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1 Functions R → Rn

1.1 Curves, paths and parametrisation
Definition 1.1. By a curve in Rn we mean a 1-dimensional subset of Rn which
nearly everywhere looks like a twisted piece of the real line i.e. R1. A portion of a
curve is called an arc of a curve.

Remark. A curve is said to be simple if it does not intersect itself.

Remark. A curve is said to be a closed curve if its end points coincide i.e. the
curve is a loop. Otherwise, it called an open curve.

Figure 1: An illustration of simple, closed and a combination of curves

1.1.1 Paths and Vector-valued Functions

Definition 1.2. A path (or a vector-valued function) is a smooth function
r : [a, b] → Rn or r : R → Rn.

Remark. A smooth function is a differentiable function over R or an interval
[a, b].

Example. r(t) = (cos t, sin t).

1.1.2 Parametrisation of curves

Definition 1.3. A parametrisation of a simple curve C of finite length is a
path r : [a, b] → C defined on an interval [a, b] which is one-to-one and onto.
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Remark. There are infinitely different parametrisation for any given curve C –
or equivalently, infinitely many different ways of giving a coordinate to the curve.

Remark. A path is just a parametrised curve in the ‘direction’ of t.

1.2 Differentiation of paths
Definition 1.4. Given a path (or a vector-valued function) r(t) : R → Rn, the
derivative of r with respect to t is defined to be

r′(t) = lim
h→0

r(t+ h)− r(t)

h
.

This corresponds to differentiating each vector components of r.

For example, if

r(t) =

(
x(t)
y(t)

)
then r′(t) =

(
x′(t)
y′(t)

)
.

1.3 Product rule for differentiation of paths
Theorem 1.1. Let r and g be differentiable vector-valued functions of t, let f be
a differentiable real-valued function of t, and let c be a scalar. Then the derivative
has the following properties:

(i)
d

dt
[f(t)r(t)] = f ′(t)r(t) + f(t)r′(t);

(ii)
d

dt
[g(t) · r(t)] = g′(t) · r(t) + g(t) · r′(t);

(iii)
d

dt
[g(t)× r(t)] = g′(t)× r(t) + g(t)× r′(t);

(iv)
d

dt
[r (f(t))] = r′ (f(t)) f ′(t);

(v) If r(t) · r(t) = c then, r(t) · r′(t) = 0.
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Proof. Only a proof of property (v) is presented as the rest are trivial.
d

dt
[r(t) · r(t)] = d

dt
[c]

r′(t) · r(t) + r(t) · r′(t) = 0

2 (r(t) · r′(t)) = 0

r(t) · r′(t) = 0.

1.4 Taylor’s theorem for paths
• Taylor expansion of first order

r(t+ h) = r(t) + hr′(t) + o(h),

where o(h) is a vector such that o(h)
h

→ 0 as h → 0.

• Second order

r(t+ h) = r(t) + hr(t) +
h2

2!
r′′(t) + o(h2),

where o(h2) is a vector such that o(h2)
h2 → 0 as h → 0.

1.5 Tangent Lines
Geometrically r′(t0) := r′(t)|t=t0 is a tangent vector to C at the point p = r(t0).
Notice that if we change the parametrisation of C we obtain different tangent
vectors therefore, if C is smooth at p, then the tangent line TpC to C is, by
definition, the space of all tangent vectors to the curve at p.

The tangent line can be parametrised as

l(µ) = r(t0) + µr′(t0).

2 Functions Rm → R

2.1 Graphs of scalar functions
Definition 2.1. The graph of f : Rm → R is the m–dimensional subset of Rm+1

defined by
Graph(f) = {(x, f(x)) ∈ Rm+1 : x ∈ Rm}.
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Remark. Let us consider the case in 2–dimensions: we have the point x 7→ f(x)
so, we have a curve (a piece of the real line) plotted on the xy–plane. Now let
us consider the case in 3–dimensions: we have the points (x, y) 7→ f(x, y) so, we
have a surface (a piece xy–plane) plotted in 3–dimensions. This reasoning can be
extended into higher dimensions.

2.2 Directional derivatives
Definition 2.2. If u is a fixed unit vector, the directional derivative f ′

u(x) of the
function f(x) in the direction u is defined to be

f ′
u(x) = lim

h→0

f(x+ hu)− f(x)

h
.

Remark. The directional derivative of f : Rm → R is always a scalar function
f ′
u(x) : Rm → R, that is, at each point of x ∈ Rm it defines a number, not a vector.

Lemma 2.1. The directional derivative of a scalar function f : Rm → R in the
direction u is

f ′
u(x) =

d

dt

∣∣∣
t=0

f(x+ tu).

Remark. This is analogous to the definition of a single variable derivative.

2.3 Partial derivatives
Definition 2.3. When it exists, the ith partial derivative ∂f

∂xi
of a scalar-valued

function f : Rm → R at x ∈ Rm, is a directional derivative in the direction of a
standard basis vector and is defined by

∂f

∂xi

∣∣∣
x
:= f ′

ei
(x).

Equivalently,
∂f

∂xi

= f ′
ei
(x0 + tei)

∣∣∣
t=0

.

To evaluate a partial derivative in respect to xi treat all the other variables con-
stants and differentiate as usual in respect to xi.

Remark. When all the partial derivatives exist and are continuous we say that f
is differentiable at x.
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2.4 Tangent plane to a surface
Proposition 1. Let f : R2 → R be differentiable at (x, y) ∈ R2. The tangent
plane to the graph-surface of f at the point (x0, y0, f(x0, y0)) is given by

z = z0 + (x− x0)fx(x0, y0) + (y − y0)fy(x0, y0).

For f : R3 → R the tangent plane is

(x− x0) · ∇f = 0.

3 Gradient vector
3.1 Gradient of a scalar function
Definition 3.1. The vector ∇f(x) is called the gradient of f at x. The map

Rm → Rm, x 7→ f(x)

is called the gradient vector field associated to f.

Definition 3.2. A scalar function f(x) ∈ R of a vector variable x ∈ Rm is
differentiable if there exists a vector function ∇f(x) such that

f(x+ h)− f(x) = h · ∇f(x) + o(|h|),

we can interpret o(|h|) as the ‘remainder’ therefore, lim|h|→0
o(|h|)
|h| .

Remark. The definition above can be equivalently restate as:

∇f(x) = lim
x→0

f(x+ h)− f(x)

h
.

Theorem 3.1. If f : R2 → R has partial derivatives ∂f
∂x
, ∂f
∂y

then in Cartesian
(rectangular) coordinates

∇f =
∂f

∂x
i+

∂f

∂y
j =

(∂f
∂x
∂f
∂y

)
.

Similarly, if f : R3 → R has partial derivatives ∂f
∂x
, ∂f
∂y
, ∂f
∂z

then in Cartesian coor-
dinates

∇f =
∂f

∂x
i+

∂f

∂y
j+

∂f

∂z
k =

∂f
∂x
∂f
∂y
∂f
∂z

 .
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Remark. The gradient vector is perpendicular to the level sets. Refer to www.
khanacademy.org.

3.1.1 The rate of change of a function

Theorem 3.2. Suppose that f : Rm → R is differentiable and suppose that
u ∈ Rm is a unit vector. Then

f ′
u(x) = u · ∇f(x).

Corollary 3.2.1. At a point x ∈ Rm the value f(x) ∈ R of the function f :
Rm → R increases most rapidly in the direction of ∇f(x) ∈ Rm and decreases
most rapidly in the direction of −∇f(x) ∈ Rm.

Theorem 3.3. Suppose the function f(x) is differentiable at (x0, y0) the the gra-
dient vector, ∇, has the following properties:

(i) If ∇f(x0, y0) = 0 then f ′
u(x0, y0) = 0 for any vector u.

(ii) If ∇f(x0, y0) 6= 0 then f ′
u(x0, y0) is maximised when u points in the same

direction as ∇f(x0, y0). The maximum value of f ′
u(x0, y0) is ‖∇f(x0, y0)‖.

(iii) If ∇f(x0, y0) 6= 0 then f ′
u(x0, y0) is minimised when u points in the opposite

direction as ∇f(x0, y0). The minimum value of f ′
u(x0, y0) is −‖∇f(x0, y0)‖.

3.2 Alternative formula for the tangent plane to a surface
Let f : R2 → R be differentiable at (x, y) ∈ R2. Then the equation for the tangent
plane at the point (x0, y0, z0 = f(x0, y0)) can be rewritten using the gradient of f
as follows:

z = z0 + (x− x0) · ∇f(x0)

Corollary 3.3.1. At any given point p ∈ Son a (smooth enough) surface S the
tangent plane Tp(S) is unique, i.e. spanned simultaneously by tangent vectors to
all possible (smooth) curves in S passing through p.

3.3 Higher order partial derivatives
By higher-order partial derivative we just mean a “partial derivative of a partial
derivative” provided they exist. That is, we can compute ∂

∂x
of ∂

∂z
and so on:

∂2f

∂xj∂xi

:=
∂

∂xj

(
∂f

∂xi

)
.
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Theorem 3.4. (Clairaut-Schwartz Theorem)

∂2f

∂xj∂xi

=
∂2f

∂xi∂xj

.

A point on notation: for brevity we often use the following alternative notation
for partial derivatives using just a subscript to f :

∂f

∂xi

= fxi
, etc.

∂2f

∂x2
= fxx,

∂2f

∂x∂y
= fxy etc.

3.4 Taylor’s Theorem in Two Variables
Theorem 3.5. Let f : R2 → R have continuous first and second order partial
derivatives. Then there is the following expansion in h, k around x0 = (x0, y0)
such that

f(x0 + h, y0 + k) = f(x0, y0) + h
∂f

∂x
+ k

∂f

∂y

+
h2

2

∂2f

∂x2
+ hk

∂2f

∂y∂x
+

k2

2

∂2f

∂y2
+ o(||h||2),

where the partial derivatives are all evaluated at x0, and the remainder o(‖h‖2)
is a function such that o(∥h∥2)

(h2+k2)
→ 0 as h, k → 0.

3.4.1 Compact formulation

Definition 3.3. The (2× 2) Hessian matrix, denoted by Df(x0, y0) is defined as

Df(x0, y0) :=

(
fxx(x0, y0) fxy(x0, y0)
fyx(x0, y0) fyy(x0, y0)

)
.

By stating an equation for the coefficients using indices i and j, the Hessian
matrix is as follows:

Df(x)i,j =
∂2f

∂xi∂xj

.

Taylor expansion to 2nd order

f(x+ h) = f(x) + h · ∇f(x) +
1

2
h ·Df(x0, y0)h+ o(||h||2)
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3.5 Maxima and minima of a function
Definition 3.4.

(a) A function f(x, y) is said to have a local maximum at the point (a, b) in
R2 if f(a, b) ≥ f(x, y) for all points (x, y) in a neighbourhood of (a, b).

(b) A function f(x, y) is said to have a local minimum at the point (a, b) in
R2 if f(a, b) ≤ f(x, y) for all points (x, y) in a neighbourhood of (a, b).

(c) A point (a, b) of a function f(x, y) such that
∇f(a, b) = 0, or equivalently fx = fy = 0

is called a critical point.
A local extreme value is either a maximum or a minimum.

Theorem 3.6. If f is differentiable and has a local extreme value at the point
(a, b) then

∂f(a, b)

∂x
=

∂f(a, b)

∂y
= 0.

i.e. a local extreme value is a critical point.
Theorem 3.7. Suppose that fx(a, b) = fy(a, b) = 0.

D = det

(
fxx fxy
fxy fyy

)
= fxxfyy − (fxy)

2.

(a) If D > 0 and fxx(a, b) > 0, then f(a, b) is a local minimum.

(b) If D > 0 and fxx(a, b) < 0, then f(a, b) is a local maximum.

(c) If D < 0, then (a, b) is a saddle point.

(d) If D = 0, then the test tells us nothing.
The definition of a local extremum of a function of three variables is analogous

to that for the two variable case:
Definition 3.5.

(a) A function f(x, y, z) is said to have a local maximum at the point (a, b, c)
if f(a, b, c) ≥ f(x, y, z) for all points (x, y, z) in a neighbourhood of (a, b, c).

(b) A function f(x, y, z) is said to have a local minimum at the point (a, b, c)
if f(a, b, c) ≤ f(x, y, z) for all points (x, y, z) in a neighbourhood of (a, b, c).

Theorem 3.8. If f is differentiable and has a local extreme value at the point
(a, b, c) then

∇f(a, b, c) = 0.
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4 Chain rule
4.1 The chain rule for derivatives
Theorem 4.1. (Chain rule for 1 independent variable) Suppose that x =
g(t) and y = h(t) are differentiable functions of t and z = f(x, y) is a differentiable
function of x and y. Then z = f(x(t), y(t)) is a differentiable function of t and

dz

dt
=

∂z

∂x

dx

dt
+

∂z

∂y

dy

dt
,

where the ordinary derivatives are evaluated at t and the partial derivatives are
evaluated at (x, y).

Theorem 4.2. (Chain rule for 2 independent variables) Suppose x = g(u, v)
and y = h(u, v) are differentiable functions of u and v, and z = f(x, y) is a
differentiable function of x and y. Then, z = f(g(u, v), h(u, v)) is a differentiable
function of u and v, and

∂z

∂u
=

∂z

∂x

∂x

∂u
+

∂z

∂y

∂y

∂u
∂z

∂v
=

∂z

∂x

∂x

∂v
+

∂z

∂y

∂y

∂v

4.2 The chain rule for paths
Theorem 4.3. (Chain rule along a curve) Let f : Rm → R and a path
r : R → Rm. The rate of change of the function f(r(t)) with respect to t along the
curve r(t) is

df(r(t))

dt
= ∇f(r(t)) · r′(t).

4.3 Extrema with extra conditions - Lagrange Multiplier
Theorem 4.4. If the function f(x) has an extremum (subject to g(x) = c) at
the point x0, then the vectors ∇f(x0) and ∇g(x0) are parallel. Thus, if ∇g(x0) is
non-zero, there exists a unique constant λ (known as a Lagrange multiplier) such
that

∇f(x0) = λ∇g(x0).

Example. Use the method of Lagrange multipliers to find the minimum value of
f(x, y) = x2 + 4y2 − 2x+ 8y subject to the constraint x+ 2y = 7.
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Solution: Let g(x, y) = x+ 2y − 7

∇f(x, y) =

(
2x− 2
8y + 8

)
∇g(x, y) =

(
1
2

)
.

Using the Lagrange multiplier theorem we have:
∇f(x, y) = λ∇g(x, y)(
2x− 2
8y + 8

)
= λ

(
1
2

)
.

Then by equating the coefficients we have a system of linear equations to solve:
2x− 2 = λ

8y + 8 = 2λ

x+ 2y − 7 = 0.

Solving the system we have that λ = 4y + 4 and using the substitution for λ the
values of x and y are obtained and it follows that (x, y) = (5, 1).

5 Integrals of Scalar Functions over Curves
Theorem 5.1. Suppose that r : [a, b] → C ⊂ Rm is any parametrisation of a
curve C in Rm. Then the integral of a function f : Rm → R over C is given by the
formula ∫

C

f ds =

∫ b

a

f(r(t)) ‖r′(t)‖ dt.

This can thought of as the surface area of the two-dimensional strip between
the curve C and the graph of f over C.

Figure 2: Illustration from lecture scans
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5.1 Arc length
Definition 5.1. Let C be an arc of a curve (of finite extent). Then the arc-length
of C is defined to be the integral

l =

∫
C

ds.

Theorem 5.2. Suppose that r(t) : [a, b] → Rm is any parametrisation of a curve
C in Rm. Then the length l of the arc is

l =

∫ b

a

‖r′(t)‖ dt.

If r(t) = (x1(t), x2(t), . . . , xm(t)), then

l =

∫ b

a

√
x′
1(t)

2 + x′
2(t)

2 + . . .+ x′
m(t)

2 dt.

6 Vector Fields
Definition 6.1. A function u : Rm → Rm is called a vector field. It assigns to
each point in Rm an m-vector.

6.1 Derivatives of vector fields: Div
In this section we regard ∇ as a ‘vector differential operator’ i.e.

∇ =
∂

∂x
i+

∂

∂y
j+

∂

∂z
k.

Definition 6.2. If v(x, y, z) = v1(x, y, z)i+ v2(x, y, z)j+ v3(x, y, z)k then

∇ · v = div v =
∂v1
∂x

+
∂v2
∂y

+
∂v3
∂z

.

∇ · v is called the divergence of v or simply div v

Remark. ∇ · v is a scalar function R3 → R.
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Interpretation of divergence

Figure 3: Illustration of divergence in a vector field.

Imagine the vector field representing the motion of fluids then negative divergence
indicates ‘sinks’ and positive divergence indicates ‘sources.’

6.2 Derivatives of vector fields: Curl
Definition 6.3. The curl of a vector field v : R3 → R3 is the vector field defined
by

∇× v = curlv =

(
∂v3
∂y

− ∂v2
∂z

)
i+

(
∂v1
∂z

− ∂v3
∂x

)
j+

(
∂v2
∂x

− ∂v1
∂y

)
k.

It is difficult to recall the equation for the curl so, it is easier to recall how to
compute the determinant of a 3× 3 matrix:

∇× v = det

 i j k
∂
∂x

∂
∂y

∂
∂z

v1 v2 v3

 .

Definition 6.4. The curl of a vector field v : R2 → R2 is the vector field defined
by

15



∇× v = curlv =

(
∂v2
∂x

− ∂v1
∂y

)
k.

Remark. Again as the notation would suggest, ∇× v is a vector quantity. It is
called the curl of v or simply curlv.

Interpretation of curl

Curl is a measure of how much a vector field circulates or rotates about a given
point. when the flow is anti-clockwise, curl is considered to be positive and when
it is clockwise, curl is negative. www.skill-lync.com.

6.3 Cross-product and the antisymmetric ε-tensor
Definition 6.5. The ε-tensor is a three-index object εijk, where i, j, k take values
in the set {1, 2, 3} with the following properties:

1. εijk = 1;

2. ε is antisymmetric: εijk = −εjik;

3. Invariance under cyclic permutation: εijk = εkij = εjki;

4. εijk = 0 whenever two or more indices agree, e.g. 0 = ε112 = ε333 = ε313 . . .

Note that the last property follows directly from antisymmetry: consider the
case with two indices the same: εiik. Then by antisymmetry εiik = −εiik, which
can only by true if εiik = 0. In components, we can write out all the values of the
ε-tensor:

εijk =


1 if (ijk) = (123), (312), (231)

−1 if (ijk) = (132), (213), (321)

0 else

Theorem 6.1. The cross product of two vectors can be expressed using the ε-
tensor as follows: the ith component of the vector v ×w is

(v ×w)i =
3∑

j=1

3∑
k=1

εijkvjwk.

16
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6.4 Identities for ∇
1. Linearity:

∇ · (v +w) = (∇ · v) + (∇ ·w),

∇× (v +w) = (∇× v) + (∇×w).

2. Leibniz rule:
∇ · (fv) = (∇f) · v + f(∇ · v)
∇× (fv) = (∇f)× v + f(∇× v)

∇ · (v ×w) = (∇× v) ·w − v · (∇×w).

3. Second derivative:

∇ · (∇× v) = 0 for any vector field v.

Can be thought as ′ div (curl) = 0′.
Conversely, if ∇ · w = 0 then on any simply connected domain (a domain
with no holes) one can find a vector field v such that w = ∇× v.

∇× (∇f) = 0 for any function f.

Can be thought as ′ curl (gradv)′.
Conversely, if ∇×w = 0 then on any simply connected domain one can find
a function f such that w = ∇f.

∇ · (∇f ×∇g) = 0 for any function f and g.

∇ · (∇f) =
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2
= fxx + fyy + fzz = ∇2f.

For vector fields v we can define ∇2v through the equation

∇× (∇× v) = ∇(∇ · v)−∇2v.

∇2f can be thought as ′ div (grad f)′ which is also known as the “Laplace
operator” or “Laplacian”.

6.5 Test for integrability of vector fields
It is often very important to know whether a vector field v can be written as the
gradient of a scalar field

v = ∇f

or as the curl of a different vector field

v = ∇× u.

17



6.5.1 Can v be written as the gradient of a scalar function?

(a) If ∇× v 6= 0 then v cannot be written as the gradient of a scalar function.

(b) If ∇× v = 0 then on any simply connected region, v can be written as the
gradient of a scalar function.

6.5.2 Can v be written as the curl of a vector field?

(a) If ∇ · v 6= 0 then v cannot be written as the curl of a vector field.

(b) If ∇ · v = 0 then on any simply connected region, v can be written as as
curl of a vector field.

7 Line Integrals for Vector fields
Proposition 2. Suppose that C is the arc of the curve r(t) corresponding to
a ≤ t ≤ b. Then ∫

C

v · dr =
∫ b

a

v(r(t)) · r′(t) dt.

Proposition 3. Suppose that C is the arc of the curve r(t) in R3 corresponding
to t1 ≤ t ≤ t2. Then ∫

C

v · dr =
∫ t2

t1

v(r(t)) · r′(t) dt.

Alternative notation
If v(x, y, z) = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k, then, expanding dr = dxi +
dyj+ dzk,

∫
C
v · dr may also be expanded as∫

C

P (x, y, z) dx+Q(x, y, z) dy +R(x, y, z) dz.

Also, if C is parametrised as r(t) = x(t)i+ y(t)j+ z(t)k, t1 ≤ t ≤ t2,

dx = x′(t)dt,

dy = y′(t)dt,

dz = z′(t)dt,

and thus∫
C

v · dr =
∫
C

P (x, y, z) dx+Q(x, y, z) dy +R(x, y, z) dz

=

∫ t2

t1

(P (x(t), y(t), z(t))x′(t) +Q(x(t), y(t), z(t))y′(t) + R(x(t), y(t), z(t))z′(t)) dt.
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7.1 FTC I
Theorem 7.1. (FTC I) Suppose that f : Rm → R is a function and that C is
the arc of a curve which starts at p ∈ Rm and ends at q ∈ Rm. Then∫

C

∇f · dr = f(q)− f(p).

Corollary 7.1.1. If v = ∇f for some function f and C1 and C2 are two arcs
which begin at the same point and end at the same point, then∫

C1

v · dr =
∫
C2

v · dr.

Corollary 7.1.2. If C is a closed arc (that is, its starting point and finishing point
coincide) and v = ∇f for some function f, then∮

C

v · dr = 0

8 Double Integrals
Definition 8.1. Suppose that U is the region U = {(x, y) : a ≤ x ≤ b, p ≤ y ≤ q}
then ∫∫

U

f(x, y) dxdy = lim
δx→0
δy→0

∑∑
f(x, y)δxδy.

Remark. As single integrals represent signed area, double integrals represent the
signed volume.

Definition 8.2. The area of the region R is given by A(R) =
∫∫

R
1 dxdy.

8.1 Rectangular regions
Remark. A remark on notation: the region R = {(x, y) : a ≤ x ≤ b, c ≤ y ≤
d} ⊂ R2 can be also written as R = [a, b]× [c, d].

Theorem 8.1. (Properties of the double integrals) Assume that the func-
tions f(x, y) and g(x, y) are integrable over the rectangular region R;S and T are
subregions of R; and assume that m and M are real numbers.

(i) If R = S ∪ T and S ∩ T = ∅ except an overlap on the boundaries, then∫∫
R

f(x, y) dxdy =

∫∫
S

f(x, y) dxdy +

∫∫
T

f(x, y) dxdy.
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(ii) If m ≤ f(x, y) ≤ M, then

m× A(R) ≤
∫∫

R

f(x, y) dxdy ≤ M × A(R).

(iii) In the case where f(x, y) can be factored as a product of a function g(x) of
x only and a function h(y) of y only, then over the region R = {(x, y) : a ≤
x ≤ b, c ≤ y ≤ d}, the double integral can be written as∫∫

R

f(x, y) dxdy =

(∫ b

a

g(x) dx

)(∫ d

c

h(y) dy

)
.

Theorem 8.2. (Fubini’s Theorem) Suppose that f(x, y) is a function of two
variables that is continuous over a rectangular region R = {(x, y) ∈ R2 : a ≤ x ≤
b, c ≤ y ≤ d}. The the double integral of f over the region R,∫∫

R

f(x, y) dxdy =

∫∫
R

f(x, y) dydx.

Remark. In this course Fubini’s theorem will always be true.

Definition 8.3. Assume a, b, c, and d are real numbers. We define an iterated
integral for a function f(x, y) over the rectangular region R = [a, b]× [c, d] as

(a) ∫ b

a

∫ d

c

f(x, y) dydx =

∫ b

a

[∫ d

c

f(x, y) dy

]
dx;

(b) ∫ b

a

∫ d

c

f(x, y) dxdy =

∫ b

a

[∫ d

c

f(x, y) dx

]
dy.

The notation
∫ b

a

[∫ d

c
f(x, y) dy

]
dx means that we integrate f(x, y) with respect

to y while holding x constant and vice versa.

Example. Evaluate the double integral
∫∫

R
(xy − 3xy2) dxdy where R = {(x, y) :

0 ≤ x ≤ 2, 1 ≤ y ≤ 2}.
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Solution:

I =

∫∫
R

(xy − 3xy2) dxdy =

∫∫
R

xy dxdy −
∫∫

R

3xy2 dxdy

=

∫ y=2

y=1

∫ x=2

x=0

xy dxdy −
∫ y=2

y=1

∫ x=2

x=0

3xy2 dxdy

=

∫ y=2

y=1

[
x2

2
y

]x=2

x=0

dy − 3

∫ y=2

y=1

[
x2

2
y2
]
dy

=

∫ 2

1

2y dy −
∫ 2

1

6y2 dy

= [y2]21 − [2y3]21
= −11.

Example. Illustrating Property (ii).
Over the region R = {(x, y) : 1 ≤ x ≤ 3, 1 ≤ y ≤ 2}, we have 2 ≤ x2 + y2 ≤ 13.
Find a lower and upper bound for the integral

∫∫
R
(x2 + y2) dxdy.

Solution: For a lower bound, integrate the constant function 2 over the region R.
For an upper bound, integrate the constant function 13 over the region R.∫ 2

1

∫ 3

1

2 dxdy = 4∫ 2

1

∫ 3

1

13 dxdy = 26.

Hence, we obtain
4 ≤

∫∫
R

(x2 + y2) dxdy ≤ 26.

Example. Illustrating Property (iii).
Evaluate the integral

∫∫
R
ey cos(x) dxdy over the region R = {(x, y) : 0 ≤ x ≤

π
2
, 0 ≤ y ≤ 1}.

Solution: ∫∫
R

ey cos(x) dxdy =

∫ 1

0

∫ π
2

0

ey cos(x) dxdy

=

(∫ 1

0

ey dy

)(∫ π
2

0

cos(x) dx

)
= e− 1.
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8.2 General regions

Figure 4: For a region D ⊂ R.

In order to develop double integrals of f over D, we extend the definition of the
function to include all points on the rectangular region R. By defining a new
function g(x, y) on R as follows,

g(x, y) =

{
f(x, y) if (x, y) is in D,

0 if (x, y) is R but not in D.

Definition 8.4. A region D in the (x, y) plane is of Type I if it lies between two
vertical lines and the graphs of two continuous functions g1(x) and g2(x).

Figure 5: A Type I region.
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Definition 8.5. A region D in the (x, y) plane is of Type II if it lies between
two horizontal lines and the graphs of two continuous functions h1(y) and h2(y).

Figure 6: A Type II region.

Example. (Describing a Region as Type I and also Type II). Consider the
region in the first quadrant between the functions y =

√
x and y = x3. Describe

the region first as Type I and then as Type II.

Figure 7: Region D

Solution: When describing a region as Type I, we need to identify the function
that lies above the region and the function that lies below the region. Here, region
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D is bounded above by y =
√
x and below by y = x3 in the interval for x in [0, 1].

Hence, as Type I, D is described as the set {(x, y) : 0 ≤ x ≤ 1, x3 ≤ y ≤
√
x}.

However, when describing a region as Type II, we need to identify the function
that lies on the left of the region and the function that lies on the right of the
region. Here, the region D is bounded on the left by x = y2 and on the right by
x = 3

√
y in the interval for y in [0, 1]. Hence, as Type II, D is described as the set

{(x, y) : y2 ≤ x ≤ 3
√
x, 0 ≤ y ≤ 1}

Theorem 8.3. (Double Integrals over Non-rectangular Regions) Suppose
g(x, y) is the extension to the rectangle R of the function f(x, y) defined on the
regions D and R as shown in Figure 4 inside R. Then g(x, y) is integrable and we
define the double integral of f(x, y) over D by∫∫

D

f(x, y) dxdy =

∫∫
R

g(x, y) dxdy.

Example. Evaluate I =
∫∫

D
x(y − 1) dxdy where D is the region bounded by

y = 1− x2, and y = x2 − 3.
Solution: Start by sketching the region in the (x, y) plane.

Figure 8: Region D

To decide whether to integrate in respect to x or y use this method:

• Integrating in respect to x: the integration is horizontal so, does the left
function and right function change as we move left and right in the region
of integration?

• Integration in respect to y: the integration is vertical so, does the lower
function and upper function change as we move up and down in the region
of integration?
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In the region D of Figure 8 as we move left to right the function changes so,
doing the integration in respect to x is not optimal as we have to consider two
different functions hence, two different integrals. Whereas, as we move up and
down in the region the lower and upper function do not change so, the integration
is efficient in respect to y. So, the limits for this integral are

−
√
2 ≤x ≤

√
2

x2 − 3 ≤y ≤ 1− x2.

The integral then is set up as

I =

∫ √
2

−
√
2

(∫ 1−x2

x2−3

x(y − 1) dy

)
dx

Theorem 8.4. (Decomposing Regions) Suppose the region D can be expressed
as D = D1∪D2 where D1 and D2 do not overlap except at their boundaries. Then∫∫

D

f(x, y) dxdy =

∫∫
D1

f(x, y) dxdy +

∫∫
D2

f(x, y) dxdy.

Example. Express the region D shown in Figure 9 as a union of regions of Type
I or Type II, and evaluate the integral

∫∫
D
(2x+ 5y) dxdy.

Figure 9: The region D which can be decomposed in a union of three regions

Solution: The region D can be decomposed into the union of three regions,
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each of either Type I or Type II. So, D = D1 ∪D2 ∪D3 where,

D1 =
{
(x, y) : −2 ≤ x ≤ 0, 0 ≤ y ≤ (x+ 2)2

}
,

D2 =

{
(x, y) : 0 ≤ x ≤

(
y − 1

16
y3
)
, 0 ≤ y ≤ 4

}
D3 =

{
(x, y) : −2 ≤ x ≤

(
y − 1

16
y3
)
,−4 ≤ y ≤ 0

}
.

These regions are more clearly illustrated in Figure 10.

Figure 10: Decomposed region D = D1 ∪D2 ∪D3

8.3 Changing variables
Theorem 8.5. Suppose that the pair of functions u = u(x, y) and v = v(x, y) are
invertible so that x = x(u, v) and y = y(u, v). Also suppose that the region U in
the (x, y)-plane corresponds to the region U ′ in the (u, v)-plane. Then∫∫

U

f(x, y) dxdy =

∫∫
U ′
f(x(u, v), y(u, v))

∣∣∣∣∂(x, y)∂(u, v)

∣∣∣∣ dudv,
where

∂(x, y)

∂(u, v)
= det

(
∂x
∂u

∂y
∂u

∂x
∂v

∂y
∂v

)
= det

(
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

)
The matrix is known as the Jacobian.
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Example. Evaluate I =
∫∫

R
xy3 dxdy where R is the region bounded by xy =

1, xy = 3, y = 2 and y = 6 using the transformation x = v
6u
, y = 2u.

Solution: First, transform the each of the boundary curves

y = 6 : 2u = 6 ⇒ u = 3

xy = 3 :
( v

6u

)
(2u) = 3 ⇒ v = 9

y = 2 : 2u = 2 ⇒ u = 1

xy = 1 :
( v

6u

)
(2u) = 1 ⇒ v = 3

So, the limits for the transformed region are,

1 ≤u ≤ 3

3 ≤v ≤ 9

Next, evaluate the Jacobian:

∂(x, y)

∂(u, v)
= det

(
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

)
= det

(
− v

6u2
1
6u

2 0

)
= 0− 2

6u
= − 1

3u
.

Now the integral can be written in the (u, v) coordinates system:

I =

∫ 3

1

∫ 9

3

( v

6u

)
(2u)3

∣∣∣∣− 1

3u

∣∣∣∣ dvdu
=

∫ 3

1

∫ 9

3

4

9
vu dvdu.

8.3.1 Polar coordinates

Definition 8.6. A polar rectangle is the set R = {(r, θ) : a ≤ r ≤ b, α ≤ θ ≤ β}.

Theorem 8.6. If f is continuous on a polar rectangle R given by a ≤ r ≤ b, α ≤
θ ≤ β, where 0 ≤ β − α ≤ 2π, then∫∫

R

f(x, y) dxdy =

∫ β

α

∫ b

a

f(r cos(θ), r sin(θ))r drdθ.

Example. Evaluate
∫∫

R
(3x + 4y2) dxdy where R is the region in the upper half-

plane bounded by the circles x2 + y2 = 1 and x2 + y2 = 4.
Solution: The region R can be described as

R = {(x, y) : y ≥ 0, 1 ≤ x2 + y2 ≤ 4} = {(r, θ) : 1 ≤ r ≤ 2, 0 ≤ θ ≤ π}.
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Therefore, ∫∫
R

(3x+ 4y2) dxdy =

∫ π

0

∫ 2

1

(3r cos(θ) + 4r2 sin2(θ))r drdθ

=

∫ π

0

∫ 2

1

(3r2 cos(θ) + 4r3 sin2(θ)) drdθ

=

∫ π

0

[
r3 cos(θ) + r4 sin2(θ))

]r=2

r=1
dθ

=

∫ π

0

(7 cos(θ) + 15 sin2(θ)) dθ

=
15

2
π.

8.4 FTC II: Green’s Theorem
Theorem 8.7. (FTC II) Let C be a simple closed curve in R2 and Ω be the
interior of C. Also let v : R2 → R2 be a vector field on R2, given in components
by v(x, y) = P (x, y)i+Q(x, y)j, with components functions that have continuous
partial derivatives on Ω. Then, if C is parametrised in an anti-clockwise direction,∫∫

Ω

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮
C

P dx+Qdy =

∮
C

v · dr.

Corollary 8.7.1. With the assumptions of Theorem 8.7, Green’s theorem can be
restated as ∫∫

Ω

(∇× v) · k dxdy =

∮
C

v · dr.

This also follows from Definition 6.4.

Corollary 8.7.2. (Area formula) Let C be a simple closed curve in R2 and Ω
be the interior of C. Then the area of the interior region is given by

Area(Ω) = 1

2

∮
C

(−y dx+ x dy).

Example. Evaluate
∮
C
(3y− esinx) dx+

(
7x+

√
y4 + 1

)
dy, where C is the circle

x2 + y2 = 9.
Solution: The region D bounded by C is the disk x2+y2 ≤ 9, by applying Green’s
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theorem and changing into polar coordinates:

I =

∮
C

(3y − esinx) dx+
(
7x+

√
y4 + 1

)
dy

=

∫∫
D

[
∂

∂x

(
7x+

√
y4 + 1

)
− ∂

∂y

(
3y − esinx

)]
dxdy

=

∫ 2π

0

∫ 3

0

(7− 3)r drdθ

= 36π.

9 Surface Integrals
9.1 Parametric surfaces
Definition 9.1. A parametrisation of a surface S ⊂ R3 means a differentiable
map from a region U ⊂ R2 to S

r : U ⊂ R2 → S ⊂ R3, (u, v) 7→ r(u, v),

which is onto and one-to-one except possible on a ‘line of points’ i.e.

r(u, v) =

x(u, v)
y(u, v)
z(u, v)

 .

A simple way to parametrise graphs is to use x and y as the parameters such
that

r(x, y) =

 x
y

f(x, y)

 .

9.1.1 The fundamental vector product of a surface

Definition 9.2. Let

r(u, v) =

x(u, v)
y(u, v)
z(u, v)


be a parametrised surface, and

r′u(u, v) =
∂x(u, v)

∂u
i+

∂y(u, v)

∂u
j+

∂z(u, v)

∂u
k
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and
r′v(u, v) =

∂x(u, v)

∂v
i+

∂y(u, v)

∂v
j+

∂z(u, v)

∂v
k

be partial derivatives of r with respect to u and v respectively. Then the vector

N(u, v) = r′u(u, v)× r′v(u, v)

is known as the fundamental vector product of the surface at the point r(u, v).

Remark. The vectors r′u and r′v are tangent vectors at the points r(u, v0) and
r(u0, v) respectively. To obtain the equation of the tangent plane at the point

(a, b, c) first compute r′u × r′v =

Q
R
S

 and the equation of the tangent plane will

be
Q(x− a) + R(y − b) + S(z − c) = 0.

Theorem 9.1. The fundamental vector product N(u, v) is perpendicular to the
surface at r(u, v).

Corollary 9.1.1. If the surface S is described by the equation z = f(x, y), then it
can be parametrised as

r(x, y) =

 x
y

f(x, y)


therefore,

N(x, y) = −∂f

∂x
i− ∂f

∂y
j+ k.

9.2 Surface integrals of scalar functions
Proposition 4. For a scalar function f : R3 → R and a surface parametrised by
u and v, ∫∫

S

f(x, y, z) dσ =

∫∫
D

f(r(u, v))N(u, v) dudv.

Corollary 9.1.2. Any surface parametrised by z = g(x, y) i.e.

x = x, y = y, z = g(x, y),

we have∫∫
S

f(x, y, z) dσ =

∫∫
D

f(x, y, g(x, y))

√(
∂z

∂x

)2

+

(
∂z

∂y

)
+ 1 dxdy.
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Theorem 9.2. Suppose that S = r(u, v) is a parametrised surface for (u, v) ∈ D.
Then the surface area of S is

Area of S =

∫∫
D

|N(u, v)| dudv.

Corollary 9.2.1. For the special case of a surface S with equation z = f(x, y),
where (x, y) lies in D then S is parametrised as

x = x, y = y, z = f(x, y).

Therefore the surface area of S is given as

Area of S =

∫∫
D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy.

9.3 Surface integrals of vector fields
Definition 9.3. Let S be a surface in R3 of finite extent and let v : R3 → R3

be a vector field on R3. Also suppose that at each point of S n is a unit vector
normal to S. Then the integral of v over S — or, the flux of v across S in the
direction of n — is defined by∫∫

S

v · n dσ =

∫∫
D

v ·N(u, v) dudv =

∫∫
D

v(r(u, v)) ·N(u, v) dudv.

Proposition 5. If v is a vector field on R3 and S is the surface determined by the
equation z = f(x, y) then the flux of v = v1i+ v2j+ v3k across S in the direction
of the upwards normal is∫∫

D

(
−v1

∂f

∂x
− v2

∂f

∂y
+ v3

)
dxdy.

9.4 Stokes’ Theorem
Theorem 9.3. Suppose that S is a curved region in R3 bounded by the closed
curve C. Then ∫∫

S

(∇× v) · n dσ =

∮
C

v dr

where C is taken anti-clockwise about n.

Corollary 9.3.1. Suppose that the surface S is closed; that is, it is contained in
a finite region of space and has no boundary (such as a sphere). Then∫∫

S

(∇× v) · n dσ = 0.
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Corollary 9.3.2. If F is a vector field and there exists a closed surface S such
that ∫∫

S

F · n dσ 6= 0,

then F is not the curl of any vector field in R3, i.e. F 6= ∇×u for any vector field
u.

Corollary 9.3.3. Suppose that the surface S has two closed boundary curves C1

and C2 (for example, when S is a cylinder with two circles as boundary). Then∫∫
S

(∇× v) · n dσ =

∮
C1

v · dr−
∮
C2

v · dr

where C1 is taken anti-clockwise about n and C2 is taken clockwise about n.

10 FTC in three dimensions
10.1 Triple integrals
Similar to double integrals, triple integrals represent the volume of a three dimen-
sional shape given by f(x, y, z).

Theorem 10.1. (Fubini’s Theorem) If f(x, y, z) is continuous on a rectangular
box B = [a, b]× [c, d]× [e, f ], then∫∫∫

B

f(x, y, z) dxdydz =

∫ f

e

∫ d

c

∫ b

a

f(x, y, z) dxdydz.

This integral is also equal to any of the other five possible orderings for the iterated
triple integral.

Theorem 10.2. The volume of the region E is given by V (E) =
∫∫∫

E
1 dxdydz.

10.1.1 Triple integrals over general regions

Theorem 10.3. The triple integral of a continuous function f(x, y, z) over a gen-
eral three-dimensional region E = {(x, y, z) : (x, y) ∈ D, u1(x, y) ≤ z ≤ u2(x, y)}
in R3, where D is the projection of E onto the xy-plane, is∫∫∫

E

f(x, y, z) dxdydz =

∫∫
D

[∫ u2(x,y)

u1(x,y)

f(x, y, z) dz

]
dxdy.

Example. TO DO !!
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10.1.2 Cylindrical coordinates

Theorem 10.4. Suppose that g(x, y, z) is a continuous function, then in cylin-
drical coordinates

g(x, y, z) = g(r cos θ, r sin θ, z) = f(r, θ, z)

and that ∫∫∫
E

g(x, y, z) dxdydz =

∫∫∫
E

f(r, θ, z)r drdθdz.

Example. TO DO !!

10.1.3 Spherical coordinates

Theorem 10.5. Suppose that g(x, y, z) is a continuous function, then in spher-
ical coordinates

g(x, y, z) = g(rρ sinϕ cos θ, ρ sinϕ sin θ, ρ cosϕ) = f(ρ, θ, ϕ)

and that ∫∫∫
E

g(x, y, z) dxdydz =

∫∫∫
E

f(ρ, θ, ϕ)ρ2 sinϕ dρdθdϕ.

Example. TO DO !!

10.1.4 Changing variables

Definition 10.1. The Jacobian in three variables is defined as follows:

J =

 ∂x
∂u

∂y
∂u

∂z
∂u

∂x
∂v

∂y
∂v

∂z
∂v

∂x
∂w

∂y
∂w

∂z
∂w

 .

The Jacobian can also be denoted as J = ∂(x,y,z)
∂(u,v,w)

.

Theorem 10.6. Suppose that the triple of functions u = u(x, y, z), v = v(x, y, z)
and w = w(x, y, z) are invertible so that x = x(u, v, w), y = y(u, v, y) and z =
z(u, v, w). Also suppose that the volume V in (x, y, z)-space corresponds to the
volume V ′ in (u, v, w)-space. Then∫∫∫

V

f(x, y, z) dxdydz =

∫∫∫
V ′

f(x(u, v, w), y(u, v, w), z(u, v, w))

∣∣∣∣ ∂(x, y, z)∂(u, v, w)

∣∣∣∣ dudvdw.
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10.2 FTC III: The divergence theorem
Theorem 10.7. Suppose that V is a solid in R3 which is bounded by the closed
surface S, and that v is a vector field on R3. Then∫∫∫

V

∇ · v dxdydz =

∫∫
S

v · n dσ,

where n is the outward normal.
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11 Formulae
11.1 Tangent plane

z = f(x0, y0) + fx(x0, y0)(x− x0) + fy(x0, y0)(y − y0).

(x− x0) · ∇f(x0) = 0

(x− x0)
∂f(x0)

∂x
+ (y − y0)

∂f(x0)

∂y
+ (z − z0)

∂f(x0)

∂z
= 0.

11.2 Directional derivative
f ′
u = ∇f · u.

11.3 Linear approximation
l(µ) = r(t0) + µr′(t0).

11.4 Taylor’s theorem for vector valued functions

r(t+ h) = r(t) + hr′(t) +
h2

2
r′′(t) + o(h2).

11.5 Taylor first order approximation
f(x+ h) = f(x) + h · ∇f(x) + o(|h|).

f(x0 + h, y0 + k) = f(x0, y0) + h
∂f

∂x
+ k

∂f

∂y
.

11.6 Taylor second order approximation

f(x+ h) = f(x) + h · ∇f(x) +
1

2
h ·Df(x0,y0)h+ o(||h||2)

f(x0 + h, y0 + k) = f(x0, y0) + h
∂f

∂x
+ k

∂f

∂y

+
h2

2

∂2f

∂x2
+ hk

∂2f

∂y∂x
+

k2

2

∂2f

∂y2
+ o(||h||2),
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11.7 Second derivative test
Suppose that fx(a, b) = fy(a, b) = 0.

D = det

(
fxx fxy
fxy fyy

)
= fxxfyy − (fxy)

2.

(a) If D > 0 and fxx(a, b) > 0, then f(a, b) is a local minimum.

(b) If D > 0 and fxx(a, b) < 0, then f(a, b) is a local maximum.

(c) If D < 0, then (a, b) is a saddle point.

(d) If D = 0, then the test tells us nothing.

11.8 Integrals of scalar functions∫
C

f ds =

∫ b

a

f(r(t)) ‖r′(t)‖ dt.

11.9 Arc length

l =

∫ b

a

‖r′(t)‖ dt

11.10 Line integrals for vector fields∫
C

v · dr =
∫ b

a

v(r(t)) · r′(t) dt.

12 Appendix
12.1 O-notation
Intuitively, f(x) is o(g(x)) (read ”f(x) is little-o of g(x)”) means that g(x) grows
faster than f(x). One writes

f(x) = o(g(x)) ⇐⇒ lim
x→∞

f(x)

g(x)
= 0.
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12.2 Polar coordinates
Definition 12.1. In the polar coordinate system, a point in space (Figure 11)
is represented by the double coordinates (r, θ), where

• r is the distance from the point to the origin;

• θ is the angle moved from the x-axis to the line segment where θ ∈ [0, 2π].

Figure 11: Illustration of polar coordinate system

12.3 Cylindrical polar coordinates
Definition 12.2. In the cylindrical coordinate system, a point in space (Fig-
ure 12) is represented by the ordered triple coordinates (r, θ, z), where

• (r, θ) are the polar coordinates of the point’s projection in the xy-plane,

• z is the usual z-coordinate in the Cartesian coordinate system.

Remark. As in polar coordinates θ ∈ [0, 2π].
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Figure 12: Illustration of coordinate plane in cylindrical coordinate system

12.4 Spherical polar coordinates
Definition 12.3. In the spherical coordinate system, a point P in space
(Figure 13) is represented by the ordered triple coordinates (ρ, θ, ϕ), where

• ρ is the distance between P and the origin (ρ 6= 0);

• θ is the same angle used to describe location in the cylindrical coordinates;

• ϕ is the angle formed between the positive z-axis and the line segment −→
OP

where O is the origin and 0 ≤ ϕ ≤ π.
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Figure 13: Illustration of coordinate plane in spherical coordinate system

12.4.1 Cylindrical to spherical coordinates

Theorem 12.1. In a cylindrical coordinate system, spherical coordinates are
equivalent to

r = ρ sinϕ

θ = θ

z = ρ cosϕ.

Where ϕ is the angle from the z-axis to the y-axis in a clockwise orientation.

12.5 Vector cross product
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A.2. VECTORS IN R3 177

Any vector in R3can be written as a linear combination of i, j and k in a unique way
0

BB@

a

b

c

1

CCA = ai+ bj+ ck

A.2.3 The length of a vector

If u = ai+ bj+ ck then the length of u is
p
a2 + b2 + c2.

We can write this as ||u|| or |u| or u.

A.2.4 The scalar or dot product

Given two vectors u and v then their scalar or dot product is a scalar, that is, a number.

It is equal to the product of their lengths times the cosine of the angle ✓ between them. It is

written u · v. We have

u · v = ||u|| ||v|| cos(✓)

If u =

0

BB@

a

b

c

1

CCA and v =

0

BB@

d

e

f

1

CCA then u · v = ad+ be+ cf

1. u · u = ||u||2

2. u · v = v · u for all vectors u and v.

3. If u · v = 0 then u and v are orthogonal.

4. If u · v = ||u|| ||v|| then u and v are parallel

5. The unit vectors in R2 satisfy i · i = j · j = k · k = 1 , i · j = i · k = j · k = 0 .

They are orthonormal. This means they are orthogonal and have unit length.

A.2.5 The vector or cross product

The vector or cross product is only defined for vectors in R3.

Given two vectors u and v in R3 then their vector or cross product is a vector.

We write the cross product of two vectors u and v as u⇥ v or u ^ v .

This product is antisymmetric so that for any two vectors u and v, u⇥ v = �v ⇥ u.

In other words, the order of the two vectors in the cross product is important.
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This means that u⇥ u = 0 for all vectors u.

If u =

0

BB@

a

b

c

1

CCA and v =

0

BB@

d

e

f

1

CCA then u⇥ v =

0

BB@

a

b

c

1

CCA⇥

0

BB@

d

e

f

1

CCA =

0

BB@

bf � ce

cd� af

ae� bd

1

CCA .

We can also write this as a determinant:

u⇥ v =

��������

i j k

a b c

d e f

��������
= (bf � ce)i+ (cd� af)j+ (ae� bd)k

Geometrically, u⇥v is a vector of length ||u|| ||v|| sin(✓) which is orthogonal to both u and v, i.e.

it is orthogonal to the plane containing u and v.

You can remember which direction u⇥ v points along by the right-handed rule. If u and v point

along the thumb and first fingers of the right hand respectively then u⇥v points along the direction

of the second finger of the right hand.

The length of u⇥v is also equal to the area of the parallelogram which has u and v for two sides.

The unit vectors in R3 satisfy

i⇥ i = 0 i⇥ j = k i⇥ k = �j

j⇥ i = �k j⇥ j = 0 j⇥ k = i

k⇥ i = j k⇥ j = �i k⇥ k = 0

A.2.6 Identities

For all vectors u,v and w:

1. u⇥ (v ⇥w) = (u ·w)v � (u · v)w

2. u·(v⇥w) = v·(w⇥u) = w·(u⇥v) = (u⇥v)·w = (v⇥w)·u = (w⇥u)·v
|u · (v ⇥w)| is equal to the volume of the parallelepiped with edges u,v and w

3. If u·(v⇥w) = 0 then the three vectors lie in a plane

4. u · (u⇥ v) = 0 and v · (u⇥ v) = 0.

This is because u⇥ v is orthogonal to both u and v.
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