Classical Dynamics Notes

Francesco Chotuck

Abstract

This is KCL undergraduate module 5CCM231, instructed by Christopher P.
Herzog. The formal name for this class is “Classical Dynamics”.

Contents
Basics

1 Scalars & Vectors
1.1 Scalar product . . . . . ..
1.2 Vector product . . . . . . ...
1.3 Triple product . . . . . . . . ..
1.3.1 Scalar triple product . . . . . ... ...
1.3.2  Vector triple product . . . . . . .. ...

2 DMatrices
2.1 Orthogonal matrices . . . . . . . . . . ... ...

3 Tensors
3.1 e-tensor . . . . ...
3.2 Kronecker 6 function . . . . . . . ...
3.3 Vector identities . . . . . . . . . . ..

4 Derivatives
4.1 Thechainrule. . . . . . . . .

5 Coordinate systems
5.1 Polar coordinates . . . . . . . .. ..
5.2  Cylindrical coordinates . . . . . . . . . ... ...
5.3 Spherical coordinates . . . . . . . ...

6 Ordinary differential equations
6.1 Firstorder. . . . . . . ..
6.2 Second order . . . . .. ...
6.3 Coupled equations . . . . . . ...

Newtonian mechanics of a single particle

o IR SL IR, BTSN

co o Co QO =]

o ©



Francesco Chotuck

5CCM231 Classical Dynamics

7 Newton’s Laws

7.1 Newton’s Laws of motion . . . ... .. ..
7.2 Linear momentum . . . .. ... ... ...

7.2.1 Collision theory . . . . . .. ... ..
7.3 Friction . . . ... .. ... ...,

8 Angular motion

8.1 Angular momentum and torque . . . . . . .
8.2 Conservation of angular momentum . . . . .
8.3 Circular motion . . . . .. . ... ... ...

9 Central forces

10 Energy

10.1 Defining energy . . . . . . . .. ... .. ..
10.2 Conservative forces . . . . . . ... ... ..
10.3 Conservation of energy . . . . . . . . .. ..
10.4 Effective potentials . . . . . . ... ... ..

11 Planetary motion

11.1 The Law of Gravitation . . ... .. .. ..
11.2 Kepler's Laws . . . . . .. ... ... ....

12 Solving one dimensional dynamics
Multi-particle systems

13 Configuration of a multi-particle system

13.1 Centre of mass . . . . . . . . . . . .. ...

14 Energy

14.1 Defining energy . . . . . . . . . ... .. ..
14.2 Conservation of energy . . . . . . . . .. ..

15 Angular motion

15.1 Linear momentum . . . . . ... ... ...
15.2 Angular momentum and torque . . . . . ..
15.3 Motion relative to the centre of mass . . . .

15.3.1 Angular motion . . . . . . ... . ..

16 Rigid body motion

16.1 Rotation of rigid bodies . . . . . .. .. ..
16.2 The moment of inertia tensor . . . . .. ..
16.3 Parallel axes theorem . . . . . . . . . .. ..
16.4 Kinetic energy of a rotating body . . . . . .

17 Gyroscopes

18 The two body problem

18.1 From two body to one body problem . . . .

16

................ 16
................ 16
................ 17
................ 17

18

................ 18
................ 18
................ 19

20

21

................ 21
................ 22
................ 23
................ 24

25

................ 25
................ 25

27

29

29

................ 29

29

................ 29
................ 30

31

................ 31
................ 32
................ 33
................ 34

35

................ 36
................ 36
................ 38
................ 38

40

41

................ 42



Francesco Chotuck

5CCM231 Classical Dynamics

Analytical mechanics

19 Lagrangian mechanics

19.1 Generalised coordinates . . . . . . . .. ...
19.2 Constraints . . . . . .. .. .. ...

19.2.1 Unconstrained systems . . . . . . . ..

19.2.2 Constrained systems . . . . . . . . ..
19.3 The Lagrangian . . . . . . . . ... ... ...
19.4 The principle of least action . . . . . .. . ..
19.5 Conjugate momenta . . . . .. .. ... ...

19.5.1 Conservation of conjugate momenta

19.6 Symmetries . . . . ... ..o
19.7 Noether’s theorem . . . ... ... ... ...

19.7.1 Symmetry and conservation principles

19.8 Symmetry in the potential . . . . . . . . . ..
19.8.1 2-dimensional . . . . . . . . ... ...
19.8.2 3-dimensional . . . . . . ... .. ...

20 Hamiltonian Mechanics

20.1 Legendre transforms . . . .. ... ... ...
20.2 Hamilton’s equations . . . . . . . ... .. ..
20.3 Properties of the Hamiltonian . . . . . . . . .
20.4 Hamiltonian phase space . . . . . ... .. ..

20.4.1 The phase fluid . . . . ... ... ...
20.5 Poisson brackets . . . . ... ... ...
20.6 Canonical transformations and symmetries . .

20.7 Noether’s theorem - Hamiltonian formulation
20.8 Liouville’s theorem and Poincare Recurrence

Appendix

A

B

REMINDER
Multivariable Taylor theorem

Line integrals

C.1 Line integral of a vector field . . .. ... ..

Stuff
Diagonalisation

Links

45

66

66

66

66

............... 66

67

68

68



Francesco Chotuck 5CCM231 Classical Dynamics

Basics

1 Scalars & Vectors

Definition 1.1. A scalar is a single number, the value of which everyone agrees on.

Definition 1.2. A vector in R? is a triplet of numbers for example,

Note 1.1. In these notes I shall use index notation v*,a = 1,2, 3 for the component of a
vector v. In particular

Theorem 1.1. For vectors, we can set up a coordinate basis
v =xe; +ye, + ze,

where the values of v, v2, v depend on the choice of basis.

1.1 Scalar product

Definition 1.3. The scalar product (a.k.a. dot product and inner product) is a map
that takes two vectors into a number and is defined as:

Uy V2 = 12 + Y1Y2 + 2122
Theorem 1.2. A geometric interpretation of the scalar product is:

a-b=|a||b|cosb.

Theorem 1.1

Properties of the scalar product:
1. Symmetric: a-b=1>5"-a.
2. Distributive: a- (b+c¢)=a-b+a-c.
3. Positive definite: v - v > 0 with equality if and only if v = 0.
4. If property (3) holds then |v| = /v - v.

1.2 Vector product

Theorem 1.3. A plane in three-dimensions has a normal vector, i.e. a vector which
is orthogonal to every vector in the plane.



Francesco Chotuck 5CCM231 Classical Dynamics

Definition 1.4. The cross product of two vectors a and b is defined (only in 3D
space), as a vector ¢ that is orthogonal (perpendicular) to both a and b, the direction of
which is defined by the right-hand rule.

Theorem 1.4. The cross product is defined by the formula
a xb=|al|b|sindn.

The vector m is a unit vector perpendicular to the plane containing a and b, in the
direction indicated by the right-and rule.

Definition 1.5. The right-hand rule is defined as by the figure below:

Figure 1: Right-hand rule

* axb

b)\ J
L=

Theorem 1.2

Some fundamental properties of the vector product:
e v X v =0
o anti-symmetry: v X w = —(w X v);

o orthogonality: v (v X w) =w - (v X w) = 0.

Theorem 1.5. The value of |a x b| represents the area of a parallelogram with a as its
base and b as the slant height.

1.3 Triple product
1.3.1 Scalar triple product

Definition 1.6. The scalar triple product of three vectors:
a-(bxc)

which yields a scalar.
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Theorem 1.6. Geometrically a - (b x ¢) results in the volume (more accurately the
absolute value gives the volume) of a parallelepiped with sides defined by a,b and ¢ as
labelled in the figure below.

Theorem 1.3

The scalar triple product can be written
a-(bxe)=c-(axb)=b-(cxa),

that is, cyclic permutations of the vectors a, b and c in a triple scalar product leaves
its value unchanged.

1.3.2 Vector triple product
Definition 1.7. The triple vector product is an expression of the form
ax(bxc)

which yields a vector.

Theorem 1.4

The vector triple vector product can be written as

ax(bxe)=(c-a)b—(b-a)c.

Note 1.2. A helpful way to remember is that the triple vector product is equal to
‘CAB-BAC..

2 Matrices

Definition 2.1. (In this course) Matrices are linear maps M : V. — V where V is a
vector space. The linearity means that

M (ary + bry) = aM(ry) + bM(7s).
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Theorem 2.1
The k'™ entry of Aw is the dot product of the k" row of A with wv:

n
(A’U)k = E ag;V; = Ak1U1 + AgaVe + ++ - + AgpUn.
J=1

Theorem 2.2 (Matrix multiplication)
If A= (a;;) and B = (b;;) then C = AB = (c¢;;) where

n
Cij = E aikbkj
k=1

such that t=1,...,mand j=1,...,p.

Proof. Considering one arbitrary element on position (i, 7):

ay - a, Cii o eeocy e Chp
biy - by - by

a1 — Qi | - S AR =1 ca Cij Cip |
bui oo by oo by

Ami Gy Crl 0 Cmj t Cop

with element ¢;; equal to:
Cij = Ai1b1j + aiobaj + -+ + @by

In the sum above, the left index is always i (the i*" row of A) and the right index is always
j (the j*® column of B). The inner indices run from 1 to n so, we can use a summation
index [ and write this sum as .
Cij = Z aikbk]—.
k=1

This gives us the element on position (7, 7) in the product matrix C' = AB therefore, C'
is defined by letting i =1,...,mand j=1,...,p. ]
2.1 Orthogonal matrices

Definition 2.2. An orthogonal matrix is one which is equal to its transpose i.e.

o' =0.

Theorem 2.3

Properties of orthogonal matrices:
« OO0 =1,

e Orthogonal matrices leave the scalar product between two vectors invariant i.e.
(Ov) - (Ow) =v-w.
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Example 2.1

An example of orthogonal matrices are rotation matrices:

cos@ —sinf 0
O=|sinf cosf 0O
0 0 1

3 Tensors

3.1 e-tensor

Definition 3.1. In three dimensions, the e-tensor (or the Levi-Civita symbol) is defined
by
1 if (4,4,k) = (1,2,3),(2,3,1),(3,1,2)
ek =4 —1 if (i,7,k) =(1,2,3),(2,3,1),(3,1,2)
0  otherwise.

Note 3.1. That is g;, = 1 if (i,7,k) are a clockwise (or even) permutation of (1,2,3)
whereas, ¢;;, = —1 if (4, j, k) are an anti-clockwise (or odd) permutation of (1,2,3) and 0
if any of the indices are the same.

3.2 Kronecker § function

Definition 3.2. The Kronecker delta function is defined as
0 ifi#j
0ij = e
1 ifi=y.

I Note 3.2. The function, J;;, can also be thought as the identity tensor.

3.3 Vector identities

Theorem 3.1

The i*" component of the resultant vector of the cross product is given by

(a X b)i = Z ZSijkajbk-

3
j=1 k=1
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Note 3.3. By the i*" component we mean

(a X b)l
(axb)= ((a X b)g) .
(a X b)g

4 Derivatives

4.1 The chain rule

Definition 4.1. Given a function z = f(uy, us, . .., u,) the differential, dz or df is given
by
of of of
df = ——d ——d s+ ——du,.
f aul ULt aUQ uz ¥ + 8un Y

I Note 4.1. We can use ¢ instead of d in differentials.

Theorem 4.1 (Multivariable functions)
Suppose z = f(uy(t), us(t),...,u,(t)) then

dz 0z duy 0z dusg

0z duy,

dt — Ouy dt +6u2 dt +.“+6un dt

Theorem 4.2 (Paths)
Let f:R™ - R and r: R — R™. Then

d .
S (O] = VA (©) - #(0)

5 Coordinate systems

5.1 Polar coordinates

xY
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Consider a point (z,y) in the Cartesian coordinate system, in the polar coordinate
system this point can be represented by an ordered pair (r,6), where r is the length of
distance from the origin to the point and € is the angle between the positive x-axis and
the line segment from the origin to the point; this is better illustrated in the figure above.

Theorem 5.1

Given a point P in the plane with Cartesian coordinates (x,y) and polar coordinates
(r,0), the following hold true

r=rcosf) and y=rsind

r?=2>+y? and tanf = -
xz
5.2 Cylindrical coordinates
z
P, y. 2)
/:(r, 0,z)

Definition 5.1. In the cylindrical coordinate system a point in space is represented
by the ordered triple (r, 6, z) where

o (r,0) are the polar coordinates of the point’s projection in the zy-plane;

e 2 is the usual z-coordinate in the Cartesian coordinate system.

10
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Theorem 5.2

are related as follows:

The Cartesian coordinates (x,y, z) and the cylindrical coordinates (r, 6, z) of a point

x =rcosf
y =rsinf
z=1z
and
T2 — (E2 4 y2
tanf = 2
x
z=z.
5.3 Spherical coordinates
Z

Definition 5.2. In the spherical coordinate system, a point in space is represented

by the ordered triple (r, 0, ¢) where

o 7 is the distance between the point and the origin;

o 6 is the angle formed by the positive z-axis and the line segment from the origin to

the point;

e ¢ is the same angle used to describe the location in cylindrical coordinates.

11
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Theorem 5.3
The coordinates (r,0, ¢) for

re (0,00), 0€(0,m) ¢e€(0,2nm),

are expressed as
x = rsinfcos ¢

y = rsinfsin ¢
z = 1rcosf.

in Cartesian coordinates.

6 Ordinary differential equations

6.1 First order

Theorem 6.1. Explicit equations are solved by direct integration i.e. the solution to

dx

is

w(t) = / F() dt.

Theorem 6.2. Separable equations are of the form

dz
T ft)g(z),

they are solved by evaluating the integrals
/ L4 / oL
——dr = )
g(x)
Theorem 6.3. Linear ODEs are of the form
— t) =gl(t).
(1) = g(t)

They are solved by using an integrating factor

M(t) — ef f(t) dt.

6.2 Second order
Definition 6.1. ODEs of the form

where a and b are constant are called second order linear ODEs.

12
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Definition 6.2. If the function ¢(t) is zero the equation is said to be homogeneous
linear, otherwise it is called inhomogeneous linear.

The homogeneous equation is solved with the help of solutions of the auxiliary equa-
tion. This method is based on the observation that the equation &+ ax + bx = 0 is solved
by functions of the form

r(t) =z =eM

provided )\ is properly chosen. The choice of X is obtained by the roots of the substituting
the solution of the ODE, using & = Ae and & = A\2eM, so we get
i+ ai +br = (A +a) +b)eM = 0.
Since eM # 0, we see that e is a solution of the ODE provided that
p(A) =N +aX+b=0.

Since the auxiliary equation is a quadratic in A we have three possibilities

(i) a®—4b > 0, the auxiliary equation has two distinct real solutions A, As. So, it follows
that x; = eM? and 25 = 2! therefore, the general solution is a linear combination of
these two solutions (x; and x9 are complementary functions so L(x1) = L(z3) = 0)
i.e.

x = x(t) = CreM 4 Cye??,

(ii) a® —4b = 0, the auxiliary equation has two repeated roots A; 2 = A; in this case we
that the general solution is

z = Cite™ + Che™.

(iii) a®* — 4b = 0, the auxiliary equation has two complex conjugate roots Ao = p =+ iv.
This means that z,(t) = et are the solutions and the general solution using
case (i) is

Cle(,quil/)t + 026(,u7i1/)t’

where ('] and () are free parameters. This solution is fine but, we often want the
general solution in terms of a real function, so we have

z = x(t) = Cre" cos (vt) + Cyet sin (vt),

where in this case C] and Cy are free real parameters.

Finding a particular integral

A guess is often called a “trial function” or an ansatz (plural ansdtze) to make it sound
better. This is often the fastest way. The reason this can be done is that the linear
operator L in the equation

L(z) = ¢,
maps polynomials to polynomials, trigonometric functions to trigonometric functions,
exponential functions to exponential functions and so on.

13
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f(x) Substitution
c v
bx + ¢ Bx +
ax® + bx +c ax? + Bx +
Qel” QeP* (or QueP® or Qr?eP?)
7 cos (wx) + ssin (wz) pcos (wz) + o sin (wzx)

Note 6.1. IMPORTANT: If there is a multiple of f(x) in the complementary function
then the usual choice of substitution will not work. So, multiply the substitution by z
until you find a substitution that works. (This is referring to the substitution of QeP*)

Remark 6.1. If the inhomogeneous term is a polynomial in this course it is usual to ‘guess’
a solution of the ODE to be a quadratic polynomial or higher, so that the second derivative
has a non-zero term.

6.3 Coupled equations

The system we are considering are equations of the form

T\  fa b T
y) \c d)\y
which we can also write as
= Mr, wherer:(x),M:(a b).
Y c d

As mentioned in the previous section we can write two coupled first order linear ODEs
as second order linear ODE; we do this by eliminating y and writing the ODE in terms
of z, and we get
Z—(a+d)x+ (ad — bc) = 0.
S—— S——
t=Tr(M) A=det(M)
We know from the previous section that we should for a solution of the x = Ae* where

)\ satisfies
A—(a+d)A+ (ad — bc) = 0.

Substituting z = Ae* (and after a bit of algebraic manipulation) we have

a b
ME = \E, where M = (c d)'

Therefore, to solve these types of ODEs we must find the eigenvectors and their eigenvalue
obtained by the characteristic polynomial. Recall from LAGI, that for any real 2 x 2
matrix M, is similar to one of only three forms of Jordan form matrices so, exactly one
of the following holds:

(i) M has two real eigenvalues, A1, Ay, and we can find two linearly independent eigen-
vectors (&1 and &) that span R?; so the general solution to the matrix differential
equation is

(igg) = 1r(t) = C1&1eMt + Cotyre™?.

14
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(ii) M has only one real eigenvalue and only a one-dimensional space of eigenvectors;
then one can always fine non-zero vectors € and ¢ such that

M€ =X\E, MC=XC+E

That is, € is an eigenvector and ¢ is another vector which is not an eigenvector. In
this case the general solution is

:
y(
(iii) M has two distinct complex conjugate eigenvalues (o4 if) with complex conjugate

eigenvectors. Then we can find a non-zero complex vector £ such that & = pu + iv

and &* = p —iv are corresponding eigenvectors (where o, 8, u and v are real) such
that

t

t;) = ’I"(t) = C’léle” + CQ(C + té’)e)‘t.

Mp=ap—pPr, Mv=_,u+av.

In this case the general solution is

<§Eg> =r(t) = C, (pcos (Bt) — vsin (Bt)) e + Cy (usin (Bt) + v cos (5t)) e™.

Another way to write this is
r(t) =R (D&eM),
where D = C 4 i(C}y is an arbitrary complex number.
Recall that in each case one can find a real matrix P such that P~*M P is in one of

the real Jordan canonical forms. The Jordan canonical form of each case are as follows:

P'MP = (%1 /{)2), P=(& &)

s (M .
P MP_(O A), P=(&:Q).

15
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Newtonian mechanics of a single particle

7 Newton’s Laws

7.1 Newton’s Laws of motion

Definition 7.1. A particle is an object whose shape and structure does not affect the
dynamics of the system.

Theorem 7.1 (Newtow’s Laws of motion)

The laws of motion:

(I) A particle will stay at rest or move with constant velocity along a straight line
unless acted upon by external force.

(IT) The rate of change of momentum of a particle is equal to and in the direction
of, the net force acting on it.

(III) Every action has an opposite and equal reaction.

Note 7.1. I want to note here that velocity is a vector therefore the particle is moving
along on a straight line if the velocity is constant.

Definition 7.2. An inertial frame is a frame in which Newton’s First law [NI] holds
true.

7.2 Linear momentum

Definition 7.3. If a particle has mass m and velocity 7, then p, its linear momentum
is defined to be
p=mr

Theorem 7.2 (Linear momentum principle)

Mathematically, Newton’s Second Law states:

F =p,

where p denotes linear momentum and F' the total external force acting on a particle.

Remark 7.1. The more familiar F' = m# arises when m is constant; in this module we
will also consider cases when m is not constant.

Theorem 7.1 (Conservation of linear momentum). In absence of a force acting on a
particle the quantity of momentum is conserved.

16
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Proof. In absence of any force we have that F = 0 therefore,
F=p=0.

]

Note 7.2. Generally speaking, in classical mechanics to check if a quantity is ’conserved’
it suffices to check if its time derivative is 0, which implies the quantity is constant for all
time i.e. it is conserved.

7.2.1 Collision theory

Before

® —> U ®

Consider the collision shown in the figure above. A particle of mass m; and initial velocity
u is incident upon another particle, which has mass ms and is at rest. Suppose after the
collision the masses of the particles does not change and, their new velocities are now wu;
and uy respectively. Since the two particles are in an isolated system (i.e. there are no
external forces acting on the system), their total linear momentum is conserved, i.e.

miu] = MU + MoUs.

By this linear relation it implies that these three velocities must lie in the same plane
thus, scattering processes are two-dimensional.

Note 7.3. This process is not energy preserving unless it is an elastic collision where all
the energy is transferred.

7.3 Friction

Definition 7.4. Friction is the force resisting the relative motion of solid surfaces, fluid
layers, and material elements sliding against each other.

17
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Theorem 7.3
The frictional force

FF = —ur.

Where v > 0 is the friction coefficient. The minus sign indicates that the friction
acts in the opposite direction to the velocity.

8 Angular motion

8.1 Angular momentum and torque

Definition 8.1. Suppose a particle P of mass m has position vector  and velocity 7.
Then L, the angular momentum of P about a point is defined to be

L =rx (mr)

=7r XDp.

The vector L always points in a direction orthogonal to both r and p.

Remark 8.1. In angular motion the linear momentum is not (necessarily) conserved how-
ever, angular momentum is conserved.

Definition 8.2. The torque, N, of a particle acting upon it is defined by

N=rx2F.

I Note 8.1. Torque is analogous to the force acting on a particle in linear motion.
I Remark 8.2. In some texts torque is known as the moment of a force (about a point).

‘ Remark 8.3. Both L and N can take different value depending on where the ’origin’ is
defined.

Theorem 8.1 (Angular momentum principle)

If we have a point particle with fixed mass m and momentum p = m7 then

N = L.

8.2 Conservation of angular momentum

Theorem 8.2

In any motion of a system in which there is no torque acting on the particle, the
angular momentum (about any point) is conserved.

18
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Proof. Recall that N = L, so if N = 0 then L = 0 therefore, L = constant for all
time. =

Corollary 8.1

Conservation of angular momentum implies that the motion of the particle in on a
plane.

Proof. As r - L = 0 the position vector is orthogonal to tha angular momentum vector.
Since L is constant r lies in a plane perpendicular to L for all time. Il

Proof. Angular momentum is given by a vector L = r x m#. As the vector cross product
is used in the definition of angular momentum it implies that both r and 7 should be
orthogonal to L. Therefore, both r and 7 lie in the plane orthogonal to L. As L is
constant for all time so is the plane. O]

8.3 Circular motion

In circular motion a particle moves in a circle thus, || is constant (for all time). We can
choose r as

rcos 6(t)
r= | rsind(t)
0
Circular motion means that » = |r| is constant but note that 6(f) is not necessarily

constant for all time. If we restrict #(t) = w to be a constant we have the following
definitions.

Definition 8.3. The angular velocity, w, is defined to be
w=40
and |w| is called the angular speed.
Definition 8.4. The angular velocity vector of a body is defined to be
w = ftwn,

where the sign is taken to be & on whether the sense of rotation (relative to the vector
n) is right or left-handed. The direction of w is defined by the right-hand rule illustrated
by the figure below.

19
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— Right

Direction _ hand
of rotation - —
B— >
Direction
of rotation

Theorem 8.3

In circular motion there is a force pointing inwards to the centre of motion defined
by
F = —mw’r,

where m is the mass of the particle.

9 Central forces

Definition 9.1. If a force, F(r), is directed towards or away from a fixed point, it is
called a central force. Mathematically,

Fxr,
F=rf(r),

where f(r) is a scalar quantity.
Remark 9.1. Some texts may define a central force as a force that is directed towards or
away from a point; it has the form

F = F(|r|)r.

Note 9.1. Since F' = kr for some scalar & we can deduce that central forces act on the
line connecting the two bodies.

Theorem 9.1. For a conservative force that is derived from a V(r) potential, then it
being a central force implies that V' is only a function of |r| (for some choice of the origin)
ie. V=V(r]).

Theorem 9.1

The angular momentum is conserved for a central force (i.e. the torque vanishes).

20
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Proof.

d d
EL_E(TXP)

=rXp+rXp
=7 xmr+rxF
=0+7rx7rf(r)
=7r xkr
=0.
We take k = f(7) to emphasise that it is a scalar quantity. O

10 Energy

10.1 Defining energy

Definition 10.1. The kinetic energy T of a non-rotating body of mass m moving with
speed 7 is the scalar quantity

1 1
T=-m@- 7)=-m|r].
2 2

Definition 10.2. The scalar quantity

r(t2)
W = / F - dr
(

tl)

to
:/ F.rdt
t1

is called the work done by the force F' during the time interval [ty t5].

Theorem 10.1 (Energy principle for a particle)

In any motion of a particle, the increase in kinetic energy of the particle in a given
time interval is equal to the total work done by the applied forces during this time
interval. That is, over the time interval [t1, 5] we have

to
TQ_Tl—/ F.-rdt
t1

where T and T, are the kinetic energy of a particle at times ¢; and t, respectively.

I Note 10.1. Mathematically we can interpret the theorem as AT = AW.

Proof. Suppose a particle P of mass m moves under the influence of a force F'. Then its
equation of motion is
mvr = F'.

We place no restriction on F' i.e. it may depend on the position of P, the velocity of
P, the time etcetera; if more than one force is acting on P, then F' means the resultant
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vector of these forces. On taking the scalar dot product of both sides of the equation of
motion with 7, we obtain
mr -7 =F - 7.

Recall that by [NII] we can express F' = p. Thus, we can write

F-p=p-7

=mr-r

Therefore,

integrating this equation over the time interval [¢,t5], we obtain
to
T -1 —/ F-rdt
t1
where T7 and T3 are the kinetic energies of P at times t; and t, respectively. O

10.2 Conservative forces

Definition 10.3. If the work done by a force is path independent, such force is called
conservative.

Theorem 10.2

If F' is a conservative force then it can be expressed in the form
F=-VV(r),

where V() is a scalar function of position. The function V' is said to be the potential
energy function for F'.

Proof. Suppose F = —VV(r) is a conservative force acting on a particle over the path
C : r(t) for t € [t1,ts]. We prove the work done by such F' is path independent. The work

done by F'is
W:/F-d'r
C

—/—VV(T) -dr

C

r(t2)
= —/ VV(r)-dr.
r(t1)
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dr
Since r = T we have that

t2 dr

1

[2)
:—/ VV(r) -7 dt.
t

1

d
By the chain rule (for paths), we know that EV(T) = VV(r) -7 so,

to d
W= —/ Ly ar
. i

=V(r(t1)) = V(r(t2))
=V(ry) — V(ry).

Therefore, the work done by a particle only depends on its endpoints and not the path
taken. ]

Theorem 10.3
If F' is conservative then V x F' = 0.

I Note 10.2. This is because ‘curl(grad)= 0.

10.3 Conservation of energy

Definition 10.4. The sum of the kinetic and potential energy of a particle is called the
total energy, i.e.
E=T+V.

Theorem 10.4

The total energy of a conserved system is conserved i.e. the total energy of a system
for which F' = —VV(r) is constant for all time.

Proof. We need to show E is constant for all time hence, it suffices to show that £ = 0.

d. d/1 .,

=mr -7+ VV(r) 7
— (F+VV(r)) #
= 0.

Since, F' = —VV(r). O
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10.4 Effective potentials

Definition 10.5. If a particle has conserved angular momentum and conserved energy
then the effective potential is defined as the quantity

2

+V(r),
where

o [ is the angular momentum of the particle;

e m is the mass of the particle and

o 1 is the distance from the (defined) origin.

Proof. The angular momentum of the particle in motion is conserved thus, the motion of
the particle is restricted to a plane, i.e. the plane orthogonal to L. We choose coordinates
where the plane is
rcosf(t)
r= | rsind(t)
0

Therefore, the angular momentum is

Since, L is conserved we can fix

(=mr¥ = 9:%
mr

where [ is a constant. The energy is also conserved thus, we can write

1
Ey=-m |’f‘|2 + V(r)

2

_ 1 -2 242

= 2m<r +r°0 ) + V(r)
1, 2

= gmr + 52 + V{(r)
1

— EmT‘Q + ‘/eﬂ‘(/r),

where
62
‘/eff(,r) - 2m7’2 + V(T)
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11 Planetary motion

11.1 The Law of Gravitation

Theorem 11.1 (Newton’s universal law of gravitation)

There exists a force of attraction between two bodies given by

GNMm N

F = |2 T,

|r

where r = ry — 71 i.e. the distance between the two bodies, the vector 7 = ﬁ and
Gy is Newton’s constant.

I Note 11.1. The unit vector 7 indicates the direction of the force, F'.

I Remark 11.1. The force illustrated by the law of gravitation is a central force.

Theorem 11.2
A planet orbiting the sun has potential

GnyMm
V(s —mf) = ————
71— 7o
and effective potential
KZ GNMm
Vet

- 2mir? - |’l"1 —’I”2|'

11.2 Kepler’s Laws

Theorem 11.3

The laws of planetary motion:
(KI) The planets move in an ellipse with the sun at one focus.

(KII) The line joining a given planet to the sun sweeps out equal areas over equal
times.

(KIII) The square of a planet’s orbital period is proportional to the cube of the semi-
major axis.

Note 11.2. From Kepler’s Second Law, [KII], we deduce a planet moves slower when it is
close to the Sun and faster when it is away from the Sun.
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Note 11.3. Mathematically (KIII) can be interpreted as T2 o r3.

Proof. The proofs of Kepler’s laws
« Proof of [KIJ.

» Proof of [KIIJ.

Restrict the motion to a plane

7 cos 6
r=|rsinf

0

then, after an infinitesimal time step dt the plane sweetps out a triangle (as shown
in the figure above)

1 1
A=— = —r%d.
d 2(7“)(7“6[9) 5" do

Therefore,
dA 1,
E = 57’ 8
On the other hand,
rcos 6 fcos@—r@sin@
L=m/|rsinf | x | 7sinf + r0cosf
0 0
0
=m 0_
r20
So, we have
dA 1
— = —|L]|.
dt 2m |
« Proof of [KIII]. The area of the ellipse is also given by
T
A
Area of ellipse = / dA dt
o dt
T
1
_ / Lopia
0 2m
T
=5 |L|
m
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3
since |L| is constant. Given that the area of the ellipse is proportional to Rg,,;
where Rgn,j is the semi-major axis of the ellipse, we can write

3
Area of ellipse oc RZ,.;

=T?x R?

smaj*

Theorem 11.4
ADD PROOFS

12 Solving one dimensional dynamics

Conservation of energy is enough information for us to solve for the motion of a particle
in one-dimension with conservative forces. In this case the position vector r is just a
scalar € R. Let the potential be V(r) so that the total energy is

1 dr\”
E = o™ (E) + V(r).

Consider the reformulation of the energy equation:

(C“")Z = 2(B-Vv().

dt m

From this reformulation we gather that £ > V(r) as there is no such thing as negative

kinetic energy. Furthermore, £ = V (r) if and only if Ty meaning the particle is at

rest. Conceptually, regardless of the origin of the system, we can think of it as a particle
moving in a potential V(r) (we can imagine V' (r) being the height of a hill) then we can
think of the particle moving along the hill.

Figure 2: Potential Graph
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Given that the total energy is fixed along the motion we can fix £ = Ej, a constant. We
can rewrite the energy equation as

25 v

dt
dt = + dr
2(Ey—V(r))
7(to) 1
t— to = :l:/ d?”/

0 R (- V()

Definition 12.1. A dynamical system reached a turning point precisely when E, =
V(r).

At a turning point all the energy is potential energy, i.e. no kinetic energy. Therefore,
the particle is at rest at that point; such point can be illustrated by the left-most point
in the figure above.
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Multi-particle systems

13 Configuration of a multi-particle system

Definition 13.1. A multi-particle system may consist of any number of particles
P, P, ..., P, with masses my, msy,...,m, respectively.

Definition 13.2. External forces are those originating from outside the system,
denoted by F™' i.e. the external force acting on the i*® particle.

Remark 13.1. In the case of a single particle system, these are the only forces that act
on the particle.

Definition 13.3. Internal forces (or inter particle forces) are interactions between the
partlcles in the systern These forces are denoted by Flnt i.e. the force induced by the
5t particle on the #*" particle.

Theorem 13.1. Newton’s Third Law, [NIII}, implies that F}7* = —F}* and also that
=0

13.1 Centre of mass

Definition 13.4. The centre of mass of this system of particles is the point of space
whose position vector R is defined by

N N

R M FMaTy A MNTN D L T Yy T

— — =1 — :
mi+me+---mpy Zi:lmi M

where M is the total mass of the system.

14 Energy

14.1 Defining energy

Definition 14.1. The total kinetic energy of a multi-particle system is defined as the
sum of the kinetic energy of the individual particles:

Definition 14.2. The total work done is defined as the sum of the of individual work

done by each particle:
N to
w=>" / F, -7 dt
i=1 Y1

|T1

[\.')Ib—
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Theorem 14.1 (Energy principle for a multi-particle system)

In any motion of a system, the increase in the total kinetic energy of the system in
a given time interval is equal to the total work done by all the external and internal
forces during this time interval. That is, over the time interval [t;, 5] we have

S ) ~Te) =Y [ B

where T;(t;) and Tj(ty) are the kinetic energies of the i*! particle at time ¢; and ¢,
respectively.

Proof.

W = Z/Frldt

t1

/ m;T; - T; dt
d /1 . .,

= [Ti(tz) — Ti(t))].-

Corollary 14.1

If the system is under the influence of conservative forces then the work done is path
independent.

14.2 Conservation of energy

Definition 14.3. In a multi-particle systems conservative forces are defined as

o external forces: F™ = —V,Vi(ry,...,rN);
o internal forces: FJ* = —V;Vi;(ry,...,rn),
0
here V,; =
where o

Theorem 14.2

If the internal and external forces are conservative then the total energy is defined

as
E= Z S |4 +Zvext+22v;m.

7j=1 =1
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Theorem 14.3
If a multi-particle system is under the influence of conservative forces then the total
energy of the system is conserved.

I Note 14.1. The total energy is constant for all time as, = 0.

Proof. Recall that

N N N N
E= Z oM 7i]” + Z Vext + Z Z vint,
i=1 i=1

j=1 i=1
Therefore,

q N . . N N .
&EZ;mm-rﬂr;%Vex Y Y Vit

=1 i=1

N N

= Z ’I"Z . (mzr + VZ-VeXt + Z VZ‘/;IJnt>
z;l N]:l

S (o)
=1

j=1

=0.

15 Angular motion

15.1 Linear momentum

Definition 15.1. For a multi-particle system consisting of particles Py, P, ..., P,, with
masses mi, Mo, . .., m, and velocities 71,7, ..., 7y respectively. The total linear
momentum, P, of the system to be the vector sum of the linear momenta of the indi-

vidual particles, that is,
N N

P = Zpi = Zmﬂ.‘r
i=1

i=1

Theorem 15.1. Newton’s Second Law, [NII], implies that the total external force of
a system can be written in terms of linear momentum in the form

d .
F>'= —P=P.
dt

Proof. The momentum of the i*" particle is given by

d N
—p; = F™ Fr,
dtp (2 + ; 1]
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Therefore, summing the individual momenta to obtain the total momentum, we have

d = ex in
EIED LS I

1—1]1

= Zﬂext _ Z leﬁm (using E]‘ _ —F’ﬂ)

i=1 j—l

— ZFeXt Z ZF‘“ (switching i — j and j — 14)

7j=1 =1
= Z F> — Z Z F  (permuting the sums)
i=1 =1 j=1

N

_ Z EeXt.

i=1
We have used the fact that
Flnt _ Z Z Flnt
i=1 j=1 i=1 j=1
i.e. a positive number is equal to its negative thus, it must be zero. O

Theorem 15.2. We can express linear momentum of a system in terms of its centre of

mass: )
P= MR,

where M is the total mass.

Theorem 15.1 (Linear momentum principle)

In any motion of a system, the rate of increase of its linear momentum is equal to
the total external force acting upon it. By Newton’s Second Law:

F*' =P = MR,

where M is the total mass.

Note 15.1. Thus, the centre of mass is only dependent on the external forces acting on
the system.

15.2 Angular momentum and torque

Definition 15.2. For a multi-particle system consisting of particles Py, P, ..., P,, with
masses mi, Mo, . .., M, and velocities 7,7, ...,y respectively. Then the angular mo-
mentum of the system (about a point) is defined to be the vector sum of the angular
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momenta of the individual particles, i.e.

N

L=> 7 x(mg)

=1
N

= E T; X Pj.
i=1

Definition 15.3. For a multi-particle system consisting of particles Py, P, ..., P,, with
position vectors r1,75,...,ry are acted upon by the system of forces Fy, F,,..., Fy
respectively. Then N, the torque of the system (about a point) is defined to be the
vector sum of the torques of the individual forces, i.e.

N
N:ZTiXE
i=1

Theorem 15.3 (Angular momentum principle). Similar to the single particle case, in a

multi particle system we have ‘
N =L.

15.3 Motion relative to the centre of mass

Sometimes it is easier to consider motion relative to the centre of mass, as such we
consider the following formulation of the position vector, r; of each particle:

/
ri=r,+R,

where R is the position vector of the centre of mass and ] is the vector denoting the
distance from the centre of mass to the i*" particle.

R

S

T;

Figure 3: Illustration of relative vectors

Theorem 15.2

The centre of mass of any system moves as if it were a particle of mass the total mass,
and all the external forces acted upon it.
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15.3.1 Angular motion

Theorem 15.3

Suppose the system is influenced by central forces then the torque is given by

N
N=L=) rxF™

=1

Remark 15.1. By central force we mean Fj; = f;;(|r; — 7;|)(r; —r;), where f;; is a scalar
function of the distance between the particles.

Corollary 15.1

If the system is influenced by central force the total torque vanishes thus, angular
momentum is conserved.

I Note 15.2. This is similar to the one particle system case.

Theorem 15.4
The total angular momentum (relative to the centre of mass) is given by

N
L=> mr;x¥,+MRxR
=1

= Lspin + Lorbital

Remark 15.2. The total angular momentum under this definition is still conserved if the
system is induced by central forces.

Proof. First we note:

N
MR = Zmiri

i=1

Which implies that
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Recall that angular momentum is
N
Z Tr; X (mﬂ“z)
i=1

Therefore, using r; = r; + R we have that

L (7' + R) x m(7, + R)

Il
.MZ

1

)

m; (7, x¢;)+§:mi (r; X R)—kimi(Rxﬂ)—kimi (RxR)

I
\MZ

=1 =1 =1 =1
0 0
N
=Y mi(r x#) + MRx R
i=1

- Lspin + Lorbital'
[

Definition 15.4. The sum of the individual angular momenta of each particle about the
centre of mass is called the spin angular momentum, denoted by Lgp,.

Definition 15.5. The angular momentum of the centre of mass is called the orbital
angular momentum, denoted by Lmpital-

16 Rigid body motion
Definition 16.1. A body is said to be a rigid body if the distance between any pair
of its particles remains constant. That is, if P, and P; are typical particles of the body

with position vectors r;(¢) and r;(t) at time ¢, then

|ri(t) — r;(t)| = constant.

Note 16.1. We can think of a rigid body as an idealization of a body that does not deform
or change shape.

I Remark 16.1. In rigid body motion we can ignore all the internal forces.

Theorem 16.1. External forces on a rigid body act on the centre of mass, i.e.
F=MR,

where M is the total mass and R is the position vector of the centre of mass.
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16.1 Rotation of rigid bodies

Theorem 16.2. The total angular momentum can be decomposed into an orbital and
spin part, i.e.
L = Lspin + Lorbital-

Theorem 16.3. A rotating rigid body spins about the axis given by the direction of the

angular velocity vector, w. The magnitude indicates at which rate the body is spinning;

it has units of rads—!.

Theorem 16.1

The velocity of the i*® particle relative to the centre of mass is given by

A A /
T, =V, =WwXT,

R

where 7/ is the distance from the i*" particle to the centre of mass i.e. 7, = 7, + R.

Proof. As shown by the figure below, let the angle between w and =} be . Then the
distance of the i particle from the axis of rotation is |r/| sin 6. If the object is rotating at
|w|rads~!, then the i*" particle must be travelling at a speed of |7/| |w|sin @ in a direction
orthogonal to the plane defined by w and 7/ i.e. v = w X 7.

rsin(6)

16.2 The moment of inertia tensor

Definition 16.2. The moment of inertia tensor (about a point) is defined by

3
Iij = Zm ((Z IZ) 5ij — .T@’Ej) s
k=1

where 6;; is the Kronecker delta function.
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I Remark 16.2. The moment of inertia tensor is symmetric, i.e. Z;; = Zj;.

Theorem 16.4. The moment of inertia tensor can be written as a matrix:

Ill Il2 II3 Ixz Imy [xz
L= |1In I ]23 = ]yx ]yy [yz
]31 ]32 ]33 ]za: Izy ]zz

Corollary 16.1. Since 7 is a symmetric matrix it can be diagonalised as

Le 0 0
z=(0 1, 0],
0 0 L.

where, I,, Iy, I.. € R.

Definition 16.3. The diagonal elements of Z are called the principal moments of
inertia.

The elements of the inertia tensor

Proposition 16.1. The diagonal elements of Z are given by

Ty =Y m(z5+a3)

Top =Y m (2] +a3)

Ty =Y m(af +13),
where the sum is taken over all the particles in the body.

Proposition 16.2. The off-diagonal element of Z are given by

where the sum is taken over all the particles of the body.

In this course we will think of rigid bodies having a continuous mass distribution; in
which case there exists a density function p(x,y,z) and an infinitesimal mass element
p(x,y, z)dzdydz that replaces the point mass m;.

Proposition 16.3. Suppose the rigid body B has a continuous mass distribution with
density function p(z,y, z). Then the off-diagonal element of Z are given by

Tow = / (y2 + Z2) p(xay7 Z) dx dy dz
B

T, = / (2* + 2%) p(z,y, 2) de dy dz
B

Z..= / (2 +°) p(x,y, 2) da dy dz,
B
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Proposition 16.4. Suppose the rigid body B has a continuous mass distribution with
density function p(z,y, z). Then the off-diagonal element of Z are given by

Loy =Ty = —/ [zylp(z,y, 2) dx dy dz,
B

Z,,=1, = —/ lyzlp(x,y, z) dx dy dz,
B

B

Theorem 16.2

The angular momentum about the centre of mass, Lgpy,, is given by
Lspin =1- w,

where Z is the moment of inertia tensor and w is the angular velocity.

Note 16.2. When doing problems we should choose a coordinate basis such that w is
aligned with one of the axes, for example w = w,e,.

16.3 Parallel axes theorem

Theorem 16.3 (Parallel axes theorem)

Let Ir be the principal moment of inertia of a body about some axis through its
centre of mass R, and let I be the moment of inertia of the body about a parallel
axis (in respect to the original axis). Then

I=1Ig+ Md,

where M is the mass of the body and d is the distance between the two parallel axes.

Note 16.3. The theorem says we can shift the principal moments of inertia by a factor of
Md?, if the new axis is parallel to the original one.

16.4 Kinetic energy of a rotating body

Theorem 16.4
The rotational kinetic energy of a body is given by

Trot =Sw:- Lspin

Tiot = ([mwf + Iyng + Izzwg) .

N~ DN
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Remark 16.3. Notice that the rotational kinetic energy can also be written as

L2 12 2
T — 1 2 3 ]
ot = o7 Y ar, T o,

Proof. Consider the kinetic energy of a rigid body:

L N
P . 'A2
T = 5 ;1 m; 7]

We will rewrite the kinetic energy in terms of the contributions of the centre of mass
motion and rotation about the centre of mass by introducing r; = R+, and its derivative
7 = R+ 7

) 2
R+ 7'«,’.‘

1 N

1 N
zég(mi

As shown previously we know that Zfil m;r; = 0 hence, Zfil m, = 0. Thus, we can
separate the kinetic energy as

.12
M4WWQR+MMﬁ)

1 1 N
. a2
= 51% ‘R‘ +§ iEImZ’Ti| .
Focusing only on the rotational part we have

L X
__Z a2
7—11“ot*2i:1 ml|ri‘
| X
zéig_lmi(wxr§)~(wxr§).

Using the vector identity
(axb)-c=a-(bxc),

where @ = w,b = 7] and ¢ = w x r;. We obtain

N
1
Tiot = 5;77%60 ' [Ir: X (w X T;)]
. X
= §w~;mi[r§ X (wx 7).

This sum is precisely the definition of Lgp, thus,

Trot = 5(.0 : Lspin-
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Theorem 16.5
The total kinetic energy of a rotating body is given by

1 e 1
T=:M ‘R’ + 5 Lupin:

17 Gyroscopes

Fn

Fg
(a) Gyroscope (b) Force diagram of a gyroscope

Suppose we have an idealised gyroscope i.e. it consists of a massless rod fixed at one end
to a post. On this rod at some distance from the post, is a rapidly spinning, massive
cylinder. There are two external forces acting on the rod and the cylinder: gravity
pushing down on the cylinder and there is an upward normal force at the post at the end
of the rod.

Imagine a situation where the downward force of gravity, Fy, is exactly balanced by
the upward normal force from the rod, F,,, i.e. F, + F,, = 0. The normal force does not
exert any torque as it is located at fixed point, but the gravitational force will exert a
torque. Suppose the centre of mass of the cylinder is located at distance R out along
the rod, then the torque about the pivot (the post) will be N = R x F,. The torque
will point orthogonal to the plane established by R and F; and will act to change the
angular momentum.

The angular momentum, L, is oriented outward (by choice) parallel to the rod. The
torque, because it is orthogonal to L cannot change the magnitude of L. However, the
torque will change the direction of the angular momentum. The net effect is that the
gyroscope will slowly spin around the post, a process called precession.

Suppose the gyroscope is spinning about a principal axis, then we can write |L| = [w
where [ is one of the principal components of the moment of inertia tensor. Furthermore,
the magnitude of the torque is |[IN| = mgR. Our ‘ansatz’ is that the gyroscope should
move in a circle and that the torque always points orthogonally to the angular momentum.
So, we can write

L = Iw [e, cos(§2t) + e, sin(Qt)],

N = mgR [—e, sin(2t) + e, cos(Qt)] .
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d
Therefore, we have a solution to N = EL,provided that

TwS) = mgR.

In other words, the precession frequency is

mgR
Q= —"
Tw

18 The two body problem

Suppose that we have two particles with positions 71 and r, which move subject to an
external force, F**' as well as an internal force Fj5 = —F,;. We have seen that the
centre of mass, R, is only dependent on F**. We now change the variable to

T2 =71 — T2

where X
miry — MmaTo
R=——"" and M =my+ms.
mi + mo

We need to invert this to find r; and 7y as functions of R and r;5. Furthermore, we have

that
MR = miry + mg(rl — ’l"lg).

Rearranging gives

— MR+m2'r12
e M
mo
— R+ 2
+ M’r‘lg
and
T2 =T1—Ti2
. MR — miTio
B M
my
-—R- -1
M”“12
The conserved energy is
R T S SN S—
E—§m1 ”l"ll —|—§m2|r2| +V +V12
1 . 2 1 . 2
1 12 1myme 9
- M ‘R‘ - Vet 4y
5 + 5 M [712]” + + Vio

Definition 18.1. The quantity pu, defined by

mimes
W= ——
mq + mo

is called the reduced mass.
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Remark 18.1. Consider when mi > mo then

M =m1+mo=m
mima
= —— X my.
mi1 + ma
Therefore, we fix a particle my as the origin and treat ms on its own — similar to the case
of planetary motion where the sun is the origin.

18.1 From two body to one body problem

Theorem 18.1

If the external potential only depends on R and the internal potential only depends
ON T1o =71 — Ty i.e.

Vext _ Vext(R> and 11;11: — 1i§1t<7,,1 . 7,,2)7

then we can reduce the two body problem into two, one body problems: one for R
and one for rqs.

We now illustrate the process. The equation of motions for r; and 7y are

miT; = —VlveXt —V1Vig
mg'i’:g = —VQVeXt — VQ‘/le.

The equation of motion for R is obtained by summing the two equations above.

MR = (=V V™~V Vip) + (= V2V — V1)
_ (_vlvext - V1V12) 4 (_v2vext o [_VI‘GQ])
_ _vlvext . VQVeXt

_ _@ ext @ ext
== VeV i VeV
— _VRVext

N
_ Z Eext.
i=1
Here we have used [NIII] to deduce
ViVig = =V Vi,

as well as the chain rule to write

Vlvext — %vRvext and V2vext — %vRvext

(assuming that V' only depends on R). Therefore, we have

MR = —ViV*YR).
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Easier way

Suppose we have
ml'Fl = FleXt + F11121t

mg’i":g = F;Xt + anllt
We now proceed as follows, consider
mimaiy = maF™ + myFyy*

] ext int
mimets = my Fy™ +mi Fl,
then we have,

o o ext ext int int
mlmg(rl — 7’2) = m2F1 — m1F2 + m2F12 + m1F12

t int
= F& + (mq + mo) Yy
where F™' = mo F™ — my F5**. Therefore, we have

s Fext int
Urig = F + F12
. = ext
where, 1 is the reduced mass and Ft = £—_
mi1+m2

Now that we know 715 we can solve for rq5; from above we know that

mo
T = R -+ M’rlg

and
Tig =T1 —T2

thus, we can solve for both by just knowing 7s.

Theorem 18.2
Suppose M R=-vV RV (R), then the total energy of the centre of mass is given by

1 .
B = §M’R‘ + VE(R).

The energy, E., is a conserved quantity.

Proof. . Lo .
Een=MR-R+ ViV (R) R
= <MR+ Ve"t(R)> ‘R
=0.
Since MR = —VzV(R) O

To obtain an equation for the relative position we consider the equations of motions
for 1 and 7y, as before but written as

mymaty = My (—Vﬂ/eXt - V1V12)
mlmg’;':g =M (—ngeXt - VQ‘/lg) .
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Note that M p = myms; subtracting the two equations we have
M iy = —maViVE + my VoV —my Vi Vis + my Va Vo

Supposing that Ve = V*(R) then we can use the chain rule to express

mimes mimes
o VRvext +

—m2V1VeXt + m1V2veXt = Wi i

= 0.

vRvext

Furthermore, if Vis = Via(r12) then we can write

VoVig = =ViViy
= —ViaV1a.

Therefore, the equation of motion for 5 becomes,

pT g = —V12V12("“12)-

Theorem 18.3

The total energy for relative motion is given by

1 .
By = 5# |7'12\2 + Via(7r12).

The energy, F12, is a conserved quantity.

Corollary 18.1
The total energy of the system, ' = E.,, + F12, is a conserved quantity.

Proof. Both Eey and Eig are conserved thus, the sum of two conserved quantities is also
conserved i.e. B = E., + E;5 = 0. O

Theorem 18.4

If V1o = Via(|r12]) then the energy and angular momentum of the relative system will
be conserved leading to a single one-dimensional problem:

1 . in in €2
By = splfel + Vi and Vg = Vip(lri|) + — 2.
2 2p |71z
Theorem 18.5
If Vet — Vext(|R]) then
B ]'M ‘R‘Q + Vext d Vext VeXt(|RD + ggm
cm — 5 o all off — ——
2 ff ff 2M |R|2
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Analytical mechanics

19 Lagrangian mechanics

Theorem 19.1

REMARK!!!!

(For our course) The Lagrangian formulation is only true when the system is influ-
enced by conservative forces!!

19.1 Generalised coordinates

Consider a rigid body composed of many particles, N. The positions of all the particles
may be specified by 3N coordinates. However, these 3N coordinates cannot all vary
independently but are subject to constraints.

Remark 19.1. Further explanation:

o By saying the generalised coordinates must be independent variables, we mean
that there must be no functional relation connecting them. Therefore, if one of
the coordinates were to be removed, the remaining n — 1 coordinates would still
determine the configuration of the system.

e When we say the generalised coordinates q1, ¢o, . . . ¢, determine the configuration
of the system S, we mean that, when the values of the coordinates ¢i,qs,...qn
are given, the position of every particle of S is determined. That is, the position
vectors {r;} of the particles must be known functions of the independent variables
q1,92, - - - qn such that

ri =1i(q1,q92,...qn) fori=1,2...n.

I Remark 19.2. Generalised coordinates are scalars and not vectors.

Definition 19.1. Let S be a dynamical system defined by a set of generalised coordinates.
Then the number of generalised coordinates needed to specify the configuration of S is
called the number of degree of freedom of S.

19.2 Constraints

A general mechanical system S consists of any number of particles Py, Ps,..., P,. The
particles of § may have interconnections of various kinds (light strings, springs and so on)
and also be subject to external connections and constraints. These could include features
such as a particle being forced to remain on a fixed surface or suspended from a fixed
point by a light inextensible string.

Definition 19.2. A ‘position’ in which a particle in a dynamical system are at time ¢ is
called a configuration.

Definition 19.3. If the configuration of a system § is determined by the values of a set
of independent variables q1, ¢o, . . ., ¢, is said to be a set of generalised coordinates for

S.
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19.2.1 Unconstrained systems

Definition 19.4. Particles in a dynamical system which are free to move anywhere in
space independently of each other are said to be in an unconstrained system.

Theorem 19.1. In an unconstrained system the equations of motion for the system are
given by Newton’s approach i.e.
mir; = F;

(fori=1,...,N), where F; is the force acting on the particle P;.

19.2.2 Constrained systems

Definition 19.5. Systems in which the particles are which are subject to geometrical or
kinematical constraints are called constrained systems.

Definition 19.6. Kinematical constraints are those that involve the position and
velocity vectors {r;, 7;}.

Definition 19.7. Geometrical constraints are those that involve only the position
vectors {r;}. We will call these constraints holonomic constraints.

I Remark 19.3. Constraints which are not holonomic are called non-holonomic.

Theorem 19.2

A holonomic constraint takes the form

Remark 19.4. In general each holonomic constraint reduces the number of degrees of
freedom of the system by one.

Proposition 19.1

TYPICAL QUESTION: when asked why a constraint is holonomic it is enough to
say: “the constraints allows for algebraic elimination of one coordinate”.

19.3 The Lagrangian
Definition 19.8. We define the Lagrangian as a (linearly) independent quantity defined

by
L=T-V
:%mwf—va
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Remark 19.5. The Lagrangian is not a functional because it depends on r and 7 at a
single time.

19.4 The principle of least action
Definition 19.9. The quantity
to
Slail —/ L(gi, G, t) dt
t1

is called the action (functional) corresponding to the Lagrangian £(g;,¢;,t) (for the
time interval [ty t5]).

Note 19.1. Functionals are functions with functions as their inputs; in this case the
functional S depends on the whole ¢;(t).

Theorem 19.3 (Principle of least action)

Particles move to extremise the action .S as a functional of all possible paths between
r1(t) and ro(t).

Note 19.2. The principle of least action is in other words saying: a particle with a fixed
energy moving from point A to B (these endpoints are fixed) during a time interval [¢;, to]
will choose the path that uses the least amount of energy. That is, the functional S is al-
ways a minimum; mathematically we can determine when S is a minimum with derivatives.
Therefore, mathematically the principle of least action says

oS

dq(t) o

Theorem 19.4 (Euler-Lagrange equations)

The vector function ¢; makes the action functional minimised if and only if ¢; satisfies
the Euler-Lagrange differential equations

d oLy oL _,
dt \ 9¢; og;

I Note 19.3. The E-L equations are equivalent to F' = ma.

Proof. This proof will be for a single particle, but it can be simply extended to multiple
particles. The principle of least action requires the action to be minimised thus, we need
0S = 0. Recall the total differential

OF oF

dF = —d —dy+---
o7 x+ay Y+
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We want to set S = 0 so, we need to evaluate .5 first:

to
58 = / 5L(q, q) dt.
t1

We have o7 or
) 1) = —90 —
L(q,q) 5y 01 550
therefore,
2oL oL
08 = / —0q + —9¢
t1 aq 4 aq 1

2 /o0 ) 2 /0L
= —0 dt+/ <—5) dt
/tvl (8q q t1 aq q
e ()L (9L d(5q)
= —0 dt+/ (——) dt
;/t; (aq q) . \tl aq de .

v v

11 12

Recall ‘integration by parts’:

b b
dv b du
/a U dr = [uv], — /a C dx,

2/d0L
AR

The first term is 0 since we take the endpoints to be fixed we have that dq(t1) = dq(t2) = 0.
Finally, we have

evaluating I, we have

65211+12

oL  doc

which implies 05 = 0 if and only if

d oLy _oL _,
dt \ 9¢ -

Note 19.4. In this course to denote small changed in variables we use ¢ and d
interchangeably.

19.5 Conjugate momenta

Definition 19.10. Consider a holonomic mechanical system with Lagrangian
L = L(q;, ¢;,t). Then the scalar quantity p;, defined by

oL

is called the conjugate momentum corresponding to the coordinate g;.
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Remark 19.6. We can think of

oL
F =
9q;
then the Euler-Lagrange equation reads
d
—p; = F,.
at?
Example 19.1
Consider a system with Lagrangian
1 .9 1 .9 .9 5 o g
= 5Ma: +gm (4° + 9 + 2@y cos(a)) + mgy sin().

Find the conjugate momenta.

Solution. With this Lagrangian, the momenta p, and p, are given by

oL _ L
pz—a—x.—Mx%—m(x—kycosa),

oL S
py:@:m(y—kajcosa).

19.5.1 Conservation of conjugate momenta

oL
Definition 19.11. If — = 0 (i.e. if the coordinate g; is absent from the Lagrangian)

0q;

then ¢; is said to be an ignorable (or cyclic) coordinate.

Remark 19.7. Definition from the lecture notes:

it d [oc
dt (aqz) =0

Theorem 19.2. If g; is an ignorable coordinate then,

d
o =o.
at?

then, g; is said to be ignorable.

Corollary 19.1 (Conservation of momentum)

If g; is an ignorable coordinate (in the sense that it does not appear in the Lagrangian)
then p;, the conjugate momentum to g;, is constant in any motion.

I Remark 19.8. That is, to say the conjugate momentum is conserved.
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Example 19.2

Consider a Lagrangian given by
1 . . 2
L= §ma2 {92 + (¢ sin 9) } + mga cos 6.

Verify that ¢ is an ignorable coordinate and find the corresponding conjugate
momentum.

Solution. Since 9% = 0, the coordinate ¢ is ignorable. It follows that the conjugate

momentum, py, is conserved, where

84 = ma®sin®(0¢).

p¢:%
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19.6 Symmetries

Definition 19.12. A symmetry is a transformation

¢ — g,

gi — (ig

t—t
such that

1. the Lagrangian is invariant i.e.
2. it is a symmetry of the action

L) = L(g dint) + —
L(dq;,q;,t) ﬁmq)+&

Remark 19.9. We allow for a shift by a total derivative of J as after taking the integral
for the action, the term will disappear, i.e. it leaves the action invariant.

Proposition 19.1. For a continuous symmetry it is enough (and simpler) to study them

for infinitesimal transformations:

¢ — ¢ +eTi(q,t) = q;
-/

G — ¢ +eT(q,t) = ¢

for e < 1.

Proposition 19.2

If ¢, is an ignorable coordinate of the Lagrangian then, there exists a symmetry of
the Lagrangian

L(q;, ;> t) = L(gi, iy t)
where

g — q;=q; forix

G — ¢ =¢q; fori+#x

G = g, =G+ €

G = 4y = Ga.
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19.7 Noether’s theorem

Theorem 19.5 (Noether’s theorem — Lagrangian)

For each symmetry of the Lagrangian,
4% — ¢; = ¢i + €Ti(q, t)
G — ¢ = gi +€Ti(q,1)
there is a conserved quantity:
N

oL
Q= Z a_q’»Ti(% t)'
i=1

The quantity (), we call Noether’s charge.

d
Proof. We want to show that () is a conserved quantity i.e. d—? = 0, we now compute

i 0L oL AT,
! dt 8ql dq; dt
N
B Z { 6£ oL 4 }
dq;

’L

where in the second equality we have used to Euler-Lagrange equations. For each sym-
metry
G — ¢ +eT;

G — ¢ + €T

we have, L(q; + €T5, ¢; + T, t) = L(q;, ¢i,t). Expanding with the Taylor series we must

have _

N
oL oL .
1 9qi 9q;

which implies

N
oL oL .
> [ it -

hence, @ =0. O
dt
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Theorem 19.6 (Noether’s theorem — Action)

For each symmetry of the action
¢ — ¢; = ¢ +€T3(q, t)
G — ¢; = ¢ +Ti(q 1)

such that 47
£(Q7f7 qza t) - ﬁ(q’u Qw t) + 657
there is a conserved quantity:
N
oL
Q= Z - Ti(g,t) — J.

9q;

=1

I Remark 19.10. This keeps the action invariant i.e. S[g/] = S[¢;] but not the Lagrangian.

Proof. We compute

d /oL oL . dJ
— (=Y 4+ =7 — ==
G ) e i)

N
oL oL . dJ
Yot ]

dJ :
For each symmetry we have, L(q;, ¢, t) + ST L(q; + €T, §; + €T;, t) therefore, using a
Taylor expansion we have

dJ :
E(Q’L? q“t) +e——= 'C(Qz + ET‘i? QZ + 57_;'>t)

dt
“roc.. oL
:£QZ7Q’L7t +e¢ _E+_,Z_’z:|+082a
( ) nz::l | 94; 9q; (=)
from which we imply
N _

3 {%Ti L %4 Y

— ﬁqi (9q2- ] dt
In conclusion, — = 0. O

dt

19.7.1 Symmetry and conservation principles
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Theorem 19.7 (Invariance under spatial translation)

Suppose that the kinetic and potential energy only depends on the seperation between
any two pairs of particle (e.g. T = T(r; — r;) and V = V(r; — r;)). Then, there is
an overall translational symmetry:

r —>1r;+eca and 7; — ’f’z‘,

where a is a fixed vector. Translational symmetry implies there is conservation of
the total momentum of the system.

Remark 19.11. This symmetry reflects the homogeneity of space, namelly that there is
no preferred location.

Proof. Suppose
r, — T, +ca and ’rz%’rz,

where a is a constant. Then, r; — 7r; remains invariant and @ = 0. Therefore, the
Lagrangian will be invaraint under the transformation and by Noether’s theorem the
quantity

I
M=
S

5

Q T;

-
I

I
-
S
s
S

-~
I
_
.
5

Il
WE
kS

o

Il
v i
L

is conserved. (Note that we take T; = a). ]

Theorem 19.8 (Invariance under rotation)

Suppose that the kinetic and potential energy only depends on the distance |r; — 7|
between any two pairs of particles (and not the direction). Then we can cosider a
rotation of all the particles:

r;, = 1r; +elr; and T — 1+ €T'I;‘Z',

where T is a constant anty-symmetric matrix (i.e. 7" = —7T'). Rotational symmetry
implies there is conservation of the total angular momentum of the system.

Remark 19.12. This symmetry reflects the isotropy of space, namely that it looks the
same in all directions.
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Proof. We must show that under the symmetry transformation the length is preserved
i.e. d(Jr; —7;]%). We now compute this:

O(|ri = 5*) = 0((rs — ) - (1 — 7))
=2(r; — ;) - 0(r; — 7;)
=2(ri—rj)-T-(r;—1))
=2(ri—m;)" T (r; — 1),
where T is an anti-symmetric matric. Denote Ar = r; — r; then,
(Ar)'TAr = ((Ar)'TAr)
= (Ar)'T" Ar
= —(Ar) ' TAr.
Therefore, we must have that (Ar) TAr = 0 which implies 6(|r; — r;|°) = 0; by similar

reasoning we can show J(|7*; — 7;]) = 0. We now show the conserved quantity is indeed
the total angular momentum. Parametrise the matrix such that

0 13 Ty
T = T3 0 _Tl
=Ty T 0

so, that we can write

3
I’]Pab = - E EabcTa
c=1

Applying Noether’s theorem we know the conserved quantity is

which is the total angular momentum along the direction of T. ]
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Example 19.3

If there is a rotational symmetry then, the continuous infinitesimal symmetry is given
by
T —=T—€y

Yy —y+ex.

That is the infinitesimal version of

x\ (cosf —sind T
y) \sinf cos6 Yy

where 0 = €.

Theorem 19.9 (Invariance under time translations)

Suppose the Lagrangian does not have any explicit time dependence:

oL
5—0.

Then, the total energy of the system is conserved.

Proof. First we notice that this is a symmetry of the action. Since the Lagrangian has
no explicit time dependence we have that £ = £(¢;,¢;). A translation in time means a

shift
t1 =11 +¢

to = 1o+ .

Therefore, we have that

to+e t2
55 = / £lai(0), (1)) dt — / C(a(t), (1)) dt

1+ t1

_ /tz L(qi(t+¢), ¢t +e) — L(gt),q1))dt,

t1

where we have used a change of variable for the first term ¢ = t4e. As such the symmetry
is given by

qz(t) —>qi(t+€) :q,(t)+6qz+ :><5qz- = &¢;

Gi(t) = qi(t+¢e) + ¢(t) +eGi+--- = 0¢; = €G;

so, T; = ¢; (since dg; = £7T;). Next we have that (by the Taylor expansion):

L(qi(t+¢),¢(t+¢e)) = L(q(t),q(t)) + 5%

dt
where N
dl oL oL
@ "2y it g
This implies that
0S =¢ / § de dt.
g, di
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Applying Noether’s theorem we know the conserved quantity, i.e. the charge @, is given
by

N ooc
Q= —1;—J
N oor
=250~

s
Il
i

I
(-
5
»S.
|
=

I
S}

19.8 Symmetry in the potential
19.8.1 2-dimensional

In this section we explore in which type of potential we have symmetries for.

Theorem 19.10
If the potential takes the form of

o V(z,y) = f(x) then, y is ignorable and all translations in y are preserved;

o V(z,y) = f(y) then, x is ignorable and all translation in (z) are preserved,;

o V(z,y) = f(\/22+y?) = f(r) then, 6 is ignorable, and all rotations are
preuserved;

o V without any explicit time dependence implies conservation of energy.

19.8.2 3-dimensional

Theorem 19.11
If the potential takes the form of

o« V =V(r; —r;) the symmetry is ; — r; + ca, which implies conservation of
total momentum,;

o V =(|r; —rj|) the symmetry is r; — r; + eT'r; (where T is an anti-symmetric
matrix), which implies conservation of total angular momentum,;

o V without any explicit time dependence the symmetry is ¢t — ¢ + ¢, which
implies conservation of energy.
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20 Hamiltonian Mechanics
oL

In Hamiltonian mechanics, the conjugate momenta p; = E are ‘promoted’ to
i
coordinates on equal footing with the generalised coordinates g;.

Definition 20.1. The coordinates (¢, p) are canonical variables.

20.1 Legendre transforms

Definition 20.2. The process to convert Lagrangian formulation to a Hamiltonian for-
mulation is called Legendre transforms.

Consider a function F(z,y) which we want to swap with a new function F(z,u)
without losing any information. To do this we note that the total differential of F' is
given by

Now, we introduce a new function

F(x7y7u) =uy — F(x7y)7

which is initially a function of (z,y,u) so that

~ F F
dF = ydu + udy — 8—dx — a—dy.
ox dy
However, if we let
L OF
=3

then the dy term in dF disappears, as such F is now only a function of (x,u):

F(z,u) = uy(x,u) — F(z,y(x,u)).

Theorem 20.1 (Legendre transform)

Suppose that
V; = VU1F<UZ7’U)Z)

and

U; = VviG("Uz’, wi)

where the function G(v;, w;) is related to the function F'(u;,w;) by the formula
N
G(Ui, wl) = Zuivi - F(UZ, U}l)
i=1

Furthermore, the derivatives of F' and G with respect to {w;} are related by
VwiF(Ui, wz) = —vwiG<Ui, U)Z)

The relationship between the functions F' and G is symmetrical and each is said to
be the Legendre transform of the other.
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Note 20.1. By F(u;,w;) we mean F' = F(uj,ug, ..., Up, W1,...,Ww,). Similarly,
for G (v, w;).

Definition 20.3. The function H(g;, p;,t) which is the Legendre transform of the
Lagrangian function £(g;, ¢;,t) is called the Hamiltonian function.

Theorem 20.2
The Hamiltonian function is related to the Lagrangian function by

N
H(gi,pist) = Zpiqz' — L(gi, i, t)-
i=1

The derivatives are related as such

VQi‘C<Qi7 QiJ t) = _v%H(QZap’M t)

20.2 Hamilton’s equations

Theorem 20.3 (Hamilton’s equations)
The n Lagrange equations (from Euler-Lagrange) are equivalent to the system of 2n

first order ODEs
. OH oH

= and p;=———.
! op; P 9q;

Proof. We evaluate the total differential of the Hamiltonian and then examine the results.
Firstly, as H = H(q;, p;,t) then

N
H H H
dH =" (a dg; + a—dpi + a—dt) .
=1

dq; Op; ot

Secondly, we also know H = Zfil Gipi — L so, we have

N
) ) oL oL .. 0L
dH = Z (piin + qidp; — a—qd%‘ — 8_qd% — 8_tdt)

i=1
N
oL oL
=" (udps — 5 —dg; — 5, dt

7

Y

where we have used the definition of conjugate momentum, p;, = 5% to eliminate the
4qi
first and fourth term of the first line. By comparing coefficients in the rwo expressions

for dH we find

. OH

qi = 3pi’
oc  0H
dq; g
OH oL

ot ot
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0
Note that by the Euler-Lagrange equations we have that p; = 5 so, the first two
4;
equations give
oH ) oH
and p; = — .
ol

20.3 Properties of the Hamiltonian

Theorem 20.4
When H has no explicit time dependence then H is a constant of the motion.

Proof. Suppose that H = H(q;, p;) and that {q;(t), p;(t)} is a motion of the system. Then,
in this motion

dH <~ 0H = 0H

o a_qi% + . 3_,-]%

N ooH 0OH
= <8pz) Zé’pz( 0%)

Corollary 20.1

For a conservative system with a Hamiltonian function, H = H(g;, p;) the total energy
is given by H.

Theorem 20.5

If ¢; is an ignorable coordinate (does not appear in the Hamiltonian) then p;, the
generalised momentum conjugate to ¢;, is constant in any motion i.e. momentum is
conserved.

20.4 Hamiltonian phase space

Suppose a mechanical system S has generalised coordinates ¢;, conjugate momenta p; and
Hamiltonian H(g;, p;,t). If the initial values of ¢; and p; are known then the subsequent
motion of S, described by the functions {g;(¢), p;(t)}, is uniquely determined by Hamil-
ton’s equations. This motion can be represented geometrically by the motion of a ‘point’
(called a phase point) in Hamiltonian phase space. Hamiltonian phase space is a real
space of 2n dimensions in which a ‘point’ is a set of values (q1,¢2, ..., qn,P1,P2y- -+ Pn)
of the independent variables {g;, p;}. Each motion of the system then corresponds to the
motion of a phase point through the phase space.

Definition 20.4. The phase space is a 2N dimensional space with a basis made from
the NV generalised coords {¢;} and their conjugate momenta {p;}.
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20.4.1 The phase fluid

The paths of phase points have a simpler structure when the Hamiltonian is not explicitly
dependent on t. In this case, H is a constant of the motion, so that each phase path
must lie on a ‘surface’ of constant energy within the phase space. Thus, the phase space
is filled with the non-intersecting level surfaces of H i.e. each phase path is restricted to
one of these level surfaces.

Note 20.2. If the phase space has dimension six, then a ‘surface’ of constant H has
dimension five.

Theorem 20.6

For a system with Hamiltonian, H = H(g;,p;) there can only be one phase path
passing through any point of the phase space.

Proof. Suppose there is one phase point situated at (g;, p;)o at time ¢, and another phase
point is at (g;, p;)o at time 5. Then, since H is independent of ¢, the second motion can
be obtained from the first by making the substitution ¢ — ¢ +¢; — t, a shift in the origin
of time. Therefore, the two phase points travel along the same path with the second point
delayed relative to the first by the constant time ¢ty — t;. Hence, phase paths cannot
intersect. ]

This means that the phase space is filled with non-intersecting phase paths like the
streamliens oof a fluid in steady flow. Each motion of the system corresponds to a phase
point moving along on eof these paths, just as the real particels of a fluid move along
the fluid streamline. Because of this analogy with fluid mechanics, the motion of phase
points in phase space is called the phase flow.

20.5 Poisson brackets

We constructed the phase space to be always even-dimensional, as a result there exists
a skew-symmetric structure known as a symplectic structure which is determined by
Poisson brackets.

Definition 20.5. Suppose that f(g;, p;) and g(g;, p;) are any two functions of position in
the phase space of a mechanical system. Then the Poisson bracket, {f, g} of f and g
is defined by

{f.9} =V4f Vpg—Vpf Vg

_ i of dg 09 0f
i1 dq; Opi  0q; Opi )
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Theorem 20.7

Properties of Poisson brackets:

« {f.f}=0;
{f,9y=—{9, [}
{af +bg,h} = a{f,h} + b{g, h}, for a,b € R;
{h,af +bg} = a{h, f} +b{h,g}, for a,b € R;
{fg9.h} ={f.h}g + f{g,h};
{f,gh} ={f.g}h + g{f. h}.

Theorem 20.1. The equations of motion can be written with Poisson brackets as

oH
dq; .

oH .
q@:{%H}:ﬁp and  p; = {p;, H} = —

Corollary 20.1. For any function f(g;, p;) on phase space we have that f= {f, H}.

Proof.
of OH OH Of
U i} = Z <0qz dp;  Dq; Op; )
of dg; dpi of
- Z (8% dt ' dt ﬂ)
_ df
=<
if f= f(qips)- O

20.6 Canonical transformations and symmetries

Definition 20.6. The following set of Poisson brackets are known as fundamental (or
canonical) Poisson brackets.

{gi,p;} = 6i;
{@Gi,9;} =0
{pi,p;} =0.

Definition 20.7. The transformations
¢ —q; and p; = p;

are known as canonical transformations if they preserve fundamental Poisson brackets

ie. if o,
{qi7pj} = 6ij
{gi,4;} =0
{ri,p;} =0,
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Definition 20.8. A symmetry in the Hamiltonian formulation is a canonical
transformation

¢ — q¢(qi,pi) and  p; = p'(qi, pi)
such that
H(q;,p;) = H(g,pi)-

Theorem 20.8

An infinitesimal canonical transformation is generated by any arbitrary function
f(q,pi) (called a generating function) on a phase space via

¢ q=ag¢+e{e, f=a+da
pi > v, =pi+e{p, f} =pi + op;

to first order in ¢ for any function f.

Proof. We check that to first order the fundamental Poisson brackets are preserved.
Firstly,

{qgap;'} = 0;; + 0(52)

Theorem 20.9

TO FINIHS
O
20.7 Noether’s theorem - Hamiltonian formulation
Theorem 20.10 (Noether’s theorem — Hamiltonian)
If an infinitesimal canonical transformation generated by a function f on the phase
space is symmetry then, f is conserved.
Proof. Let 6q; = e{q;, f} and op; = e{p;, f} then, we have that
0H = H(q; + 6qs, ps + 0ps) — H(qi, ps)
N
oH OH
=3 (S 60+ 5o
X (0H OH
= 8; <@{qz‘, fr+ 8—pi{pi, f}>
_é‘i OH df  OH df
B i1 dq; Op; Opi Oq
=¢e{H, [}
__of
ot
af . . .
Therefore, 0H =0 <~ e 0 i.e f is a conserved quantity. ]
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20.8 Liouville’s theorem and Poincare Recurrence

Consider phase point that at some instant, occupy the region R of the phase space, as
shown by in the figure above. As t increases, tehse points move along their various phase
paths in accordance with Hamilton’s equations and, after time ¢, will occupy some new
region R; of the phase space. This new region will have a different shape to Ry, but
Liouville’s theorem states that the volumes of the regions are equal.

Theorem 20.11 (Liouville’s theorem)

The volume of a region of phase spcae is constant along a Hamiltonian flow.

Remark 20.1. By the volume of the region R we mean

Volume(R):/ dQ1"'qudp1---de:/ dV.
" R

So, in general it is a high-dimensional integral in 2N dimensions.

Proof. Yah ]

Theorem 20.12 (Poincare Recurrence theorem)

If the phase space of a system is bounded then given any open neighbourhood B of
a point (g;, p;) then a system that at (g;, p;) will return to B in a finite time.

Remark 20.2. A system either repeats its motion in phase spcae or evolves to fill up a
subregion of the phase space, or all of it. In the last case the system is said to be ergodic.

Proof. Let R; be the region occupied by the points after time 7. Suppose that R; does
not overlap with R so that all the points that lay in R at time ¢ = 0 have left R at time
t = 7. We must show that some of them eventually return to Ry. Let Ry, R3,..., R, be
the regions occupied by the same points after times 27, 37, ..., n7. By Liouville’s theorem,
all of these regions have the same volume. Therefore, if they never overlap, their total
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volume will increase without limit. But, by the assumption, all these regions lie within
some finite volume, so that eventually one of them must overlap a previous one. Now we
show that it must overlap with original region R,. L
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Appendix
A REMINDER

e The conic section in the BOOK is in the section called 7.3
THE PATH EQUATION;

« FINISH THE TENSOR SECTION — VECTOR IDENTITIES

B Multivariable Taylor theorem

Theorem B.1

Taylor Theorem for two variable about the point (a, b)

f(x,y) = f(av b) + f;p(a,b>($ - CL) + fy(a,b)(y — b) =+ ..

C Line integrals

C.1 Line integral of a vector field

Definition C.1. The vector line integral of vector field F' along an oriented smooth
curve C is
/ F-T ds,
c

where T is the unit tangent vector.

Note C.1. Imagine a particle moving along the path of curve C' in which this curve is
subjected to forces from a vector field, F'. As the particle moves along the path, work is
done by the particle. In the simplest case (one-dimensional linear motion), the work done
by a particle is given by the force acting on the particle multiplied by the distance that it
travels; this idea of work is then extended to higher dimensions with vector line integrals.
In a vector field the force acting on the curve are all in different directions thus, to evaluate
the work done we need forces which act along the path of curve C, such forces are the
ones which are tangent to the curve i.e. F' - T'. The distance travelled by the particle is
the arc length of C i.e. ds. Hence, the work done by the particle over a C' in a vector field
F, is the sum of the force multiplied by the distance travelled i.e.

/F-Tds.
C

Theorem C.1

The vector line integral is equivalently defined as

/F-dr:/F~1'°dt.
c c
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Proof. The vector line integral is defined as
/F-Tds:/F-d—rﬁdt
C C ds dt

~ [ Frar
c

D Stuff

Co-vertex

= : - o
I Bemi-major axis

67



Francesco Chotuck 5CCM231 Classical Dynamics

Aphelion Perihelon

Apogee

Moon Orbit

Earth Orbit

Diagonalisation

F Links

e Moment of inertia tensor

o Parallel axes theorem

o MIT Classical Mechanics

e Matrices summation notation

o Kepler’s laws
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https://www.youtube.com/watch?v=HxH7fAQjt70
https://www.youtube.com/watch?v=r2Qb0vsxa8Y
https://ocw.mit.edu/courses/8-01sc-classical-mechanics-fall-2016/
https://math.stackexchange.com/questions/2063241/matrix-multiplication-notation
https://youtube.com/playlist?list=PLzhedHRpzyNuhFKs4GsZ-RQEYUklG9INh
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