i = I.

• σiσj = −σjσi for i 6= j.

• (iσx)
2 = (iσy)

2 = (iσz)
2 = −I.

13.2.1 Quaternions

Definition 13.3. The division algebra H of quaternions is the non-commutative algebra
of all real linear combinations of i, j, k and I i.e. z ∈ H then z = a + ibz + jby + kbx
where a, bx, by, bz ∈ R with the relations i2 = j2 = k2 = −1, ijk = −1 and all other cyclic
combinations.

Remark 13.1. A division algebra is an algebra over which division, except division by
zero, is always possible.

Note 13.2. The cyclic combinations of i, j, k can be obtained from the cyclic diagram
below:

i

jk

For example, ij = k as shown by the clockwise orientation of the arrows. Following the
anti-clockwise orientation leads to a change in sign, for example ji = −k.

Definition 13.4. A quaternionic conjugate is defined by:

z = a− ibz − jby − kbx.

As matrices the conjugate is defined as

z = z†.

So, |z| =
√
zz.
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13.2.2 Quaternion group

Definition 13.5. The Quaternion group is the group

Q8 = {1, i, j, k,−i,−j,−k},

where i2 = j2 = k2 = −1 and ijk = −1.

Note 13.3. Q8 is equivalent to 〈a, b〉 with

a4 = e

b2 = a2

ab = −ba.

13.3 Invariant inner product: O(N) and U(N)

13.3.1 The inner product

Definition 13.6. Let V be a finite-dimensional vector space over C. A map V ×V → C
given by (x,y) 7→ 〈x,y〉 is an inner product if it satisfies:

• 〈x,y〉∗ = 〈y,x〉.

• 〈x, ay + bz〉 = a〈x,y〉+ b〈x, z〉.

• 〈x,x〉 ≥ 0 and if 〈x,x〉 = 0 then x = 0.
Corollary 13.1. The first and second property imply

〈ay + bz,x〉 = 〈x, ay + bz〉∗

= (a〈x,y〉+ b〈x, z〉)∗

= a∗〈y,x〉+ b∗〈z,x〉.

Definition 13.7. An inner product equipped with all the properties above is called
sesquilinear.

From now on the only inner product we will use is given by

〈x,y〉 =
∑
i

x∗i yi = x†y.

Corollary 13.1
For a matrix A we have that

〈x, Ay〉 = 〈A†x,y〉.

13.3.2 O(N) and U(N) preserve vector length

Definition 13.8. The norm of a vector is defined by

‖x‖ =
√

〈x,x〉.
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Note 13.4. On a Euclidean vector space it is common place to use ‖x‖ to denote the
length of a vector.

Theorem 13.3
A real, linear transformation A of RN is such that ‖Ax‖ = ‖x‖ for all x ∈ RN if and
only if A ∈ O(N).

Note 13.5. The theorem implies that orthogonal transformation preserve vector length.

Theorem 13.4
A complex, linear transformation A of CN preserves the norm, ‖Ax‖ = ‖x‖ for all
x ∈ CN if and only if A ∈ U(N).

13.4 SO(3)

Theorem 13.5
If x ∈ Cn is an eigenvector of A ∈ O(N) with eigenvalue λ, then |λ| = 1.

Theorem 13.2. If A ∈ SO(3) then there exists a vector n ∈ R3 such that An = n.

Proof. Consider Ax = λx where x ∈ C3, as A ∈ SO(3) ⊂ O(3) then |λ| = 1 by the
previous theorem. So, if (A− λ1)x = 0 is non-trivial then P (λ) = det(A− λ1) = 0.

P (λ) = det

A11 − λ A12 A13

A21 A22 − λ A23

A31 A32 A33 − λ

 ,

so P (λ) is a cubic equation in λ.
Denote the roots of P (λ) = 0 with λ1, λ2, λ3 ∈ C. Hence,

P (λ) = −(λ− λ3)(λ− λ2)(λ− λ1).

As P (0) = 1 then P (0) = λ1λ2λ3 = 1. We need to show that at least one of the λ1, λ2
and λ3 is equal to +1. There are two possibilities:

1. If λ1 is complex but not real, i.e. Im(λ1) 6= 0 then as |λ1| = 1 we can write

λ1 = eiα

for α ∈ (0, 2π)\{π} (so that Im(λ1) 6= 0).
In this case we have,

Ax = λ1x = eiαx.

Since A ∈ SO(3) and λ1 ∈ C we deduce that x is a complex vector. Therefore,

(Ax)∗ = (λ1x)
∗

⇒ Ax∗ = λ∗1x
∗ = e−iαx∗.
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Hence, we have found a second complex eigenvalue, λ2 = e−iα. Then as

λ1λ2λ3 = 1

=
(
eiα

) (
e−iα

)
λ3

= λ3.

So, λ3 = 1.

2. All three eigenvalues are real: as |λ1| = |λ2| = |λ3| = 1 then

λ1, λ2, λ3 ∈ {−1, 1}.

As λ1λ2λ3 = 1 we can rule out the possibility that λ1 = λ2 = λ3 = −1 which
implies that at least one of λ1, λ2, λ3 must equal to +1.

Finally, we show that if x is the complex eigenvector with eigenvalue 1 then there
exists a real eigenvector n with eigenvalue 1. We have Ax = x if x 6= x∗ then we also
have Ax∗ = x∗ so,

A(x+ x∗) = (x+ x∗)

then n = x+ x∗, which is real and has eigenvalue 1.

Theorem 13.6
Each matrix A ∈ SO(3) encodes a rotation about an axis spanned by n̂ ∈ R3.

Note 13.6.
SO(3) = {all rotations about all possible axes in R3}.

Choose a basis of R3 such that n̂ = n
|n| = êx i.e. the unit vector along the x-axis,

where An = n for A ∈ SO(3). That isA11 A12 A13

A21 A22 A23

A31 A31 A33

1
0
0

 =

1
0
0

 ,

which implies
A11 = 1

A21 = 0

A31 = 0.

Further, imposing the properties that A must satisfy to be in SO(3), i.e. A⊤A = I then
we have that A is of the form

A =

1 0 0
0 A22 A23

0 A32 A33

 .
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Denote the 2×2 bottom right matrix by a =

(
A22 A23

A32 A33

)
. Then det(A) = 1 ⇒ det(a) = 1

and A⊤A = I ⇒ a⊤a = I therefore, a ∈ SO(2). We previously saw the structure matrices
in SO(2): rotation matrices,

a =

(
cos θ − sin θ
sin θ cos θ

)
.

Finally, we have that

A =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 ,

hence A is a rotation by θ about the axis spanned by n̂.

13.4.1 Geometry of SO(3)

Each matrix A ∈ SO(3) encodes a rotation about an axis spanned by n̂ ∈ R3. Let
|n| = θ then all the rotations in R3 (the elements of SO(3)) are represented by a ball
(of vectors) of radius π where diametrically opposing points of the ball encode the same
rotation matrix in SO(3).

13.5 Relating SU(2) to SO(3)

Proposition 13.1. There exists a linear bijective map Θ : Σ → R3 where Σ is the real,
linear space of self-adjoint, traceless 2× 2 matrices.

Note 13.7. The Pauli matrices form a basis for Σ.

Proof. Since the Pauli matrices σi are a basis for Σ, a general 2×2 matrix can be written
in the form A = aI + b · σ for a, bx, by, bz ∈ C. The condition of tracelessness imposes
a = 0 and the condition of self-adjointness imposes b∗ = b hence b ∈ R3. The space Σ is
the space of real linear combinations A = b · σ. Consider the map Θ given by

Θ(b · σ) = b,

this map is both linear and bijective.

Theorem 13.7
SU(2)/Z2

∼= SO(3).

Proof. Use homomorphism theorem on the surjective map φ : SU(2) → SO(3) with
kernel kerφ ∼= Z2.
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14 The Semi-Direct Product
Definition 14.1. A group J is a semi-direct product of a subgroup H by a subgroup
G if the following conditions are satisfied:

(i) J = HG,

(ii) H ◁ J ,

(iii) H ∩G = {e} where e is the identity element in J .

The semi-direct product is denoted by J = G⋉H
(or J = G⋉ψ H where ψ : G→ Aut(H) given by ψ(g) = ϕg).

Note 14.1. Elements in J , j ∈ J , take the form of j = hg for h ∈ H and g ∈ G.

Remark 14.1. On the semi-direct product.

1. The direct product is a special case of the semi-direct product where both G and
H are normal subgroups of J .

2. By the notation J = G⋉H we mean that J ▷ H i.e. H is a normal subgroup of J .

3. Inner product notation: elements of the semi-direct product group are expressed as
hg.

4. Outer product notation: elements of the semi-direct product group are expressed as
(g, k).

Definition 14.2. The semi-direct product G⋉H is the group whose elements are those
of the set G×H and whose multiplication law is

(g, h)(g′, h′) = (gg′, hϕg(h
′))

where ϕg ∈ Aut(H).

Theorem 14.1. The multiplication law in the previous equation gives rise to a group
structure on the set G×H.

Proof. We check the axioms of a group:

• Closure: We have that gg′ ∈ G by closure of G and ϕg(h) ∈ H since ϕg is an
automorphism of H, so that hϕg(h′) ∈ H by closure of H.

• Associativity:

(g1, h1)((g2, h2)(g3, h3)) = (g1, h1)(g2g3, h2ϕg2(h3))

= (g1g2g3, h1ϕg1(h2ϕg2(h3)))

= (g1g2g3, h1ϕg1(h2)ϕg1(ϕg2(h3)))

= (g1g2g3, h1ϕg1(h2)ϕg1g2(h3))

((g1, h1)(g2, h2))(g3, h3) = (g1g2, h1ϕg1(h2))(g3, h3)

= (g1g2g3, h1ϕg1(h2)ϕg1g2(h3)).
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• Identity: The identity element is (eG, eH) as:

(eG, eH)(g, h) = (eGg, eHϕeG(h))

= (g, h).

The identity map of ψ : G → Aut(H) given by ψ(g) = ϕg is a homomorphism
therefore, ψeG = ϕeG = id ∈ Aut(H).

(g, h)(eG, eH) = (geG, hϕg(eh))

= (g, h).

Since, ϕg : H → H is a homomorphism and so ϕg(eH) = eH .

• Inverse: The inverse to (g, h) is (g−1, ϕg−1(h−1)) as

(g, h)(g−1, ϕg−1(h−1)) = (gg−1, hϕg(ϕ
−1
g )(h−1))

= (gg−1, hϕgg−1(h−1))

= (eG, hϕeG(h
−1))

= (eG, eH)

(g−1, ϕg−1(h−1))(g, h) = (g−1g, ϕg−1(h−1)ϕg−1(h))

= (eG, ϕg−1(h−1h))

= (eG, eH).

14.1 O(N) ∼= Z2 ⋉ψ SO(N)

Theorem 14.1

O(N) ∼= Z2 ⋉ψ SO(N)

where the map ψ : Z2 → Aut(SO(N)) is defined by ψ(s) = ϕs with ϕs ∈ Aut(SO(N))
given by ϕs(g) = sgs−1 = sgs for all s ∈ Z2 and g ∈ SO(N).

Proof. We express Z2 as N × N matrices such that Z2 = {I, R} where I is the N × N
identity matrix and R is the (reflection) matrix

R =


−1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0

0 0 0
. . . ...

0 0 0 . . . 1

 .

Note R2 = I and that Z2 = {I, R} is a subgroup of O(N). We show that ψ : Z2 →
Aut(SO(N)) given by ψ(s) = ϕs for s ∈ {I, R} ∼= Z2 is well-defined. So, we need
ψ ∈ Aut(SO(N)) i.e. ψ is

1. First we show that ψ : Z2 → Aut(SO(N)) given by ψ(s) = ϕs for s ∈ {I, R} ∼= Z2

is a well-defined homomorphism i.e. ψ ∈ Aut(SO(N)).
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• ϕs is well-defined i.e. ϕs(A) ∈ SO(N):
Consider ϕs(A) = sAs as A ∈ SO(N) and s ∈ O(N) then sAs ∈ O(N). Next
we need det(sAs) = 1. We have,

det(sAs) = det(s) det(A) det(s)

= (det(s))2

= 1.

Therefore, det(s) ∈ {−1, 1} which implies that sAs ∈ SO(N).
• ϕs is a homomorphism:

ϕs(AB) = sABs

= sAssBs

= ϕs(A)ϕs(B).

• ϕs is a bijection:
– Injective: If ϕs(A) = ϕ(B) then sAs = sBs which implies that A = B.
– Surjective: For any B ∈ SO(N) we have

ϕs(sBs) = s2Bs2 = B,

where sBs ∈ SO(N).

Therefore, ϕs ∈ Aut(SO(N)).

2. Next, we construct an isomorphism, Φ, that maps O(N) to Z2 ⋉ψ SO(N).
We will need a map

ω : O(N) → {I, R} ∼= Z2 given by

ω(A) =

{
I if det(A) = 1

R if det(A) = −1

This map is a homomorphism as for A,B ∈ O(N) we have

ω(AB) =

{
I if det(AB) = 1 ⇒ det(A) = det(B)

R if det(A) 6= det(B)

ω(A)ω(B) =

{
I if det(A) = det(B)

R if det(A) 6= det(B)

Hence,
ω(AB) = ω(A)ω(B).

Using ω we define Φ : O(N) → Z2 ⋉ψ SO(N) given by

Φ(A) = (ω(A), Aω(A)) ∀A ∈ O(N).

We check:
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• Φ is well-defined: Notice ω(A) ∈ {I, R} ∼= Z2 and A,ω(A) ∈ O(N) so,
Aω(A) ∈ O(N). Furthermore,

det(Aω(A)) = det(A) det(ω(A))

= det(A) det(det(A))

= (det(A))2

= 1.

Therefore, Aω(A) ∈ SO(N).
• Φ is a homomorphism:

Φ(A)Φ(B) = (ω(A), Aω(A))(ω(B), Bω(B))

= (ω(A), ω(B), Aω(A)ϕω(A)[Bω(B)])

= (ω(AB), Aω(A)ω(A)Bω(B), ω(A))

= (ω(AB), ABω(A)ω(B))

= (ω(AB), ABω(AB))

= Φ(AB).

We have used that ω(A)ω(A) = I as ω(A) ∈ Z2 and that ω(B)ω(A) =
ω(A)ω(B) since they are diagonal matrices in {I, R}.

• Φ is bijective:
– Injective: Suppose there exists A 6= B such that Φ(A) = Φ(B) then

(ω(A), Aω(A)) = (ω(B), Bω(B)),

which implies ω(A) = ω(B) and Aω(A) = Bω(B) thus, A = B.
– Surjective: Consider (s,B) ∈ Z2 ⋉ψ SO(N) for s ∈ Z2 and B ∈ SO(N)

then,
Φ(Bs) = (ω(Bs), Bsω(Bs))

= (ω(B)ω(s), Bsω(B)ω(s))

= (s,Bs2)

= (s,B).

Where we have used the fact that B ∈ SO(N) so, det(B) = 1 which
implies ω(B) = I, ω(s) = s and s ∈ Z2 so s2 = I.

Theorem 14.2
We have that

• The subset {(e, h) : h ∈ H} ⊂ G×H is a subgroup of G⋉ψ H where

{(e, h) : h ∈ H} ∼= H.

Since, the subgroup is isomorphic to H we have that it is also normal in G⋉ψH.

• The subset {(g, e) : g ∈ G} is a subgroup of G⋉ψ H where

{(g, e) : g ∈ G} ∼= G.
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Proof. We prove each statement in turn.

• We show the subset is indeed a subgroup of G⋉H.

– Identity: (e, e).
– Closure: (e, h)(e, h′) = (e, hϕe(h

′)) = (e, hh′).
– Inverse: (e, h)−1 = (e, h−1).

It is indeed isomorphic to H with (e, h) 7→ h. Furthermore, it is normal as

(g, h)−1(e, h′)(g, h) = (g−1, ϕg−1(h−1h′))(g, h) = (e, ϕg−1(h−1h′h)).

• We prove only closure as the rest is similar to above. Closure: (g, e)(g, e′) =
(gg′, ϕg(e)) = (gg′, e).

Theorem 14.3
The left cosets of G ⋉ H with respect to the normal subgroup H are the subsets
{(g, h) : h ∈ H}. Furthermore,

G⋉H

H
∼= G.

Proof. We prove each statement in turn.

• The left cosets are given by (g, h)(e,H) = (g, hϕg(H)) = (g, hH) = (g,H).

• The isomorphism is given by (g,H) 7→ g which is trivially bijective. It is a homo-
morphism as (g,H)(g′, H) = (gg′, Hϕg(H)) = (gg′, H).
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15 The Euclidean Group
The Euclidean group is the group of all transformation of RN that leave the distance

D(x,y) = ‖x− y‖ =
√
〈x− y,x− y〉

between any two points x,y ∈ RN invariant.

Proposition 15.1. (RN ,+) is an abelian group.

Theorem 15.1
The set of all translations of RN forms a group which is isomorphic to RN .

Proof. Let Tb : RN → RN be given by Tb = x+ b. So, Tb is a translation by b ∈ RN . We
check the axioms of groups:

• Closure: Tb ◦ Tc = Tb(Tc(x)) = Tb+c for all x ∈ RN .

• Associativity: inherent from the composition of maps.

• Identity: Translation by 0 is the identity i.e. T0.

• Inverse: T−b is the inverse to Tb as T−b ◦ Tb = T0 = Tb ◦ T−b.

Hence, the set of all translations is a group.
Consider the map ϕ(Tb) = b, a map from the translation group to RN . This is a homo-
morphism as

ϕ(Tb ◦ Tc) = ϕ(Tb+c)

= b+ c

= ϕ(b) + ϕ(c).

It is also bijective by construction therefore, RN under addition is isomorphic to the group
of translations.

Theorem 15.2
The set of transformation Q : RN → RN such that D(Q(x), Q(y)) = D(x,y) consists
of combinations of translations and orthogonal transformations.

Note 15.1. The theorem is saying that all length preserving transformations on RN con-
sists only of translations and orthogonal transformations.

Definition 15.1. The Euclidean group is

EN = O(N)⋉ψ RN

where ψ : O(N) → Aut(RN) given by ψ(A) = φA is a homomorphism, with φA defined
by

φA(b) = Ab

where A ∈ O(N) and b ∈ RN .
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Proof. We need to check: the Euclidean group is well-defined, ψ being a homomorphism
and φ is an automorphism.

1. φ is an automorphism.
If φA is bijective then it has an inverse. Since A−1 ∈ O(N) we have that φA−1 is
the inverse to the map φA as

φA−1 ◦ φA(b) = A−1Ab = b

and φA−1 ◦ φA(b) = b.
φA is a homomorphism.

φA(b+ x) = A(b+ x)

= Ab+ Ac

= φA(b) + φA(c).

2. ψ is a homomorphism.

ψ(AB)(b) = φAB(b)

= AB(b)

= φA ◦ φB(b)
= (ψ(A)ψ(B))(b)

for all b ∈ RN .

3. The Euclidean group is well-defined.
By checking the properties above we have shown that the Euclidean group is well-
defined.

A general element of the Euclidean group will consist of both an orthogonal
transformation and translation which we will denote as (A, Tb) = Tb ◦ A (the LHS is in
outer product notation and the RHS is in the inner product notation).

(A, Tb)(x) = Tb(A(x)) = Ax+ b.

Theorem 15.1. The multiplication rule of the semi-direct product of the Euclidean
group is defined as

(A, b)(A′, b′) = (AA′, b · (ϕA(b′))) = (AA′, Ab′ + b),

where ϕA = Ab.

Theorem 15.3
The Euclidean group, EN , is the group generated by translations and orthogonal
transformations of RN .

49



Francesco Chotuck 5CCM232A Groups and Symmetries

16 G-sets, stabilisers and orbits
Definition 16.1. For a group G a G-set is a set X equipped with a rule assigning to
each element g ∈ G and each element x ∈ X an element g · x ∈ X satisfying:

(i) e · x = x for all x ∈ X where e ∈ G is the identity element of G;

(ii) (g1g2) · x = g1 · (g2 · x) for all g1, g2 ∈ G and x ∈ X.

Definition 16.2. Given a G-set, X, the stabiliser, Gx, of x ∈ X is the set of elements
g ∈ G such that g · x = x i.e.

Gx = {g ∈ G : g · x = x}.

Theorem 16.1
Gx is a subgroup of G.

Definition 16.3. When X = G and the G-set action is g · x = gxg−1 then Gx is called
the centraliser of an element x and denoted:

CG(x) = {g ∈ G : gxg−1 = x}
= {g ∈ G : gx = xg}.

Remark 16.1. The centre, Z(G), consists of all those elements in G which commute with
all other of G. Whereas, CG(x) consists of all elements of G which commute with a single
element x ∈ G.

Example 16.1
The centraliser of b ∈ D3:

CD3(b) = {g ∈ D3 : gbg
−1 = b}.

As the centraliser is a subgroup of D3 it has order 1, 2, 3 or 6. Since, D3 is not abelian
then |CD3 | 6= 6. The subgroup 〈b〉 ⊂ CD3(b); since 〈b〉 is a subgroup of CD3(b) by
Lagrange’s theorem |〈b〉| divides |CD3(b)|. So, as |〈b〉| = 2 then |CD3(b)| = 2. Hence,
CD3 = 〈b〉 = {e, b}.

Definition 16.4. When X is the set of subgroups in G with action g ·H = gHg−1 where
H ∈ X is a subgroup of G then the stabiliser, GH , is called the normaliser. It is denoted
by

NG(H) = {g ∈ G : gHg−1 = H}.

Theorem 16.1. The normaliser, NG(H) is a subgroup of G that always contains H.

Example 16.1. The normaliser of 〈b〉 ⊂ D3 is:

ND3(〈b〉) = {g ∈ D3 : g〈b〉g−1 = 〈b〉}.
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Now 〈b〉 ⊂ ND3(〈b〉) and |〈b〉| = 2 so |ND3(〈b〉)| = 2 or 6 (by Lagrange’s theorem). If the
normaliser has order 6 then it must contain all of D3, but this is not the case as if g = a
we find that

a〈b〉a−1 = a{e, b}a−1

= {aea−1, aba−1}
= {e, a2b}
6= 〈b〉.

So, a /∈ ND3(〈b〉) hence, |ND3(〈b〉)| = 2. Therefore, ND3(〈b〉) = 〈b〉 = {e, b}.

Remark 16.2. This is the same as observing that 〈b〉 is not a normal subgroup. On the
other hand a ◁ D3 so, ND3(〈a〉) = D3.

Definition 16.5. The orbit of x in a G-set, X, is given by

orb(x) = {g · x : ∀g ∈ G}.

Theorem 16.2
The orbit of an element, x ∈ X, is an equivalence class with equivalence relation
y ∼ x if there exists a g ∈ G such that y = g · x.

Corollary 16.1. Orbits partition the G-set i.e.

|X| = |orb(x1)|+ |orb(x2)|+ · · ·+ |orb(xn)| ,

where x1, x2, . . . , xn are representative elements from each of the distinct orbits that cover
X.

Proof. As equivalence classes are either or identical or disjoint then the orbits partition
X.

Example 16.2. If X = G and g ·x = gx then orb(x) = G (while the stabiliser Gx = {e}).

Example 16.2
If X is the set of all left cosets of G with respect to a subgroup H ⊂ G with group
action g · (g1H) = gg1H. Then orb(H) is the set of all left cosets of H in G. (While
the stabiliser GH = H).

Example 16.3. For X = G with g · x = gxg−1 then orb(x) is the conjugacy class of x.

Theorem 16.3 (Orbit-stabiliser theorem)
Let G be a finite group and X be a G-set. For each x ∈ X

|orb(x)| = |G|
|Gx|

.
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Proof. We will construct a bijection between the elements of orb(x) and the cosets gGx ∈
G/Gx given by

M(g · x) = gGx.

• Injective: suppose ∃g, h ∈ G such that g · x 6= h · x but M(g · x) =M(h · x). So,

gGx = hGx

⇒ h−1gGx = Gx

⇒ h−1g ∈ Gx.

Therefore, (h−1g)·x = x which implies g ·x = h·x which contradicts the assumption
that g · x 6= h · x.

• Surjective: by construction, i.e. the pre-image gGx ∈ G/Gx is g · x ∈ orb(x).

Hence, M is bijective, which means |orb(x)| = |G/Gx| = |G|
|Gx| .

Example 16.3
Consider G = D3:

• When x = e, CD3(e) = {g ∈ D3 : geg
−1 = e} = D3 so,

|orb(e)| = |D3|
|CD3(e)|

=
|D3|
|D3|

= 1.

• When x = a, we know that 〈a〉 ⊂ CD3(a) then as |〈a〉| = 3 we have that
|CD3 | (a) = 3 or 6. It cannot be 6 as a /∈ Z(D3). Therefore, |CD3 | = 3 which
implies |orb(a)| = 6

3
= 2 so, orb(a) = {a, a2}.

• When x = b then 〈b〉CD3(b) so |CD3(b)| = 2 hence, |orb(b)| = 6
2
= 3 which

implies orb(b) = {b, ab, a2b}.

Example 16.4. Let X be the set of any permutation of all the letters of the word
BANANAS. How many distinct ‘words’ are there in X.
Solution: The symmetric group S7 acts on the letter to give all permutations, |S7| = 7!.
So,

|orb(BANANAS)| = |S7|
3! · 2!

.

Where, 3! represents the permutation of the 3 A’s and 2! the permutation of the 2 N’s.

Theorem 16.4
Let G be a finite group of order pn where p is prime and n ∈ Z+. Then Z(G) contains
more than one element.

Proof. Let X = G with g · x = gxg−1. As the conjugacy classes cover G then

|G| = |orb(g1)|+ |orb(g2)|+ . . .+ |orb(gk)| .
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At least one of the conjugacy classes is that of the identity element thus, it contains just
a single element, i.e. |orb e| = 1 so,

|G| = 1 + |orb(g1)|+ |orb(g2)|+ . . .+ |orb(gk−1)| .

As |G| = pn then by the orbit-stabiliser theorem we have that

|orb gi| =
|G|

|CG(gi)|
=

pn

pmi
= pn−mi

for some integer mi ≤ n and for each orb(gi). Therefore,

|G| = 1 + pm1 + pm2 + . . . pmk−1 .

Since, |G| = pn we must have that |G| ≡ 0 (mod p) whereas, the RHS ≡ 1 (mod p).
Therefore, at least one or more conjugacy class must contain only one element. Suppose
orb(g1) = {g1} then m1 = 0 and gg1g

−1 = g for all g ∈ G, this implies gg1 = g1g for all
g ∈ G hence, g1 ∈ Z(G) with e so |Z(G)| > 1.

Theorem 16.2. Let G be a group such that G/Z(G) is a cyclic group. Then G is abelian
so, Z(G) = G.

Proof. Suppose that G
Z(G)

is a cylic group generated by gZ(G) hence, every element of
G lies in one of the cosets gnZ(G) for n ∈ Z. Therefore, any pair of elements g1, g2 ∈ G
may be written as g1 = gn1z1 and g2 = gn2z2. Now,

g1g2 = gn1z1g
n2z2 = gn1gn2z1z2 = gn1+n2z2z1 = gn2z2g

n1z1 = g2g1.

Therefore, G is abelian.

Theorem 16.5
Any finite group with |G| = p2 elements, where p is prime, is abelian.

Proof. As |G| = p2 then |Z(G)| > 1. Since Z(G) is a subgroup then |Z(G)| is p or
p2. If |Z(G)| = p2 then Z(G) = G and G is abelian. If |Z(G)| = p then,

∣∣∣ G
Z(G)

∣∣∣ = p

which implies G
Z(G)

is isomorphic to a cyclic group hence, G is abelian and this implies
Z(G) = G, which is a contradiction. So, |Z(G)| = p is not allowed.

Lemma 16.1
Let G and H be two subgroups of a finite group J . Then

|J | = |GH| = |G| |H|
|G ∩H|

.
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Theorem 16.6
A group of order p2 is isomorphic to either Zp2 or Zp × Zp, where p is prime.

Proof. The order of each element in G must divide |G| = p2. Hence, each element g ∈ G
has order 1, p or p2. If G contains an element of order p2 then G ∼= Zp2 . If G has
only (non-identity) elements of order p, then let g and h be two such elements such that
〈g〉 ∩ 〈h〉 = {e}. Then using the lemma above

|〈g〉〈h〉| = |〈g〉| |〈h〉|
|〈g〉 ∩ 〈h〉|

=
p2

1
= p2.

Hence, 〈g〉〈h〉 covers G and the distinct elements of G take the form gnhm for
0 ≤ n,m < p− 1. Using ϕ(gnhm) = (gn, hm) ∈ Zp × Zp we can show that

〈g〉〈h〉 ∼= Zp × Zp.

Remark 16.3. Notice Zp2 is cyclic whereas Zp × Zp is not cyclic.

Remark 16.4. Hence, there are only two groups (up to isomorphism) of order
4, 9, 15, 25, . . . both of which are abelian.
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17 The Sylow theorems
Definition 17.1. Let p be a positive, prime integer. A p-group is a group in which
every element has order of a power of p.

Remark 17.1. If G is a finite p-group, then |G| = pk for some k.

Example 17.1. Zp for a prime p is a p-group. Whereas |D3| = 6 = 2 · 3 is not a p-group
as its order is not some power of a prime p.

Definition 17.2. A p-subgroup is one in which every element is a power of p.

Remark 17.2. A p-subgroup does not necessarily need to be a subgroup of a p-group.

Definition 17.3. Let G be a finite group with |G| = mpk where p is a prime which does
not divide m ∈ Z i.e. p ∤ m. A subgroup of order pk is called a Sylow p-subgroup.

Remark 17.3. A Sylow p-subgroup is the maximal p-subgroup in G.

Example 17.1
Let |G| = 60 = 22 · 3 · 5 then, potentially G may have:

• Sylow 2-subgroup of order 22 = 4,

• Sylow 3-subgroup of order 3 and

• Sylow 5-subgroup of order 5.

The Sylow theorems tells us that these Sylow p-subgroup exists and how many there
are.

Theorem 17.1 (Sylow theorems)
Let G be a (finite) group of order mpk where p is prime and p ∤ m, then:

I. a Sylow p-subgroup exists,

II. for each prime p, the Sylow p-subgroup are conjugate to each other and

III. Let np be the number of Sylow p-subgroups then

(i). np ≡ 1 (mod p),
(ii). np = |G|

|NG(P )| where NG(P ) is the normaliser of the Sylow p-subgroup
P ⊂ G and

(iii) np | m (np is the index of the Sylow p-subgroup in G).
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Remark 17.4. Sylow II: suppose there exists multiple Sylow 5-subgroup then, each of the
subgroups are conjuagte to each other.

Example 17.2
For G = D3, as |D3| = 6 = 2 · 3 then:

• for p = 2 then m = 3 hence, Sylow (I) implies a 2-subgroup of order 2 exists
i.e. 〈b〉 ∼= Z2.

– Sylow (III) implies by
(i). n2 ≡ 1 (mod 2), so n2 = 1, 3, 5 . . .

(ii). n2 ≤ |D3| = 6

(iii). n2 divides 3 which implies n2 = 1 or 3.
For example, let P = 〈b〉 then P ⊂ ND3(P ) so, |ND3(P )| = 2 or 6. P
is not a normal subgroup so n2 =

|D3|
|ND3

(P )| =
6
2
= 3.

– Sylow (II) implies these subgroups are 〈b〉, 〈ab〉 and 〈a2b〉 obtained by
conjugation as a〈b〉a−1 = 〈a2b〉 and a〈a2b〉a−1 = 〈ab〉.

• For p = 3 then m = 2:

– Sylow (I) implies a 3-subgroup of order 3 exists.
– Sylow (III)

(i). n3 ≡ 1 (mod 3) so, n3 = 1 or 4.
(ii). n3 ≤ 6.
(iii). n3 divides 2 so n3 = 1.
The Sylow 3-subgroup is 〈a〉.

– Sylow (II) implies a〈a〉a−1 = 〈a〉 and b〈a〉b−1 = 〈a2〉 = 〈a〉. Conjugation
does not produce any new 3-subgroups. Hence, 〈a〉 is a normal subgroup.

Theorem 17.2
A Sylow p-subgroup is a normal subgroup if and only if it is the only Sylow p-subgroup
i.e. np = 1.

Proof. We will prove it in two parts.

• Proof of (⇒). If P ◁G then gPg−1 = P hence there are no new conjugate subgroups
which implies np = 1.

• Proof of (⇐). If np = 1 then gPg−1 = P therefore, P ◁ G.

17.1 Example use of the Sylow theorems
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mple.

Any group
of order 6 must have a Sylow 1-subgroup P and a Sylow 3-subgroup &

Now hy
= 1, 4, ... and my divides 2 so ny=1:.QNG, and DEI

z
= <y> with

yoze. While he = 1, 3,5 ... and individes by so met or 3. Let P =<x) with

x = e, so PEYz. As 408 we have xyx"Ex= (e,y,yl:

- if xyx"=e then
you which is inconsistent and so not possible,

- if xyxy then xy = yx (so G is abeliar) and

-xy)
=2xy,xy+y,+yy,xxy,yxy,xyzxy}

-3xy,y,x,y,xy,ey

so tyeG is an element of order 6:0 = 10

- if xyx" = y = y" then xy=gx with x
=
=e,y =

ci.cx,y)
=Dz



E.ple

Agroups of order is are cyclic groups:

A161 = 15 = 3.5 then 6 has a Sylow 3-subgroup 4 and a Sylor S-subgroup &.

Now hg =
1 mod3=1, 4,7, 10, 13.; a divides 5 = ng = 1.:. P&G

Also ns = 1mod5
= 1, 6, 1; is divides 3 =c ng

=1:. Q8G.

SG contains I element of order I(e), 2 elements of order 3inP, 4 elements of

order S in 1. This accounts for 1+2+ 4 => elements of 8, the remaining &
elements

must all have order IS as

every
element of a must have order 1, 3, 5 or IS and because

no
= 1, ns = 1 we have accounted for all those elements of orders 1, 3 or 5.:. 8: R.s

i.e. if <Lis =<a) with a = 0 then

-
is

= Re, a, a,ab, a at, abar, af, a a, a, a, a, all
orders:

↑

, IS, IS, 5, 15, 3, 5, 13, 15, S, 3, 5, 5, 15, 1s.



#mple.

(Ds) =10 =2.5

It has a Sylow 2-subgroup 4 with n = 1, 3,5,7, 9, ny divides
5

=n = 1 or 5

asa(b)a" =(a-b)f <b)

then n
=5

NowPc =[gcb>g"(g-63

-S(b),(a-b),(a+b),cab),cb>y

↓all 5 Sylow 2- subgroups are conjugate to each other.

Under conjugation with elements of P = <b) we find the P-orbits:

orb(cbx) =E(b>4 ilowb(b))) =1 =20

orb(cahb)) =3(a-b),ca3b>3 &orb((a-b))) =2 =2)

ob(cYb)) =9(a+bc,cab)3 & orb(cab() =2 =2

N.B. (Pc1 = 1 modp indeed (Pc) = 5.

As also has a Sylow 5-subgroup with ng=1or 6; as divides 2.. ns=1

hence <aL =IsCDs is a normal subgroup.



E

xample

Find all groups of order 21

-

21 =0.7 = 7a Sylor3-subgroup, P and (P) = 3 P=13.

=>I a Sylow)- subgroup, & and 1x1=> 0 =11

ng = 1 ned 3
= 1, 4, T, ... as must beafactor of 7 so rsFor T

n= 1 mod T =1, 8, ... ny must be a factor of 3 so n = 1.

↓Is Ex & G where (8) = 21.

Let P = < x) with x = e and a =(y) with y =e.

AsQOG and PCG then xyx" ck
=(,e,y,y,y,yY,y,y

Suppose we write xyx= yU where n=90, 1, 2, 3, 4, 5, 63.

Then,

y
=xyx

- 3

asx
=
e,sox

-
=

e

-x(xyx-)x
-z

=

x
-

y-x
- z

=x(xyvx-)x-
as(xyx-u

=(xyE)(xy+y)...(xyx-)
=xyrx-

=x(xyx")-x +
- N

-y

=xyn" x - y

y
=yr. where ne[0,1,2,3,4,5,63.



x =e,y =e,xyx) = y- n+50,1,...,64 and
y
=y

If
y
= yn then n3 = 1 mod 7.

0
"
= 0 mod> X -" = 1 mod] V, 20 = 1 nod]/

3 = (3.9)wod) = (3-2)mod) =6mod7X

4= 1mod 7 V S" =6 mod 7X, and 63 = 6mod 7. X

Only a possibilities remain as n = 1, 2 or 4.

=>i possible groups each one is (x,y) with x =

c, y = e and

- G, has (in addition) xyx" =

y
=1 xy

=yx and ((xyx)
=21

i. G, =(x

-

G has (in addition) xyx" =y2

- Ga has (in addition) xyx" =y4

↓D. G, and Epare isomorphic: In G2 consider xyx =xyxxx = (xyx-yr
=y4

So if we relabel G elements by defining z = 42 then

G =

(z,y) with z =

e, y =
e and zyz" = y*.

56. =6+



Example .

IDs1=10--2.5

It has a Sylow 2 - subgroup P with n
,
=L

, 3,97, 9 , nz divides
5

=)
nz = I or 5

as as b) a-
'

= ca
' b) Feb )

then n
,
= 5

Now Pc = { gab> g-
'

I g e G }

= { SB7 ,
Lib 's

,
La
" b7

,
cab 's

,
casts> }

.

'

.
all 5 Sylow 2- subgroups are conjugate to each other .

Under conjugation with elements of p= CB7 we find the P - orbits :

orb ( ab> ) = { cb >} : Iorbfcb>)I = 1=2
'

•
rb( calls>) = { tab> ,

CA3B > } Iorbfsoib))) = 2=2
'

•b6a4bf= { sa4b 's , cab > } lorbkitb.pl = 2=2 '

N
-B . 1pct = I modp indeed 1pct = 5

.

Ds also has a Sylow S - subgroup with ng
= 1 or 6 ; ns divides 2 I n

>
=L

hence < as E Is CDs is a normal subgroup .
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Appendix

A Equivalence relations
Definition A.1. A binary operation on a set X is said to be an equivalence relation,
if and only if it is reflexive, symmetric and transitive. That is for all a, b, c ∈ X:

• Reflexivity: a ∼ a;

• Symmetry: a ∼ b if and only if b ∼ a;

• Transitivity: if a ∼ b and b ∼ c then a ∼ c.

A.1 Equivalence classes
Theorem A.1. If ∼ is an equivalence relation on a set X and x, y ∈ X then, these
statements are equivalent:

• x ∼ y;

• [x] = [y];

• [x] ∩ [y] = ∅

B Functions
B.1 Well-defined maps
Definition B.1. A map is said to be well-defined if and only if the map is not a
many-to-one map.

Note B.1. In a well-define map an element from the domain cannot be mapped to two
or more elements in the range.

B.2 Injectivity
Definition B.2. A function f : X → Y is injective (or one-to-one) if every element
f(x) ∈ B is mapped to by at most one element in the domain A. An injective function is
called an injection.

With symbols, a function f : A→ B is called injective if, for all x1, x2 ∈ X, f(x1) =
f(x2) implies that x1 = x2.

Note B.2. To show that a function is injective, first suppose that f(x1) = f(x2) then show
by direct implication that x1 = x2.
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Example B.1. Show that the function f : R → R given by f(x) = 5x− 3 is injective.
Solution: Suppose that f(x1) = f(x2); then we have

f(x1) = f(x2)

⇒ 5x1 − 3 = 5x2 − 3

⇒ x1 = x2.

Thus, f is injective.

Theorem B.1. A function f is injective if and only if every horizontal line intersects the
graph of f no more than once.

B.3 Surjectivity
Definition B.3. A function f : X → Y is surjective (or onto) if every element in B is
mapped to by at least one element of A. A surjective function is called a surjection.

In symbols, a function f : X → Y is called surjective if for all y ∈ Y there exists
x ∈ X such that f(x) = y.

Example B.2. Show that the map f : R → R given by f(x) = x3 is surjective.
Solution: Suppose y ∈ R. We require that f(x) = y, i.e. x3 = y thus, we can take
x = 3

√
y. We rewrite the proof. Suppose that y ∈ R. Then let x = 3

√
y we have

f(x) = f( 3
√
y)

= ( 3
√
y)3

= y.

Thus, f is surjective.

B.4 Bijections
Definition B.4. A function f : A→ B is bijective if it is both surjective and injective.
A bijective function is called a bijection.
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