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Abstract

This is KCL undergraduate module 6CCM327A, instructed by Simon Salamon.
The formal name for this class is “Geometric Topology”.
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Remark 0.1. In this module consider the shapes/lines to be elastic since, there is no
notion of distance in topological spaces.

1 Review of Topology
1.1 Basics
Definition 1.1. A topological space is a set X with a notion of open sets satisfying
some conditions.

Definition 1.2. A mapping between two topological spaces f : X → Y is continuous
if the pre-image of every open subset of Y is open in X i.e.

U ⊂ Y is open Y ⇐⇒ f−1(U) ⊂ X is open in X.

Definition 1.3. Let X be a topological space and S be any subset of X. The sub-
space/subset topology is defined as

V ⊂ S is open in S ⇐⇒ V = S ∩ U where U is open in X.

Definition 1.4. A mapping between topological spaces f : X → Y is a homeomor-
phism if

• f is a bijection,

• f is continuous and

• the inverse map f−1 is continuous.

Example 1.5
This example illustrates the necessity of the third condition in a homeomorphism.
Consider a map f : [0, 2π) → S1 ⊂ R2 such that f(t) = (cos(t), sin(t)). Clearly, f−1

is not continuous.

1.2 Quotient topology
Definition 1.6. A binary relation, ∼, on a set X is called an equivalence relation if
and only if it satisfies the following: for all x, y, z ∈ X

• x ∼ x (reflexivity);

• x ∼ y ⇒ y ∼ x (symmetric);

• x ∼ y and y ∼ z ⇒ x ∼ z (transitivity).

Definition 1.7. For x ∈ X the set

[x] = {y ∈ X : y ∼ x}

denotes the equivalence classes of x.
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Definition 1.8. Let X be a topological space and ∼ an equivalence relation on X. Let
Q = X/ ∼ be the set of equivalence classes. Define the projective map

q : X → X/ ∼
x 7→ [x].

In the quotient topology a subset

U ⊂ Q is open ⇐⇒ q−1(U) is open in X.

2 Knots
Definition 2.1. A knot is the image of a continuous injective mapping f : S1 → R3.

Note 2.2. A knot is a circle S1 ⊂ R2 which is manipulated in such a way that it now
resides in R3.

Remark 2.3. In this module we will only consider tame knots: we assume f is continu-
ously differentiable and that f ′(t) is never 0. This ensures that the knot can be surrounded
by a tube of some fixed radius without any intersections. Below are some examples of non-
tame knots.

Remark 2.4. If we restrict the mapping f : S1 → f(S1) = K it follows that f−1 is
continuous (because S1 is compact and R3 is Hausdorff) so, S1 and K are homeomorphic
i.e. all knots are homeomorphic to the circle.

2.1 Knot diagrams
Definition 2.5. Given a knot K in R3 we can project it onto any plane. Such a projection
π : K → R2 gives a knot diagram.

Remark 2.6. This diagram is valid provided that it is one-to-one apart from a finite
number of points c ≥ 0 in R2, where it is two-to-one. These points are the crossing, each
of which has underpass and overpass.

Proposition 2.7
Let K be a knot with a knot diagram. Suppose the knot diagram of K has n crossing
then it has n arcs. Where an arc is a strand of the knot diagram which starts and
ends at an underpass.
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Definition 2.8. A bridge is an arc with at least one overpass.

Definition 2.9. A knot diagram is alternating if overpasses and underpasses alternate
when traversing the diagram.

Definition 2.10. The shadow of a knot diagram is a diagram which does not specify
whether crossings are under- or overpasses. Mathematically, a planar graph whose c
vertices have degree 4.

2.2 Ambient isotopy
This notion defines the equivalence of knots in space.

Definition 2.11. Two knots K0 and K1 are ambient isotopic if there exists a homeo-
morphism (of space) F : R3 → R3 that preserves orientation when taking K0 to K1.

Note 2.12. Informally, two knots are ambient isotopic if K0 can be manoeuvred in space
to obtain K1 (assuming knots are absolutely elastic).

Definition 2.13. Two knot diagrams D1 and D2 are called isotopic if they represent
knots that are ambient isotopic in space.

2.3 Orientation and writhe
Definition 2.14. A knot defined by f : S1 → R3 is oriented by transferring a clockwise
or anti-clockwise direction on S1 to the image.

Proposition 2.15
An oriented knot diagram can be assigned a positive or negative writhe sign as shown
below.

We choose the ‘x-axis’ to be the overpass and if the crossing looks like a normal
Cartesian axis then it has +ve writhe otherwise it is negative.
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Note 2.16. A trick to remember for writhe-signs. Imagine a particle traversing the diagram
of an oriented knot, once you approach and overpass if it is oriented such that it runs from
left to right (from the perspective of the particle) it has +ve writhe sign, and if from right
to left then the sign is −ve.

Definition 2.17. The writhe of an oriented diagram D equals

w(D) =
∑
x

writhe-sign(x)

where x runs over all crossing of D.

2.3.1 Mirror images

Definition 2.18. Given a knot K in R3 we reflect it in any plane. The resulting knot
mK is well-defined up to ambient isotopy.

Note 2.19. We obtain mK by changing overpasses to underpasses and vice versa.

Definition 2.20. If K is ambient isotopic to mK then K is called achiral or amphichi-
ral. If K is NOT ambient isotopic to mK then it is chiral.

Proposition 2.21
If D is a diagram for K then mK can be represented by a diagram D′ with the same
shadow but in which all the crossing of D have been reversed so, w(D′) = −w(D).

2.4 Links
Definition 2.22. A link is the disjoint union of a finite number of knots in R3 i.e.
L = K1 t · · · tKn.

Remark 2.23. A knot is a link with one component.

Definition 2.24. The knot diagram for a link is

D = D1 t · · · tDn

where Di is a diagram of Ki.

Definition 2.25. The linking number between Ki and Kj with diagram Di and Dj is

ℓij =
1

2

∑
x

writhe-sign(Di, Dj)

where x runs over all the crossing of Di with Dj.
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2.5 Reidemeister moves
Definition 2.26. We define the three type of Reidemeister moves. Each move oper-
ates on a small region of the diagram and is one of three types:

• (R0: deformation in the plane which does not lead to any new crossings)

• R1: Twist and untwist in either direction.

• R2: Move one loop completely over another.

• R3: Move a string completely over or under a crossing.

Below is an image of each move.

Definition 2.27. Let K and K ′ be links with D and D′ as knot diagrams respectively.
Then we say that D and D′ are isotopic diagrams, and write D ∼ D′, if we can deform
D into D′ by a finite series of Reidemeister moves.

Corollary 2.28. If two knot diagrams D and D′ are isotopic then the links K and K ′

are ambient isotopic.
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Theorem 2.29 (Reidemeister’s theorem)
Two links are ambient isotopic if and only if all possible diagrams of the links can be
converted into another by a series of Reidemeister moves.

Lemma 2.30 (Effect on writhe)
Moves R2 and R3 do not change the writhe of a diagram. Move R1 changes the
writhe by ±1 (depending on the orientation).

Definition 2.31. Two diagrams D and D′ are said to be regular isotopic D′ can be
obtained from D (and vice versa) by a sequence of Reidemeister moves which DOES NOT
include R1. We write D ≈ D′.

Corollary 2.32. If D ≈ D′ then w(D) = w(D′).

Corollary 2.33
The absolute value of the linking number |ℓ| is invariant by isotopy therefore, an
ambient isotopy invariant of a link. If ℓ 6= 0 then the two knots cannot be separated
in space.

Proof. Let L be a link with at least two components and let D be its diagram. The linking
number will not change when we apply an isotopy to D because R2 and R3 preserve the
writhe and ℓ is unaffected by R1 moves. This is because these twists happen on the
same component. The sign of ℓ will change if we change the orientation of exactly one
component.

2.6 Numerical invariants
Definition 2.34. Let K be a knot or a link with more than one component.

• The crossing number, cr(K), is the least number of crossings needed in all possible
diagrams representing K.

• A minimal diagram is (as in the knot tables) with exactly cr(K) crossings.

• The unknotting number, u(K), is the smallest number of crossing-reversal (chang-
ing overpass to underpass and vice versa) in all possible diagrams representing K
needed to obtain the unknot from a knot diagram.

• The bridge number, br(K), is the minimum number of bridges occurring in a
diagram of a knot representing K. By convention the unknot has bridge number 1.

Note 2.35. We can think of the crossing number as the number of crossing in the simplest
diagram of a knot.
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Remark 2.36. Many minimal diagrams have more than br(K) bridges (for example if
they are alternating). Moreover, u(K) is not necessarily realised by a minimal diagram of
K.

Proposition 2.37. If cr(K) < 3 then cr(K) = 0 and K is trivial (i.e. ambient isotopic
to an unknot).

Lemma 2.38
If D is a diagram of a knot with c crossings then we need to reverse at most c

2
to

obtain the unknot thus, u(K) ≤
⌊
c
2

⌋
.

Proof. Let G be the ’shadow’ of D. i.e. the graph underlying D without the under/over
crossing information. Starting at some point x of G and moving one way or the other,
drop a piece of string over G so that it exactly traces out the graph back to x. If it
is joined to its start, it can be lifted out of the plane to become an unknot. Mark the
crossings as they appeared in the string to get a diagram D′ with the same shadow G.
Then we will have reversed say r crossings to pass from D to the diagram D′ of the
unknot.

If r ≤ c
2
, we are done. If r > c

2
, reversing the complementary set of c−r < c

2
crossings

of D will yield a diagram of the mirror image of the unknot, again the unknot.

Note 2.39. If the string forms a simple closed loop without twists or knots when traced
over the graph and joined back to its starting point, lifting this loop out of the plane results
in an unknot because it can be untangled into a simple, unknotted loop shape.

Lemma 2.40. If br(K) = 1 then K is trivial (i.e. ambient isotopic to an unknot).

Theorem 2.41. If u(K) = 1 then K is prime.

Note 2.42. By prime, we mean that K cannot be obtained by joining two other knots.

Theorem 2.43. For two knots K1 and K2 then, br(K1#K2) = br(K1) + br(K2)− 1.

2.6.1 Maxima and minima

If we treat a knot diagram as a graph f(t) = (x(t), y(t)) then it has turning points when
dy

dx
= 0.

Proposition 2.44. The number of minima equals the number of maxima.

Theorem 2.45
br(K) = n ⇐⇒ K has a diagram with n (and no fewer) local maxima.
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2.7 Colouring
Definition 2.46. Let L be a knot or link and let n ≥ 2 be an integer. We say that L is n-
colourable if it has a diagram whose arcs can be labelled with at least two distinct integers
(integers being colours) from {0, 1, . . . , b− 1} (i.e. Zn) such that at each crossing

underpass label + underpass label ≡ 2(overpass label) (mod n) .

Remark 2.47. The unknot is NOT n-colourable for any n. However, the unlink (two
disjoint unknots) is colourable for any n as you can colour each unknot a different colour
and there are also no equations to satisfy due to the lack of crossings.

Proposition 2.48. If a link is not colourable for some n then the components cannot be
separated. This is because the unlink is colourable for any n.

Example 2.49. At each crossing we choose a label a, b, c ∈ Zn to determine if they
satisfy the congruence modulo n i.e.

we have that
a+ c ≡ 2b (mod n) .

Remark 2.50. A knot or link is 3-colourable if at each crossing the colours are distinct,
or they are all the same.

Theorem 2.51. Let D be an n-colourable diagram of a knot or link and D ∼ D′ then
D′ is n-colourable.

Proposition 2.52 (Effect of R-moves)
The concept of n-colourability is an invariant of ambient isotopy. That is, a knot or
link in space is n-colourable if any one of its diagrams is.

2.8 Colouring matrices
We present the construction of the (big) colouring matrix A+ through an example.

Example 2.53. Consider the figure-8 diagram below. In red, we label the arcs (where
each label for the arc denotes xl) and in green the crossings.
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We will use this general strategy to construct A+:

1. Label arcs x0, . . . , xm and crossings 0, . . . ,m.

2. Write the colouring equation as xi + xj − 2xk ≡ 0.

3. Write out A+.

Following step 2 we have the system of congruences:

Crossing 1: x1 + x2 − 2x4 ≡ 0

Crossing 2: x3 + x4 − 2x2 ≡ 0

Crossing 3: x2 + x3 − 2x1 ≡ 0

Crossing 4: x1 + x4 − 2x3 ≡ 0.

We can now construct the big colouring matrix: the rows of this matrix correspond to
the crossing labels and the columns to the arcs. We also have the extra conditions that
the row and columns must both sum to zero. Now we have,

A+ =


1 1 0 −2
0 −2 1 1
−2 1 1 0
1 0 −2 1


Note 2.54. Simon calls the matrices in which the rows and columns sum to zero ‘Z-
matrices’.

Lemma 2.55. A knot K with n crossing and with big colouring matrix A+ is m-
colourable if and only if

A+

x1
...
xn

 = 0 (mod m) for some choice of x1, . . . , xn ∈ Z/Zm.

2.8.1 Reduced colouring matrix
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Proposition 2.56
Let A+ be a c× c matrix whose row and column both sum to zero. Then all the first
minors are equal up to sign.

Definition 2.57. The reduced colouring matrix A is any of the minors of A+.

Definition 2.58. The determinant of a knot K, det(K), is defined to be the determinant
of any minor of the big colouring matrix A+ i.e. det(K) = |det(A)|.

Proposition 2.59. The determinant of a knot is an ambient isotopy invariant.

2.8.2 Colouring theorem

Theorem 2.60 (Colouring theorem)
Suppose L has a diagram whose colouring equations are represented by A+. Then L
is n-colourable ⇐⇒ gcd(det(L), n) > 1.

Corollary 2.61. Some results from the Colouring theorem:

• If det(L) = 0 then L is colourable for any n.

• If det(L) = 1 then L is NOT colourable for any n.

2.9 Chessboarding
This is a faster method to compute the determinant of a link.

Proposition 2.62. Let D be a diagram of a link L with c crossings. Assuming the
diagram is connected and contains no closed arcs then its shadow is a planar graph with
c vertices and c+ 2 regions (including the ‘background’).

Theorem 2.63 (Chessboarding)
Two colours (black and white) can be assigned to the regions of a link diagram in
such a way that the same colours only meet at a vertex and not along an edge.

Note 2.64. The background of the diagram can be coloured. We usually take the back-
ground to be white.

Definition 2.65. We can assign a chessboard sign to each crossing of the diagram
according to the following rule.

12



Francesco Chotuck 6CCM327A Geometric Topology

We can think of it as the overpass being the x-axis and associate +ve sign to a
clockwise colouring where black begins in the positive quadrant and vice versa.

Remark 2.66. We always colour the ‘background’ white. But one can choose not to, our
convention will be that we do.

Remark 2.67. If a diagram is alternating then all the chess signs are positive.

Corollary 2.68
If D is an alternating diagram then all chess signs are the same.

2.10 The Goeritz matrix
Definition 2.69. The Goeritz matrix G+ is defined as

(G+)ij =

{∑
chess-sign of crossings where i and j meet if i 6= j

−
∑

chess-sign around region i if i = j

where i and j enumerate the regions of a fixed colour.

Remark 2.70. The ij-entry of G+ represents the i-th row and j-th column.

Remark 2.71. This is a Z-matrix.

To construct G+ we note that the rows and columns represent the label of the
white regions. For example, suppose we want to find the 12 entry (first row second
column) then we look at the number of crossings between region 1 and 2. The sign in
front of this number will be the chess sign of the crossing. To obtain the entry ii we take
the sum of the chess signs of the crossings which meet the region then the negative of
the sum. Since this is a Z-matrix we can also find the other entries by realising that the
rows and column sum to 0.

If the background is white this is also a region that must be included in the big matrix.
However, since we only need to consider the determinant of the minor we can ignore this
unless asked otherwise.

Theorem 2.72 (Goeritz)
Let L be a link with reduced matrix G then det(L) = |det(G)|.

2.11 The Kauffman bracket
Definition 2.73. Let D be a link (or knot) diagram. The Kauffman bracket 〈D〉 ∈
Z [A,A−1] is defined by

1. 〈 〉 = 1;
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2. 〈L 〉 = 〈L ∪ 〉 = (−A2 − A−2)〈L〉 where L is a link;

3. 〈 〉 = A 〈 〉+ A−1 〈 〉;

where , and are diagrams that are equal except in some region where they differ
as shown.

Note 2.74. The second defining relation means a diagram with one extra component which
is the unknot which does not introduce any new crossings.

Remark 2.75. On paper, we use squares instead of angular brackets.

Remark 2.76. We call polynomials from the ring F[X,X−1] where F is a field, Laurent
polynomials.

Corollary 2.77. Note that the third rule of the Kauffman bracket implies:

Lemma 2.78
The Kauffman bracket is an invariant of regular isotopy; i.e. applications of R2 and
R3 moves leave its bracket unchanged.
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Example 2.79

Theorem 2.80
Given a diagram D of a link the quantity (−A)−3w(D)〈D〉 is invariant by R-moves.

2.12 The Jones polynomial
Definition 2.81. Let D be a diagram for a link L then the Jones polynomial is defined
as

V (L) = VL(t) = (−A)−3w(D)〈D〉
where A = t−

1
4 .

Remark 2.82. If L is the unknot then V ( ) = 1.

Theorem 2.83
The Jones polynomial is an ambient isotopic invariant of an oriented link L.
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Remark 2.84. Let D be the diagram of a link L and mD the mirror diagram of the
link which represents mL. Then V (L) and V (L) are equal up to the change of variable
A 7→ A−1.

2.13 The skein relation
The Jones polynomial has a nice relation which allows for easier computation in some
cases. We require an oriented link L with diagram D, and we fix a crossing. This crossing
can be oriented positively or negatively.

Definition 2.85. For a link L and a for some fixed crossing of L, let L+ denote the link
with the positive crossing.

Definition 2.86. For a link L and a for some fixed crossing of L, let L− denote the link
with the negative crossing.

Definition 2.87. For a link L and a for some fixed crossing of L, let L0 denote the link
where this crossing has been “smoothed”.

Remark 2.88. This is what the links at each crossing looks like.

Note 2.89. By positive crossing we mean: when traversing the diagram at the overpass
we move from left to right.

Theorem 2.90 (Skein relation)
Let D a link diagram with an orientation. For a fixed crossing we have the following
relation

t−1V (L+)− tV (L−) =
(
t
1
2 − t−

1
2

)
V (L0).
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2.14 Knot states
Definition 2.91. A crossing can be split:

• in a positive way or,

• in a negative way .

Remark 2.92. This is a better definition for remembering.

Give the crossing an upward orientation i.e. put arrow on the top end of the lines then,
the positive state is the one which preserves the orientation i.e. the right one.

Definition 2.93. Let c denote the amount of crossing in a diagram D, a state s is a
function

s : {1, . . . , c} → {−1, 1}
that assigns each crossing a positive or negative sign. We denote by

• p(s) the amount of positive splittings,

• n(s) the amount of negative splittings

in the state s. We call S the set of all possible states.

Note 2.94. This map gives a positive or negative ‘state’ to each crossing of a diagram.

Definition 2.95. Let D be a diagram. We define s(D) to be the resulting diagram after
applying the splittings defined by the state s.

Remark 2.96. Note that s(D) consists of a series of disjoint unknots.

Proposition 2.97
For any given s, we have

p(s) + n(s) = c and p(s)− n(s) =
c∑

i=1

s(i)

where c is the number of crossings.

Proposition 2.98. There are 2c possible states for any diagram of a link.

Definition 2.99. The diagram which results when s is applied to D is denoted by s(D).
We let |s| denote the amount of disjoint unknots (or closed loops) in s(D).

17
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Proposition 2.100
Let D be a link diagram. Then

〈D〉 =
∑
s∈S

Ap(s)−n(s)
(
−A2 − A−2

)|s|−1
.

Proposition 2.101. Let D be a link diagram with c crossings. Let

s : {1, 2, . . . , c} → {+1,−1}

be a state describing which crossings to split positively and which negatively. Now let s′

be a state that differs from s in exactly one crossing i (so s′(i) = −s(i) but s′(j) = s(j)
if j 6= i). We have that |s′| = |s| ± 1.
Proof. Let s(D) denote the disjoint union of ‘circles’ that results in applying the state s
to the diagram. Let X denote the crossing whose splitting is reversed in passing from s
to s′. Label the subarcs meeting at X as a, b, c, d with a joined to b, and c joined to d
in s(D). There are two possibilities: either a, b (and so c, d) are part of the same circle
or not. In the former case, joining a to c or d will cause 2 circles to become 1 and so
|s′| = |s| − 1. In the latter case, 1 circle (that incorporates a, c, d, b or a, d, c, b) becomes
2 and so |s′| = |s|+ 1.

2.15 The span-crossing equality
Definition 2.102. Let D be a link diagram of L. The span of L is the difference between
the highest and lowest power of V (L).
Definition 2.103. The diagram of a link is reduced if no crossing is an isthmus (a
crossing that is bounded by 3 regions).

Note 2.104. By this we mean that every crossing is surrounded by 4 distinct regions.

Theorem 2.105. Any link is ambient isotopic to one with a reduced diagram.

Proposition 2.106
Let L be a link and D a reduced alternating diagram of L that has c crossings. Then
c = span(L).

Definition 2.107. We define two special states:
• s+ with s+(i) = 1 for all i;

• s− with s−(i) for all i;
these states make all the crossings split either negatively or positively.
Proposition 2.108. If s and s′ are states whose values disagree at exactly one crossing,
then |s′| = |s| ± 1.
Lemma 2.109. Suppose that a link has an alternating diagram that is positively chess-boarded
with black and white regions then, |s+| = #W and |s−| = #B.
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Lemma 2.110
If D is a reduced diagram then the highest power of A in 〈D〉 will arise from s+ and
Kauffman term

Ac(−A2 − A−2)W−1.

Note 2.111. That is the highest power in V (L) is c + 2W − 2 and the lowest power is
−c− 2B + 2.

2.16 DT codes
This section is dedicated to find a way to describe knots with a ‘code’.

Let D be an oriented diagram with c crossings. Imagine a particle traversing the
diagram (preferably start from an underpass) and label the edges when entering or leaving
a crossing sequentially. That is, we start from just before an underpass and as the particle
enters it label it by 1 then, label the rest 2, . . . , c, c + 1, . . . , 2c.

Lemma 2.112
If a crossing is labelled with an odd number the first time it is encountered during
the traversal then, it will have an even number the next time it is traversed and vice
versa.

Definition 2.113. Let f : {1, 3, 5, . . .} → {±2,±4,±6, . . .} be the map that assigns the
odd number a respective even number whose sign depends on whether the crossing is an
overpass (+) or an underpass (−). The resulting list of even integers is called the

(f(1), f(3), . . . , f(c)) ∈ Zc

Dowker-Thistlethwaite code (or DT code).

Note 2.114. If the crossing is an underpass then we put a − in front of the even number
associated with that crossing. So, if the DT code is all positive then diagram is alternating.

Example 2.115. We provide an example of generating a DT code for the diagram below.
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We have labelled each crossing, now list the odd numbers and the corresponding even
numbers below them:

1 3 5 7 9 11
8 6 12 10 2 4

The DT code for this diagram is (8, 6, 12, 10, 2, 4).

Example 2.116
Refer to Lecture capture of 26 October at 50 minute mark.

3 Surfaces
3.1 Construction of surfaces without boundary
Definition 3.1. A surface without boundary (M, τ), is a (Hausdorff) topological
space such that each point lies in an open set that is homeomorphic to a disk in R2.

Remark 3.2. We call this property “locally Euclidean”,

Example 3.3. In R3 the torus and any knot where the line is imagined as a tube are
surfaces without boundary. However, a pinched torus is not a surface.

3.1.1 Surfaces as quotients

Given a connected surface M without boundary, we can make a model of it as a polygon
P with boundary ∂P consisting of 2n sides. A boundary code consists of a word with
2n letters occuring in pairs. The edges of each pair need to be ‘sewn’ or ‘glued’ so as to
eliminate the boundary of P and recover M.

Definition 3.4. The surface M can defined as the set of equivalence classes classes,
denoted by P̂ . this is done by the quotient map

q : P → M

y 7→ [y].

Where a subet U of M is open if and only if q−1(U) is an open subset of P ⊂ R2/

Example 3.5. An interior point of P is equivalent to itself. An interior point of an edge
x is equivalent to exactly one other poitn on the other edge labelled x or x−1. A vertex
will be equivalnet to at least one other point.

Example 3.6
The 2-gon represents the sphere.
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3.1.2 Square models

If enough cuts are made on a surface such that it is subdivided by a graph of vertices and
edges, the pieces can be laid out as plane figures. The surface can then be reconstructed
by ‘sewing’ along the cuts.

Example 3.7
From left to right we have models of

• the torus T,

• the Klein bottle K ∼= RP2#RP2,

• the (real) projective plane RP2 and,

• the sphere S.

For convenience, we read in a clockwise direction.

3.2 Orientation
Definition 3.8. A surface is called two-sided in space if one can consistently distinguish
two sides throughout.

Example 3.9. One side can be coloured red and the other blue and the two colours only
meet at the surface’s boundary is there is one.

Definition 3.10. Two-sided surfaces are said to be orientable. One-sided surfaces are
non-orientable.

Theorem 3.11
If any letter in a combinatorial representation of a surface is repated then the surface
is NOT orientable.

Note 3.12. This is because it contains a mobius strip.
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Example 3.13
We provide example of orientable and non-orientable surfaces.

• Sphere is orientable.

• Torus is orientable.

• Klein bottle is non-orientable.

• Real projective plane is non-orientable.

Note 3.14. To determine the orientability of a surface it suffices to find which one of the
surfaces above it is homeomorphic to. We can do this by the Classification theorem.

3.3 Embedding
Definition 3.15. A compact surface, M, can be embedded in R3 if there exists a
bijective map from M to R3.

Remark 3.16. It follows that the map h : M → Im(h) is a homeomorphism so, the surface
M is homeomorphic to the image of the map.

Definition 3.17. A surface M is orientable if it does not contain a subset U with U ∼= M
i.e. a subset homeomorphic to the Möbius strip.

Proposition 3.18. A surface embedded in R3 is orientable.

Example 3.19
The torus and the sphere can be embedded in R3. The Klein bottle and the projective
plane cannot be embedded in R3 because there are areas of self intersection. Other-
wise, for the Klein bottle it suffices to consider a rectangular piece in its polygonal
representation as shown below:

3.4 Triangulation
Definition 3.20. A triangulation T is a subdivision of a surace into triangles t such that:

• each edge of the triangulation belongs to at most two triangles;
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• given a vertex v, the set {t ∈ T : tshares the vertex v} forms a polygon homeomor-
phic to a closed disc;

• two triangles are either disjoint or meet in a common egdge or single vertex.
Theorem 3.21. Every surface can be given a valid triangulation.

Theorem 3.22
Any surface can be represented by a polygon.

Sketch of proof. Consider a triangulation for M. The triangles can be separated and
each given 3-letter word, where the letters at each edge are the same for triangles that
had adjacent edges. Now proceed as follows: re-assemble the triangles in a plane, at each
step pairing 2 edges, and canceling out the letters of edges that are now glued together.
The second condition of triangulation implies that the process will terminate by reaching
a polygon with a word on the boundary. Otherwise, an isolated vertex

would be reached, but this would contradict the condition, because removing this vertex
gives a disconnected region, whereas a punctured closed disk is still connected. At each
edge of this boundary, every symbol a occurs exactly twice (either as a or a−1 depending
on the order in which the re-assembling took place) because that symbol corresponds to
two triangles that were together in the original triangulation.

3.5 Connected sum of surface
Definition 3.23. Let M1 and M2 be two surfaces without boundary described as quo-
tients of polygons by words W1 and W2 without any letters in common. Their connected
sum is the surface M1#M2 defined by W1W2 (i.e. the operation is juxtaposition).
Lemma 3.24. Suppose that W1 and W2 have even length and no unpaird letter and
similarly for W ′

1 and W ′
2. If Wi ∼ W ′

i for i = 1, 2 then W1W2 ∼ W ′
1W

′
2.

3.6 Classification of surfaces without boundary

Theorem 3.25
Any connected compact surface without boundary M is homeomorphic to one of the
following:

• a sphere,

• a sphere with g ≥ 1 handles (a series of ‘torii’ with g holes) i.e. M ∼= T2# · · ·#T2.

• a sphere with h ≥ 1 crosscaps (h projective planes glued together) i.e. M ∼=
RP2# · · ·#RP2.
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Note 3.26. We have the following.

• Handles are cylindrical tubes attached to surfaces by cutting out a disc and gluing
a cylinder in its place, adding holes and increasing the genus.

• Crosscaps involve cutting a disc from a surface and reattaching it with a half-twist,
resulting in non-orientable surfaces like the Möbius strip or Klein bottle

Corollary 3.27
Equivalently, combinatorially, any connected compact surface without boundary with
a polygonal representation say, W . We can identify W with one of the following:

• a sphere A0 = aa−1;

• Ag = a1b1a
−1
1 b−1

1 · · · agbga−1
g b−1

g (connect sum of torii);

• Ch = c1c1 · · · chch (connect sum of real projective planes).

We call these above normal form.

Remark 3.28. C0 = ∅.

Note 3.29. (HMM) If a boundary word has repeated letters them it is not orientable has
it is equivalent to Ci for some i.

Example 3.30
We show that the Klein bottle is two projective planes ‘sewed’ together.

We can cut a diagonal in the polygonal represent of the Klein bottle and perform a
“cut and paste” operation as shown above.

3.7 Combinatorial surfaces
Definition 3.31. A combinatorial model of a surface is defined by a collection of
letters (which represent edges) and one or more words (which represent complete bound-
aries) involving these letters or their inverses so, each letter appears exactly twice overall
(if M has no boundary). We denote this data as 〈a1, a2, . . . | W1,W2, . . .〉 a presentation
of the surface.
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Proposition 3.32
The following operations on words result in homeomorphic surfaces:

name word word(s)
rotate aB ∼ Ba
reflect A ∼ A−1

cut or paste AB ∼ Ax−1 + xB
insert or fold A ∼ Axx−1

relabelling A ∼ r

We can also consider cyclic permutations of the word as that is equivalent to starting
from a different point or considering a different sense of reading (anti-clockwise).

Note 3.33. Geometrically when ‘pasting’ (or glueing) we need to ensure that the arrow of
the edges we are gluing point in the same direction.

3.8 Resolving boundary codes
Proposition 3.34. Let W and V be words with no letters in common inducing surfaces
M1 and M2. Then the word WV induces a surface homeomorphic to M1#M2.
Proof. The word Wx induces a surface homeomorphic to M1 \ D, where D is an open
disc. The construction of M1#M2 corresponds then to the surface whose word is given
by {Wx, x−1V }. Pasting these two words preserves homeomorphism type, so it follows
M1#M2 has word WV .

Note 3.35. What we did in the proof, is to cut a disc in each surface then glue them
together.

We use W1 ∼ W2 to indicate that two quotients are homeomorphic and use the symbol
‘+′ to unite codes arising from a disjoint union of polygons.

Proposition 3.36
We have that (aa)(bcb−1c−1) ∼ (c1c1)(c2c2)(c3c3).

Note 3.37. Recall that word juxtaposition is equivalent to the connect sum of surfaces.
We can let a = xy such that aa = xyxy the boundary code of the real projective plane.
Thus, the statement is RP2#T2 is homeomorphic to RP2#RP2#RP2.

3.9 Surfaces from knots
Note 3.38. The goal of this section is given a knot K, to contruct an orientable surface
M such that the bounadry ∂M = K.

Definition 3.39. Let K be a knot, chessboard it and replace the crossing with a ‘twisted
ribbon’. The resulting object is called the cloth surface of K.
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Example 3.40
Creating a surface with boundary L31:

However, this approach does not construct orientable surfaces as the surface we
have generated is one with a Mobius band with 3 twists which is homeomorphic to
M.

3.9.1 Seifert surface theorem

Theorem 3.41 (Seifert’s algorithm)
Let K be a knot. There exists a compact orientable surface M in R3 with ∂M = K.

Remark 3.42. When we say M lives in R3 we mean that the topology of it is the one
from the subspace topology from R3.

Proof. The proof is by construction and we illustrate the steps with the trefoil knot.
Begin by fixing an orientation to K. At each corssing, choose four points as follows:

p1, p2 from the over strand in such a way that p1 comes before the crossing point and p2
after the crossing, and similarly, choose q1, q2 points on the under strand such that they
come before and after the crossing respectively. Now smooth the crossing in such a way
that orientation is preserved (there is only one way of doing so).

After performing this for each crossing, one is left with a disjoint union of loops, called
Seifert circles.
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Consider each Seifert Circle ci as being contained in the plane z = zi, where each
height is different for every circle.

Now, introduce twisted strips such that for crossing p1, p2 are joined and so for q1, q2.
The surface is orientable because each Seifert circle is oriented in the same direction and
introducing the bands preserves the orientation when traversing from one circle to the
other. It is compact because I say so.

Note 3.43. Instead of the label p1, p2, q1, q2 label these points 1, 2, 3, 4 respectively. Then
pair 1 with 4 and 2 with 3.

3.10 Surfaces with boundary
Definition 3.44. A surface with boundary is a (Hausdorff) topological space such
that every point is contained in a subset that is homeomorphic to a closed disk in R2.

Proposition 3.45
The Mobius band can be described by the following:

abcb ∼ xxd ∼ zzudu−1.

Proof. We proceed as follows:
abcb ∼ abx+ x−1cb ∼ xab+ b−1c−1x ∼ xac−1x ∼ xxd

where d = ac−1. Equivalently, we can set ab = x−1 (as this is equivalent to a cut and
paste in abx+ x−1cb). To obtain teh other form we proceed as follows:

xxd ∼ xxdu−1u

∼ uxxdu−1 (y = ux ⇒ x = u−1y)

∼ yu−1ydu−1 (z = yu−1 ⇒ y = zu)

∼ zz(udu−1).
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Example 3.46
The Möbius band is a surface with boundary, it is described by the word abcb. In a
polygon this is

3.10.1 Cuffs

Definition 3.47. The trio udu−1 within a word (in which d, u do not appear elsewhere)
is called a cuff.

Note 3.48. The presence of a cuff indicates that one disk has been removed from the
surface.

Proposition 3.49
If a word W represent a surface, M, (with or without boundary) then Wudu−1

represents a surface that is homeomorphic to M minus an open disk (assuming that
u, d do no appear in W ).

Proposition 3.50
We have that RP2 \D ∼= M where D is an open disc.

Proof. Recall abcb ∼ xxd ∼ xxudu−1. Now udu−1 implies the cut of a disc and the
juxtaposition with xx which is RP2 implies the statement.

3.11 Classification of surfaces with boundary
If the boundary is empty, the prvious theorem asserts that we can convert W into one of
the the normal forms:

• Ag = (a1b1a
−1
1 b−1

1 ) · · · (agbga−1
g b−1

g ) for g ≥ 1 with A0 = aa−1.

• Ch = (c1c1) · · · (chch) for h ≥ 1.

To allow for boundary, we merely need to add one or more cuffs with groups of letters

Dr = (u1d1u
−1
1 ) · · · (urdru

−1
r ) for r ≥ 1 with D0 = ∅.
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Theorem 3.51 (Classification theorem)
Any connected compact surface with boundary (possibly empty) arises from a poly-
gon and a single word of exactly one of the following types:

• A0;

• Dr with r ≥ 1;

• AgDr with g ≥ 1 and r ≥ 0;

• ChDr with h ≥ 1 and r ≥ 0.

Remark 3.52. I want to now that the above are normal forms if and only if r = 0.

Remark 3.53. The integer r represents the number of boundary components and we set
Dr = ∅.

Lemma 3.54
Commutation relations.

• Let A1 = aba−1b−1 and let E be any string of letters not involving u, a and b.
One has uA1E ∼ A1uE.

• Let C1 = xx and let E be any string of letters not involving u and d. One has
uC1E ∼ C1uE.

3.12 Euler’s characteristic
Definition 3.55. Let M be a surface and let P and W be the polygon and word that
induce the surface respectively. Let V and E be the number of distinct vertices and
distinct edges of the polygon P (i.e. they are identified according to W ). The Euler
characteristic of M is

χ(M) = V − E + F.

Where F is the number of faces in the polygon(s) describing M.

Remark 3.56. If one polygon is used then F = 1 we do not count the outside region.

Note 3.57. The number of edges is given by the distict letter of the boundary code without
counting for their inverses.

Example 3.58
The sphere has Euler characteristic 2.
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Proposition 3.59. Let W ∼ V be two words ‘connected’ through word operations. The
Euler characteristic of the polygon associated to W is equal to the Euler characteristic
of the polygon associated with V .

Proof. We demonstrate this only for the operation of cutting and pasting, the other
operations are very straightforward. Now suppose W = AB is a word consisting of two
blocks of letters A and B. The claim is that χ(〈W 〉) = χ({Ax, x−1B}). But this is clearly
true because in this procedure we have added one edge, namely x to the entire system
and also we have gone from one face to two. These increments cancel each other out.

Proposition 3.60
Properties of the Euler characteristic.

• It is a topological invariant.

• The Euler characteristic is always an integer ≤ 2.

• χ(M1#M2) = χ(M1) + χ(M2)− 2.

• χ(M\D) = χ(M)− 1, where D is an open disc.

• χ(AgDr) = 2− 2g − r.

• χ(ChDr) = 2− h− r.

Proof. For the connected sum.
Connected sum corresponds to juxtaposition of words. In this process, F ′ decreases

from 2 to 1, the total number of (identified) letters stays the same. We also lose one
vertex because the start and end of each word (which were each a single vertex) become
one.

Theorem 3.61 (Classification theorem)
We have two cases.

• Let M1 nad M2 be two surfaces without boundary. We have that M1
∼= M2

if and only if χ(M1) = χ(M2) and they have the same orientability.

• Let M1 nad M2 be two surfaces with boundary. We have that M1
∼= M2 if

and only if χ(M1) = χ(M2) they have the same orientability and, the same
number of boundary components.

3.12.1 Counting vertices

If the surface M is the quotient of a 2n-gon with boundary code then χ = V − n + 1.
The integer V can be quickly evaluated by carrying out the identification of the boundary
code.
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Proposition 3.62
If the boundary code of a surface is in normal form and not aa−1 then V = 1.

Example 3.63
Let W = aba−1b−1cdc−1d−1. The squiggles indidicate that the vertices (points be-
tween letter) are equivalent:

Note when W is written linearly as above its ‘initial vertex’ will always be equiv-
alent to its ‘final vertex’.

Note 3.64. We have that the ‘beginning’ of the first letter is the ‘end’ of the last letter.

3.12.2 Euler characteristic of cloth and Seifert surfaces

Note 3.65. We encountered two types of surfaces and this section we see how to calculate
the Euler characteristic for each of them.

Proposition 3.66 (Cloth surface)
For a cloth surface the Euler characteristic is B − c where B is the number of black
regions and c the number of crossings.

Proposition 3.67
The Euler characteristic.

• Let M be a surface. Attach a “paper band” to M to obtain M̃ then, χ(M̃) =
χ(M)− 1.

• Let S be a Seifert surface with |σ| circles, bounded by a knot K with c crossings
then χ(S) = |σ| − c.

3.13 Genus of a knot
Definition 3.68. The genus g(K) of a knot K is the least genus of any orientable surface
that it bounds.
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Proposition 3.69
The genus is a knot invariant. Furthermore,

• If g(K) = 0 then K bounds a disk and is the unknot.

• g(K) is achieved by Seifert’s algorithm if the knot is alternating (but not in
general).

• g(K1#K2) = g(K1) + g(K2).

Proof. For the last one.
The number of boundary components sum up, so g(M1#M2) = g(M1)+g(M2).

Example 3.70
The Seifert surface of the Whitehead link has

χ = |σ| − c = 3− 5 = −2

= 2− 2g − r

Therefore, g = 1. We include r since Seifert surfaces by definition have 1 boundary
component.
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4 Introduction to Algebraic Topology
4.1 Paths in a topological space
Definition 4.1. Let X be a topological space and let a, b ∈ X. A path from a to b is a
continuous map γ : [0, 1] → X such that γ(0) = a and γ(1) = b.

Definition 4.2. We can define the ‘backwards path’ γ−1 by γ−1(s) = γ(1− s)

Definition 4.3. A loop (based at a) is a path in which a = b.

Theorem 4.4
Let α be a path from x0 to x1 and let β be a path from x1 to x2. Then αβ will denote
the concatenated path, defined by

s 7→

{
α(2s) if s ∈

[
0, 1

2

]
β(2s− 1) if s ∈

[
1
2
, 1
]

Note 4.5. We can think of this definition as the following. We want one path from [0, 1]
with beginning and endpoints x0 and x2 respectively. Therefore, we need to travel path α
at twice the speed to arrive in hald the time.

Remark 4.6. Concatenation of paths is NOT a composition.

Remark 4.7. We can define the concatenated paths αβγ as (αβ)γ or else divide it into
thirds.

4.2 Homotopy of paths
Definition 4.8. Let a, b ∈ X and let α and β be paths from a to b. We say α and β are
path homotopic if there exists a continuous mapping H : [0, 1]× [0, 1] → X such that:

• H(s, 0) = H0(s) = α(s);

• H(s, 1) = H1(s) = β(s);

• H(0, t) = Ht(0) = a;

• H(1, t) = Ht(1) = b.

We will use the notation α ≊ β or α ≊H β to denote this notion.

Note 4.9. We can think of t as the ‘time’ parameter of the deformation.
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We can represent path homotopies via the unit square since the domain of H is
[0, 1]× [0, 1]. As shown below.

s
t

α

β

a b

For t = 0 we have that H0(s) = α(s) hence this is the bottom edge, similarly the top
edge is given by H1(s) = β(s). Now, when Ht(0) = a which corresponds to the left edge
and similarly for the right edge we can consider Ht(1) = b. This is because we take the
origin to be the bottom left most corner of the square. The blue lines represent the paths
(deforming) between α and β.

Proposition 4.10
Path-homotopy is an equivalence relation on the set of all paths from a to b.

Proof. We prove the axioms of an equivalence relation.

• Reflexive – α ≊ α: let H(s, t) = α(s) for all t.

• Symmetric – α ≊F β ⇒ β ≊H α: let H(s, t) = F (s, 1− t).

• Transitivity: we have that α ≊F β and β ≊G γ. We need to find a path homotopy
H such that α ≊H γ. To do, we can consider to unit square stacked on top of each
other:
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This is now a rectangle with height 2 which violates the requirements to be the
domain of a homotopy. To rectify, this problem we can squash down the figure and
define a homotopy which travels vertically at twice the ‘speed’ to reach β. Thus,
the homotopy is as follows:

H(s, t) =

{
F (s, 2t) if t ∈

[
0, 1

2

]
G(s, 2t− 1) if t ∈

[
1
2
, 1
]
.

To show that H is continuous it suffices to show that if C is a closed subset of X
then H−1(C) is a closed subset of [0, 1].

Proposition 4.11
If α ∼F β and α′ ∼G β′ then αβ ∼ α′β′.

Remark 4.12. By αβ we mean the concatenation of paths.

Note 4.13. In the next section when defining the fundamental group this proposition
implies the closure axiom.

Proof. We need a homotopy H such that αβ ≊H α′β′. To find such a homotopy we
employ a previous trick: the square domains. Consider the following figure

Like before, we need to squash down this domain to a unit square. This is achieved
by travelling twice the speed on the s-axis for F . Therefore,

H(s, t) =

{
F (2s, t) if s ∈

[
0, 1

2

]
G(2s− 1, t) if s ∈

[
1
2
, 1
]
,

noting that F (1, t) = x0 = G(1, t).
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4.3 The fundamental group
Definition 4.14. The set of all homotopy classes of loops at a given base point x0 ∈ X
is denoted by

π1(X, x0) = {[α] : α is a loop based at x0}.

Proposition 4.15
The set π1(X, x0) with multiplication [α][β] = [αβ] is a group. We call this the
fundamental group.

Proof. We prove the group axioms.

• Associativity (i.e. (αβ)γ ≊H α(βγ)). We need to find such an H. To do so we
consider the unit square

On the bottom, we are travelling α and β for 1/4 of the time then 1
2

of the time we
spend travelling γ. Whereas, on the top we travel α for 1

2
the time then β and γ

for a 1/4 of the time. To find a homotopy, we need to find the slope of each line as
this will determine the length of the interval and the domain of s for each path (by
rearranging t = ms+ c the equation of the line). Since they must be paths we need
to scale and shift the domain of the paths to restrict them to [0, 1]. To do this, we
reparametrise them by s 7→ u(s) where

u(s) =
s− start(t)

end(t)− start(t)
.

Doing so we have the following homotopy:

H(s, t) =


α
(

4s
1+t

)
if s ≤ 1

4
(1 + t)

β(4s− 1− t) if 1
4
(1 + t) ≤ s ≤ 1

4
(2 + t)

γ
(
4s−2−t
2−t

)
if 1

4
(2 + t) ≤ s ≤ 1.

• Identity: The identity element is the constant path ε(s) = x0. If α is a path εα
corresponds to travelling along α twice the speed and then standing still for the
remaining time.

• Inverse: The inverse of a path is travelling backwards which is given by α(1 − s).
We provide the explict stuff below.
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4.4 Properties of the fundamental group
It is natural to doubt the independence of π1(X, x0) based on the choice of x0. But there
is nothing to worry about. Indeed:

Proposition 4.16
Suppose that X is a path connected topological space and let x0, x1 ∈ X and let σ
be a path from x0 to x1. The map

ϕσ : π1(X, x0) → π1(X, x1)

[α] 7→ [σ−1ασ]

is a well-defined map and an isomorphism.

Remark 4.17. This allows us to refer to the fundamental group π1(X).

Proof. The homomorpshim proof is trivial. For bijectivity, the inverse map is given by
α 7→ σασ−1.

37



Francesco Chotuck 6CCM327A Geometric Topology

Lemma 4.18. For the path defined above, we have the following results:

• If α ≊ α′ then σ−1ασ ≊ σ−1α′σ.

• σ−1(αβ)σ ≊ (σ−1ασ)(σ−1βσ).

Proof. This is clear since σ ≊ σ etc.

4.5 Functoriality
Note 4.19. In this section we discuss the following idea, suppose X and Y are topological
spaces and f : X → Y is a continuous function, can we relate the fundamental groups of
X and Y ?

Definition 4.20. Suppose that X and Y are topological space and f : X → Y is
continuous. The induced mapping on the fundamental group is

f∗ : π1(X, x0) → π1(Y, y0), where y = f(x0)

[α] 7→ [f ◦ α].

Lemma 4.21. Some properties:

• f∗ is a group homomorpshim;

• id∗ = id;

• (g ◦ f)∗ = g∗ ◦ f∗.

Corollary 4.22
If X is homeomorphic to Y then π1(X) ∼= π1(Y ).

Remark 4.23. The converse is not true, as the fundamental groups of a point and sphere
are both trivial but clearly not homeomorphic.

Corollary 4.24. If X is homeomorphic to Y (often written X ≈ Y ) then π1(X) ∼= π1(Y ).

4.6 Simply-connected spaces
Definition 4.25. A topological space X is simply-connected if it is path-connected
and π1(X) = {e} (i.e. the fundemental group is trivial).

Example 4.26. The space Rn homotopic to a point.
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4.7 Fundamental group of a graph

5 Covering spaces
Definition 5.1. Let Z and X be topological space. The map p : Z → X is said to be
a covering map if each point x ∈ X lies in some open set U for which the pre-image
p−1(U) is a disjoint union of open subsets Vi of Z such that the map p |Vi

: Vi → U is a
homeomorphism.

Note 5.2. The Vi are sheets of the covering and for each x ∈ X the set p−1(x) is called
the fibre of x.

Proposition 5.3. We can say X is a quotient of Z since this map must be surjective by
definition. Moreover, the topology on X is precisely the quotient topology Z/ ∼ where
x ∼ y if p(x) = p(y).

Example 5.4
Some examples:

• p : R → S2 defined by p(s) = e2πis = (cos 2πs, sin 2πs);

• p : S1 → S1 where p(z) = zk and |z| = 1 for z ∈ C and k ∈ Z;

• Let S̃n = {[v] : v ∈ Sn} wehre v ∼ v′ if v = −v′. This corresponds to the
topological space of 1-dimensional linear subspaces of Rn. So Sn is a double
cover of S̃n in the sense that p : Sn → S̃n is a 2 : 1 map. The quotient Sn/ ∼
is the definition of RPn.
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Note 5.5. From now on ‘map’ means ‘continuous mapping’.

Definition 5.6. Given a covering map p : Z → X and a continuous map f : Y → X, a
lift of f is any map f̃ : Y → Z such that

f = p ◦ f̃

That is, it makes the following diagram commute (at any point you start you reach the
same endpoint).

Proposition 5.7
Given a covering map p : Z → X and a map f : Y → X if Y is connected then, any
two lifts f1, f2 : Y → Z that agree on one point are equal.

Note 5.8. That is, if f1(y0) = f2(y0) for some y0 ∈ Y then f1 ≡ f2.

Proof. Suppose f1(y0) = f2(y0) for some y0 ∈ Y . Consider the subset

A = {y ∈ Y : f1(y) = f2(y)} ,

clearly, y0 ∈ A. Let y ∈ A then f1(y) ∈ Vi for some i. Sice p : Vi → U is a bijection we
have that f1 and f2 must agree on the entire open set so

f−1
1 (Vi) = f−1

2 (V1) = f−1(U).

It follows that A is an open subset of Y and that Y \ A is also open since Y = A is
connected.
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Theorem 5.9
Fix x0 ∈ X and z ∈ p−1(x0). Let α, β : [0, 1] → X be equivalent loops based at x0

(i.e. α ≊ β). Then

1. α has a unique lift α̃z : [0, 1] → Z such that α̃(0) = z.

2. Let F : [0, 1] × [0, 1] → X be the path homotopy for α ≊F β then, F has a
unique lift F̃ : [0, 1]× [0, 1] → Z such that F̃0 = α̃z.

Equivalently, the following diagrams commute

Z Z

[0, 1] X [0, 1]× [0, 1] Xα

∃!α̃z
p

F

∃!F̃
p

Note 5.10. We have applied the proposition above to Y = [0, 1] and f = α (a loop or
path).

Corollary 5.11. The endpoint α̃z(1) of Z depends only on the class [α] of α in π1(X, x0),
so fixing z determines a map π1(X, x0) → p−1(x0).

6 Groups acting on sets
Definition 6.1. Let G be a group and Ω any set. A right action of G on Ω is a mapping

Ω×G → Ω

(z, g) 7→ z · g

such that

• z · e = z,

• z · (gh) = (z · g) · h for all z ∈ Ω and g, h ∈ G.

Remark 6.2. If |Ω| = n this means that there is a group homeomorphism G → Sn.

Definition 6.3. Fix z ∈ Ω then Gz = {g ∈ G : z · g = z} is a subgroup of G, called the
stabiliser of z.

Lemma 6.4. If g 7→ z · g it identfies the set {Gzg : g ∈ G} of right cosets in Ω.

41



Francesco Chotuck 6CCM327A Geometric Topology

Theorem 6.5 (Action of π1 on a fibre)
Let p : Z → X be a covering map. Fix x0 ∈ X and set

G = π1(X, x0)

Ω = p−1(x0).

1. Setting z · [α] = α̃z(1) defines a right action of G on Ω.

2. If z ∈ p−1(x0), the induced homomorphism p∗ : π1(Z, z) → π1(X, x0) is injec-
tive.

3. The stabiliser {[α] : z · [α] = z} is precisely the subgroup p∗(π1(Z, z)) of G.

4. the map defined in (1) is surjective if Z is path-connected.

5. the map defined in (1) bijective if Z is simply connected.

Proof. We prove each statement in turn.

1. Trivial.

2. Suppose γ is a loop in X̃ that projects to p ◦ γ which is homotopic F to ex0 , the
constant loop. We know this homotopy lifts uniquely to a homotopy F̃ of paths in
X̃. As we have seen in the proof of the previous proposition, if two paths α ∼ β
in X are homotopic via F then their respective unique lifts α̃, β̃ are homotopic in
X̃ via F̃ . This means that γ is homotopic via F̃ to the constant loop x̃0. Hence p∗
has a trivial kernel.

3. Fix a z ∈ p−1(x0) and suppose [α] is a loop in X based at x0 such that its lift
α̃z(s) starts and ends at z. Clearly this loop projects down to α so [α] ∈ Im(p∗).
Conversely, suppose [α] ∈ Im(p∗), i.e.: there exists some α̃z(s) a loop in X̃ that
projects down to α. Thus the action of [α] on z, i.e., z · [α] is equal to the endpoint
of α̃z(s), which was z so [α] belongs to the stabiliser.

4. Suppose z′ ∈ p−1(x0) is given. Choose a path σ from z to z′ in X̃. The loop
α = p ◦ σ is based at x0. By uniqueness of path lifting, α̃z = σ so α̃z(1) = z′.

5. To show bijectivity in case of X̃ being simply connected, we note that if z·[α] = z·[β],
by definition of action, we see that z · [αβ−1] = z so [αβ−1] ∈ Stab(z). Note that
Stab(z) is isomorphic to π1(X̃) = {1}, which implies [α] = [β]. □

6.1 Fundamental group of a circle

Corollary 6.6
π(S

1, 1) ∼= Z ∼= F1.
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Proof. We apply the theorem above with the covering map

p : R → S1 ⊂ C
s 7→ (cos(2πs), sin(2πs))

we fix the point (1, 0) ∈ S1 and notice that the fibre p−1((1, 0)) = Z. The path s 7→ sn
in R projects to the loop αn : s 7→ exp(2πisn) in S1 adn 0 · [αn] = n.

6.2 Example of covering spaces
6.2.1 Torus to Klein bottle

Proposition 6.7
Consider the torus and the Klein bottle as quotients of the unit square with their
respective boundary codes. Let the quotient maps be

qT : [0, 1]× [0, 1] → T and qK : [0, 1]× [0, 1] → K

respectively.
The map p : T → K defined by

p(qT (s, t)) =

{
qK(2s, t) if s ≤ 1

2

qK(2s− 1, 1− t) if s ≥ 1
2

is a double covering space.

Proposition 6.8
π1(T, x0) ∼= π1(S1 × S1) ∼= Z2.

6.2.2 Sphere and real projective plane

As we saw before, Sn is a double cover of RPn. Given a point x0 ∈ RPn, its fiber consists
of two elements, namely x0 and −x0. This also holds for what we have understood so
far as RP2. Noting that S2 is simply connected (This is also true if n > 2), it follows
that there is a bijection between elements of π(RP2, x0) and {x0,−x0}. There is only one
group of order 2, hence

π1(RP2) ∼= Z/2Z

7 Free Groups
We know what a free group is.

Theorem 7.1. The free group on one generator (letter) is the infinite cyclic group

F1 = 〈x〉 = {xn : n ∈ Z} ∼= (Z,+).

43



Francesco Chotuck 6CCM327A Geometric Topology

Definition 7.2. Let G and H be groups. The free product G ∗ H is a group whose
elements are of the form

g1h1g2h2 · · · where gi ∈ G and hi ∈ H.

Example 7.3. The free group with two generators is

F2 = F1 ∗ F1 = 〈a, b〉.

In contrast, the Cartesian product F1 × F1 is not free.

7.1 Group presentation
Definition 7.4. A commutator of a, b denoted by [a, b] = aba−1b−1.

Definition 7.5. Presentation of group – trivial from project. From 〈X | R〉 we call
elements of R relators.

Theorem 7.6. We have that [b, a] = [a, b]−1 and [a, b−1] = b−1[b, a]b.

Theorem 7.7. Any group G ∼= F/N where F is a free group and N is the smallest
normal subgroup containing all the relators.

Proposition 7.8 (Nielsen-Schreier)
We have the following:

1. Any subgroup of a free group is free, but in general any of the relators will not
generate N .

2. If Fn/N is finite of size i then N ∼= Fi(n−1)+1.

Example 7.9
Let K be a (left or right) trefoil knot in R3. The Wirtinger presentation of G =
π1(R3 \K) is given by

G = 〈α, β, γ | α−1βαγ−1, β−1γβα−1, γ−1αγβ−1〉,

with one relation for each crossing. We can simplify the relation by eliminating γ
and settign a = αβ and b = αβα to obtain

G = 〈a, b | a3b−2〉.

8 The Van Kampen Theorem
Note 8.1. Before stating the theorem we intrdouce a definition of the wegde sum.
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Definition 8.2. Let X and Y be topological spaces with x0 ∈ X and y0 ∈ Y . The
wedge sum of X and Y is

X ∨ Y = (X t Y )/ ∼
where ∼ is the equivalence relation which identifies x0 with y0 and vice versa.

Note 8.3. In simpler terms, think of the wedge sum as a way of combining two spaces
by sticking them together at a single point. Imagine you have two separate shapes, like a
circle and a triangle. The wedge sum lets you join them together at one point, like gluing
the tip of the triangle to the edge of the circle.

Example 8.4

8.1 Homotopy of maps and spaces
Definition 8.5 (Homotopy of maps). Two maps f0, f1 : X → Y are homotopic, de-
noted by f0 ' f1 if there exists a map

H : X × [0, 1] → Y such that H(x, 0) = f0 and H(x, 1) = f1.

Definition 8.6 (Homotopy of spaces). Let X,Y be path-connected. The spaces X,Y
are called homotopic, denoted by X ' Y if there exists maps f : X → Y and g : Y → X
such that

g ◦ f ' idX and f ◦ g ' idY .

Definition 8.7. Let X,Y be path-connected. If X ⊂ Y then X is called a (strong)
deformation retract of Y if f is the inclusion map,

g ◦ f ' idX and f ◦ g ' idY

with homotopy H(t, x) = x for all x ∈ X.
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Example 8.8
S1 is a deformation retract of C\{0}. We can take g(z) = z

|z| and H(z, t) = (1−t)z
|z| +tz.

Proposition 8.9
If X ' Y then π1(X) ∼= π1(Y ).

8.2 The theorem
The Van Kampen theorem will allow us to compute the fundamental group of a space
which is the union of two open subsets U, V with path-connected intersection. We can
express these conditions with the following commutative diagram:

These maps are continuous and so by the functoriality of the fundamental group they all
induce group homomorpshims:

Theorem 8.10 (Seifert-Van Kampen)
Let X = U ∪ V be a topological space where U, V and U ∩ V are non-empty, open
sets. Let K = π1(U ∩ V ).

1. If U ∩ V is simply-connected then π1(X) ∼= π1(U) ∗ π1(V ).

2. If U ∩ V path-connected then

π1(X) ∼= π1(U) ∗K π1(V ) = (π1(U) ∗ π1(V ))/N

where N is the smallest normal subrgoup containing all elements i∗(k)−1j∗(k)
for k ∈ K.
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Example 8.11 (VK2)
Take X = T . Let o be the centre of the square P , ô its image in T = P̂ , and
U = T \ {ô}. Then U retracts to the boundary ∂P of the unique face of T , and

U ' ∂P ⇒ π1(U) ' π1(∂P) ' F2.

Now take V to a small open disk (or square) containing ô. Then U∩V is homotopic
to ∂P and a circle, and i∗ maps the generator of π1(U ∩ V ) to the class aba−1b−1 in
π1(U), whilst π1(V ) = {e} is trivial. Therefore N is the smallest normal subgroup of
π1(U) ∗ π1(V ) containing aba−1b−1, and π1(T ) ' 〈a, b | aba−1b−1〉.

Example 8.12 (VK2)
In the description of a torus T as the quotient of a square P , its boundary ∂P maps
to the ‘wedge’ S1 ∨ S1 of two circles, homeomorphic to the figure-eight. Call this
space X.

The circles can be enlarged into open sets U, V with U ' S1, and U ∩ V a ‘cross’.
This cross is homotopic to a point: the arcs can be continuously shortened until the
figure has been collapsed to the central vertex v. This point is a deformation retract
of the cross; one says that U ∩ V retracts to v.

Then VK1 and the previous proposition imply that

π1(S
1 ∨ S1) ' π1(S

1) ∗ π1(S
1) ' F1 ∗ F1 = F2.

If we regard the figure-eight X as a graph, then {v} is itself a minimal spanning tree
(MST). It’s a general result that the fundamental group of a graph is isomorphic to
Fn, where n = E − (V − 1) is the number of edges not in a MST.

8.3 The fundamental group of spheres

Theorem 8.13
We have that Sn is simply connected if n ≥ 2 i.e. π1(S

n) ∼= {e}.

Proof. One proof exploits the fact that Sn minus a point is homeomorphic to Rn. Any
loop in Sn can then be regarded as a loop in Rn based at the origin, and H(s, t) =
(1− t)α(s) deforms it to the constant loop.

Fix n ≥ 2. Then Sn is the union of 3/4-spheres

U =

{
(x1, . . . , xn+1) :

∑
x2
i = 1, xn+1 ≥ −1

2

}
V =

{
(x1, . . . , xn+1) :

∑
x2
i = 1, xn+1 ≤

1

2

}
,

each homeomorphic to a disk, and simply connected. The ‘equator’ xn+1 = 0 can be
identified with Sn−1, and is path-connected for n ≥ 2. By Theorem vK2, π1(S

n) is a
quotient of the free group F = π1(U) ∗ π1(V ) = {e}, and therefore trivial.
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Remark 8.14. If we accept that S2 is simply connected, we can deduce by induction that
Sn is for n ≥ 3, using only vK1. For the equator Sn−1 above is a deformation retract of
U ∩ V . So now all of U , V , U ∩ V are simply-connected for n ≥ 3.
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8.4 The fundamental group of a surface of genus 3

8.5 Summary for fundamental groups of surfaces
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Proposition 8.15
If the surface M

• is an orientable surface of genus g with no boundary then

π1(M) ∼= 〈a1, . . . , ag, b1, . . . , bg | Ag〉.

It is abelian ⇐⇒ g = 0, 1 i.e. it is the surface is the sphere or torus.

• is a non-orientable surface with χ = 2− h with no boundary then

π1(M) ∼= 〈c1, . . . , ch | c21 · · · c2h〉.

It is abelian (and finite) ⇐⇒ h = 1 i.e. the surface is the projective plane.

• is an orientable surface of genus g with r = 1 boundary component

π1(M) ∼= 〈a1, . . . , ag, b1, . . . , bg, d | Agd〉
∼= 〈a1, . . . , ag, b1, . . . , bg〉
∼= F2g.

Note 8.16. For the last one, that is because d = (Ag)
−1.

9 Knot groups
Note 9.1. Let K be a knot in space, the aim of this section is to describe π1(R3 \K).

Definition 9.2. We call the set R3 \K the knot complement which is a 3-manifold.

Proposition 9.3. π1(R3 \ S1, x0) ∼= F1

Proof. Let U be an unknot represented by S1 ⊂ R2 ⊂ R3 and fix a basepoint x0. An
obvious element of π1(R3 \ S1, x0) is [α1] where α1 is a loop wrapping around S1 once.
Therefore, the statement is intuitively clear. Or we can use the Van Kampen theorem to
show that

π1(R3 \ S1) ∼= π1(S
3 \ S1)

∼= π1(S
1).

Theorem 9.4
If K is knot and π1(R3 \K) ∼= F1 then K is ambient isotopic to an unknot.

50



Francesco Chotuck 6CCM327A Geometric Topology

Proposition 9.5
The knot group is generated by the loops α1, . . . , αc subject to any c − 1 of the
crossing relations

[αi][αj][αi]
−1 = [αk]

where c is the number of crossings (hence, arcs) of a knot diagram.

Proposition 9.6. For a torus knot type (p, q) (gcd(p, q) = 1) we have π1(R3 \ K) ∼=
〈a, b | apb−q〉.

Example 9.7
The trefoil is a torus knot (p, q) = (3, 2).

Example 9.8. What a torus knot looks like:
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Appendix

A YouTube Material
Richard Hepworth

B Left and Right Trefoil Knot
Below is an image of the LEFT trefoil knot

Below in an image of the RIGHT trefoil know
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