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1 Functions R — R"

1.1 Curves, paths and parametrisation

Definition 1.1. By a curve in R” we mean a 1-dimensional subset of R™ which
nearly everywhere looks like a twisted piece of the real line i.e. R!. A portion of a
curve is called an arc of a curve.

Remark. A curve is said to be simple if it does not intersect itself.

Remark. A curve is said to be a closed curve if its end points coincide i.e. the
curve is a loop. Otherwise, it called an open curve.

IS

(a) Simple, not closed (b) Simple, closed (c) Not simple, (d) Not simple,
closed not closed

Figure 1: An illustration of simple, closed and a combination of curves

1.1.1 Paths and Vector-valued Functions

Definition 1.2. A path (or a vector-valued function) is a smooth function
r:fa,b) > R"orr: R — R"

Remark. A smooth function is a differentiable function over R or an interval
a, b].

Example. r(t) = (cost,sint).

1.1.2 Parametrisation of curves

Definition 1.3. A parametrisation of a simple curve C of finite length is a
path r : [a,b] — C defined on an interval [a, b] which is one-to-one and onto.



Remark. There are infinitely different parametrisation for any given curve C' -
or equivalently, infinitely many different ways of giving a coordinate to the curve.

Remark. A path is just a parametrised curve in the ‘direction’ of t.

1.2 Differentiation of paths

Definition 1.4. Given a path (or a vector-valued function) r(t) : R — R", the
derivative of r with respect to t is defined to be

/ 1 I‘(t + h) B I‘(t)
v(t) = Jim o

This corresponds to differentiating each vector components of r.

For example, if

1.3 Product rule for differentiation of paths

Theorem 1.1. Let r and g be differentiable vector-valued functions of ¢, let f be
a differentiable real-valued function of ¢, and let ¢ be a scalar. Then the derivative
has the following properties:

SUr)] = FOe() + FOF ()
(i) ;
Slt) x(t)] = g/(1) (t) + (1) ¥ (1)
(iii) .
S g(t) x (1)) = g/() x x(t) + (1) x (1)
(iv)

(v) If r(t) - r(t) = c then, r(t) - v'(t) = 0.



Proof. Only a proof of property (v) is presented as the rest are trivial.

d
L)) = L1
r'(t) - x(t) +r(t) - r'() 0
2(x(t) - r'(t)) =0
r(t)-r'(t) = 0.

1.4 Taylor’s theorem for paths
o Taylor expansion of first order
r(t 4+ h) = r(t) + hr'(t) + o(h),
where o(h) is a vector such that 2 h) —0as h—0.

e Second order
2

v(t+h) =r(t) + hr(t) + %r”(t) + o(h?),

)—>0ash—>0

where o(h?) i

1.5 Tangent Lines

Geometrically r'(ty) := 1/(t)|1=¢, is a tangent vector to C' at the point p = r(to).
Notice that if we change the parametrisation of C' we obtain different tangent
vectors therefore, if C' is smooth at p, then the tangent line 7,C' to C' is, by
definition, the space of all tangent vectors to the curve at p.

The tangent line can be parametrised as

1(12) = r(to) + ur’(to).

2 Functions R — R

2.1 Graphs of scalar functions

Definition 2.1. The graph of f : R™ — R is the m—dimensional subset of R™*!
defined by
Graph(f) = {(x, f(x)) € R™" : x € R™}.
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Remark. Let us consider the case in 2—-dimensions: we have the point x +— f(x)
so, we have a curve (a piece of the real line) plotted on the xy—plane. Now let
us consider the case in 3—-dimensions: we have the points (z,y) — f(z,y) so, we
have a surface (a piece xy—plane) plotted in 3—dimensions. This reasoning can be
extended into higher dimensions.

2.2 Directional derivatives

Definition 2.2. If u is a fixed unit vector, the directional derivative f/(x) of the
function f(x) in the direction u is defined to be

00— pim 50— G0

u h—0 h

Remark. The directional derivative of f : R™ — R is always a scalar function
fl(x) : R™ — R, that is, at each point of x € R™ it defines a number, not a vector.

Lemma 2.1. The directional derivative of a scalar function f : R™ — R in the
direction u is

fa) = S| roct ).

Remark. This is analogous to the definition of a single variable derivative.

2.3 Partial derivatives

Definition 2.3. When it exists, the i*® partial derivative % of a scalar-valued
function f : R™ — R at x € R™, is a directional derivative in the direction of a
standard basis vector and is defined by

of
61’1‘

= Jfe,(x).

X

Equivalently,

9 )
8:(],:; = f¢,(Xo + te;)

To evaluate a partial derivative in respect to x; treat all the other variables con-
stants and differentiate as usual in respect to x;.

t=0

Remark. When all the partial derivatives exist and are continuous we say that f
is differentiable at x.



2.4 Tangent plane to a surface

Proposition 1. Let f : R?> — R be differentiable at (z,y) € R?. The tangent
plane to the graph-surface of f at the point (xo, 3o, f(x0, yo)) is given by

2 =29+ (& — o) fo(x0, Yo) + (¥ — Yo) fy (20, Yo)-

For f : R® — R the tangent plane is

(x—x)-Vf=0.

3 Gradient vector

3.1 Gradient of a scalar function

Definition 3.1. The vector V f(x) is called the gradient of f at x. The map
R™ - R™, x+— f(x)

is called the gradient vector field associated to f.

Definition 3.2. A scalar function f(x) € R of a vector variable x € R™ is
differentiable if there exists a vector function V f(x) such that

f(x+h) = f(x) =h-Vf(x)+o(h]),
we can interpret o(|h|) as the ‘remainder’ therefore, lim o (‘l Il)'

Remark. The definition above can be equivalently restate as:

Vﬂ@:hmﬂX+m—f@)

x—0 h

Theorem 3.1. If f : R? — R has partial derivatives %, g—g’j then in Cartesian

(rectangular) coordinates

Similarly, if f : R® — R has partial derivatives %, ? a—f then in Cartesian coor-
dinates v

of
Vf= —f +8_fj+a_£k_ é—;
EA



Remark. The gradient vector is perpendicular to the level sets. Refer to www.
khanacademy. org.

3.1.1 The rate of change of a function

Theorem 3.2. Suppose that f : R™ — R is differentiable and suppose that
u € R™ is a unit vector. Then

fux) =u-Vf(x).

Corollary 3.2.1. At a point x € R™ the value f(x) € R of the function f :
R™ — R increases most rapidly in the direction of V f(x) € R™ and decreases
most rapidly in the direction of —V f(x) € R™.

Theorem 3.3. Suppose the function f(x) is differentiable at (x¢,yo) the the gra-
dient vector, V, has the following properties:

(i) If Vf(zo,y0) = 0 then f/(zo,y0) = 0 for any vector u.

(ii) If Vf(xo,90) # 0 then f](zo,yo) is maximised when u points in the same
direction as V f(xg,yo). The maximum value of f}(zo,yo) is ||V f(xo, v0)||-

(iii) If V f(xo,y0) # O then f}(xo,yo) is minimised when u points in the opposite
direction as V f(xg,yo). The minimum value of f/ (zo,yo) is —||V f(x0,v0)]-

3.2 Alternative formula for the tangent plane to a surface

Let f: R? — R be differentiable at (x,y) € R?. Then the equation for the tangent
plane at the point (z¢, yo, 20 = f(x0,%0)) can be rewritten using the gradient of f
as follows:

z=2z0+ (x —%0) - Vf(x0)

Corollary 3.3.1. At any given point p € Son a (smooth enough) surface S the
tangent plane T,(S) is unique, i.e. spanned simultaneously by tangent vectors to
all possible (smooth) curves in S passing through p.

3.3 Higher order partial derivatives

By higher-order partial derivative we just mean a “partial derivative of a partial
derivative” provided they exist. That is, we can compute a% of % and so on:

25 _ o (o
G:Ujaxi o 8$j (93132 '

9



https://www.khanacademy.org/math/multivariable-calculus/multivariable-derivatives/partial-derivative-and-gradient-articles/a/the-gradient
https://www.khanacademy.org/math/multivariable-calculus/multivariable-derivatives/partial-derivative-and-gradient-articles/a/the-gradient

Theorem 3.4. (Clairaut-Schwartz Theorem )

*f  0°f
8%8302- n 89@18%

A point on notation: for brevity we often use the following alternative notation
for partial derivatives using just a subscript to f :

af

0z, fais ete.
> >Pf

81:2 - fxm axay - fmy etC.

3.4 Taylor’s Theorem in Two Variables

Theorem 3.5. Let f : R? — R have continuous first and second order partial
derivatives. Then there is the following expansion in h, k around xq = (o, yo)
such that

0 0
f(@o+h,yo + k) = f(zo, yo) +ha—£ +ka—§
282 82 kQ 82
+ o ! +——f+0(||h|!2)7

where the partial derivatives are all evaluated at xp, and the remainder o( ||h||?)

is a function such that % —0as h, k—0.

3.4.1 Compact formulation

Definition 3.3. The (2 x 2) Hessian matrix, denoted by D f(x¢, o) is defined as

o faz(%0,90)  fay(T0, Y0)
Df(%’yo) o (fyx(anyO) fyz(%,yo)) '

By stating an equation for the coefficients using indices i and j, the Hessian
matrix is as follows:
o0 f

Dfx)is = Ow;0x;
10

2nd

Taylor expansion to order

fOc+h) = £0) + b V) + 5 Df (o, 50)b + of[[1])

10



3.5 Maxima and minima of a function

Definition 3.4.
(a) A function f(z,y) is said to have a local maximum at the point (a,b) in
R2 if f(a,b) > f(x,y) for all points (z,y) in a neighbourhood of (a, b).

(b) A function f(z,y) is said to have a local minimum at the point (a,b) in
R? if f(a,b) < f(x,y) for all points (z,y) in a neighbourhood of (a, b).

(¢) A point (a,b) of a function f(z,y) such that
Vf(a,b) =0, or equivalently f, = f, =0
is called a critical point.
A local extreme value is either a maximum or a minimum.

Theorem 3.6. If f is differentiable and has a local extreme value at the point
(a,b) then
0f(a,b) _ 0f(a,b)
or Oy

i.e. a local extreme value is a critical point.

Theorem 3.7. Suppose that f,(a,b) = f,(a,b) = 0.

=0.

D = det (;ﬁi }sz) = fmcfyy - (fxy)Q.

a) If D > 0 and f..(a,b) > 0, then f(a,b) is a local minimum.

If D <0, then (a,b) is a saddle point.

(a)
(b) If D >0 and f,.(a,b) <0, then f(a,b) is a local maximum.
(c)
(d) If D =0, then the test tells us nothing.

The definition of a local extremum of a function of three variables is analogous
to that for the two variable case:

Definition 3.5.
(a) A function f(z,y, z) is said to have a local maximum at the point (a, b, ¢)
if f(a,b,¢) > f(x,y, z) for all points (z,y, z) in a neighbourhood of (a, b, ¢).
(b) A function f(z,y, z) is said to have a local minimum at the point (a, b, c)
if f(a,b,c) < f(x,y, z) for all points (z,y, z) in a neighbourhood of (a, b, ¢).

Theorem 3.8. If f is differentiable and has a local extreme value at the point
(a, b, c) then
Vf(a,b,c)=0.

11



4 Chain rule

4.1 The chain rule for derivatives

Theorem 4.1. (Chain rule for 1 independent variable) Suppose that z =
g(t) and y = h(t) are differentiable functions of t and z = f(x,y) is a differentiable
function of z and y. Then z = f(x(t),y(t)) is a differentiable function of ¢ and

dz 8zdx+0zdy
dt — Oxdt  oydt’

where the ordinary derivatives are evaluated at ¢ and the partial derivatives are
evaluated at (x,y).

Theorem 4.2. (Chain rule for 2 independent variables) Suppose x = g(u, v)
and y = h(u,v) are differentiable functions of u and v, and z = f(z,y) is a
differentiable function of z and y. Then, z = f(g(u,v), h(u,v)) is a differentiable
function of v and v, and

0: _0:00 020y
ou Oxodu Oydu
0: _0:00 020y
Ov  Oxdv  0Oydv

4.2 The chain rule for paths

Theorem 4.3. (Chain rule along a curve) Let f : R” — R and a path
r : R — R™. The rate of change of the function f(r(¢)) with respect to ¢ along the
curve r(t) is

df(e(t)
dt

= V(@) - r'(t).

4.3 Extrema with extra conditions - Lagrange Multiplier

Theorem 4.4. If the function f(x) has an extremum (subject to g(x) = ¢) at
the point X, then the vectors V f(xg) and Vg(xg) are parallel. Thus, if Vg(xg) is
non-zero, there exists a unique constant A\ (known as a Lagrange multiplier) such
that

Vf(x0) = AVg(xo).

Example. Use the method of Lagrange multipliers to find the minimum value of
f(x,y) = 2% + 4y? — 2x + 8y subject to the constraint x + 2y = 7.

12



Solution: Let g(x,y) =x 42y — 7
20 — 2

Vy(r,y) = G) :

Using the Lagrange multiplier theorem we have:
Viz,y) = AVg(z,y)

(a52) 2 (a)

Then by equating the coefficients we have a system of linear equations to solve:

20— 2=\
8y +8 =2\
r+2y—7=0.

Solving the system we have that A = 4y 4+ 4 and using the substitution for A the
values of x and y are obtained and it follows that (x,y) = (5,1).

5 Integrals of Scalar Functions over Curves

Theorem 5.1. Suppose that r : [a,b] — C C R™ is any parametrisation of a
curve C in R™. Then the integral of a function f : R™ — R over C is given by the
formula

|ras= [ raan o)

This can thought of as the surface area of the two-dimensional strip between
the curve C' and the graph of f over C.

Figure 2: Illustration from lecture scans

13



5.1 Arc length

Definition 5.1. Let C be an arc of a curve (of finite extent). Then the arc-length
of C is defined to be the integral
[ = / ds.
c

Theorem 5.2. Suppose that r(t) : [a,b] — R™ is any parametrisation of a curve
C in R™. Then the length [ of the arc is

- / I/ (8)] dt.

If r(t) = (z1(t), 22(t), ..., xm(t)), then

l= /b VI ()2 + ()2 + ..+ 2l ()2 dt.

6 Vector Fields

Definition 6.1. A function u : R™ — R™ is called a vector field. It assigns to
each point in R™ an m-vector.

6.1 Derivatives of vector fields: Div

In this section we regard V as a ‘vector differential operator’ i.e.

0 0 0
= it —j+ —k
v 8:61 * 8yJ * 0z

Definition 6.2. If v(z,y, 2) = vi(x,y, 2)i + va(z,y, 2)j + v3(z, y, 2)k then

8111 @UQ 81}3
Ox + oy * 0z

V - v is called the divergence of v or simply divv

V.-v=divv =

Remark. V - v is a scalar function R?® — R.

14



Interpretation of divergence

</
|

V-v<( V-v>0

N N

‘+— ¢ —P

7%"( /1\

NG @
NN

7
/

Figure 3: Illustration of divergence in a vector field.

Imagine the vector field representing the motion of fluids then negative divergence
indicates ‘sinks’ and positive divergence indicates ‘sources.

6.2 Derivatives of vector fields: Curl

Definition 6.3. The curl of a vector field v : R?* — R3 is the vector field defined
by

_ . 8113 8?12 . 8?)1 81)3 . 67J2 (9’01
va—curlv—(ay 0z)l+(0z 8x>J+(8x ay)k.

It is difficult to recall the equation for the curl so, it is easier to recall how to
compute the determinant of a 3 x 3 matrix:

i j k

_ 2 98 9
Vxv=det|z 3 3
V1 VU2 Vs

Definition 6.4. The curl of a vector field v : R? — R? is the vector field defined
by

15



. . 8’02 (%1
VXV—CUTIV—<% a_y>k

Remark. Again as the notation would suggest, V X v is a vector quantity. It is
called the curl of v or simply curl v.
Interpretation of curl

Curl is a measure of how much a vector field circulates or rotates about a given
point. when the flow is anti-clockwise, curl is considered to be positive and when
it is clockwise, curl is negative. www.skill-1lync.com.

6.3 Cross-product and the antisymmetric s-tensor

Definition 6.5. The e-tensor is a three-index object €;;, where i, j, k take values
in the set {1,2,3} with the following properties:

1. 5ijkz = 1;

2. € is antisymmetric: €;j, = —&j;

3. Invariance under cyclic permutation: €;;, = €iij = €j;

4. g5 = 0 whenever two or more indices agree, e.g. 0 = €112 = €333 = €313 . . .

Note that the last property follows directly from antisymmetry: consider the
case with two indices the same: ¢;;;. Then by antisymmetry e, = —e;;x, which
can only by true if €;; = 0. In components, we can write out all the values of the
e-tensor:

1 if (ijk) = (123),(312), (231)
Eijr = § —1 if (ijk) = (132),(213), (321)
0 else

Theorem 6.1. The cross product of two vectors can be expressed using the e-
tensor as follows: the i™® component of the vector v x w is

3 3

(V X W)z = Z Z&zjk?}jwk‘

j=1 k=1

16


https://skill-lync.com/blogs/what-is-the-physical-meaning-of-divergence-curl-and-gradient-of-a-vector-field

6.4 Identities for V

1.

Linearity:
V-v4+w)=(V-v)+ (V- -w),

Vx(v+w)=(Vxv)+(Vxw).
Leibniz rule:
V-(fv)=(Vf) v+ f(V-v)
VX (fv) = (V) xv+ f(Vxv)
Vivxw)=(Vxv)- w—v-(Vxw).

Second derivative:
V- (Vxv)=0 forany vector field v.

Can be thought as ' div (curl) = 0'.
Conversely, if V - w = 0 then on any simply connected domain (a domain
with no holes) one can find a vector field v such that w =V x v.

V x (Vf)=0 for any function f.
Can be thought as ' curl (grad v)'.
Conversely, if V x w = 0 then on any simply connected domain one can find

a function f such that w = V f.
V- (VfxVg)=0 forany function f and g.
o2f O f  O°f 9

For vector fields v we can define Vv through the equation

Vx(Vxv)=V(V-v)-Vv.

V2f can be thought as ’div (grad f)" which is also known as the “Laplace
operator” or “Laplacian”.

6.5 Test for integrability of vector fields

It is often very important to know whether a vector field v can be written as the
gradient of a scalar field

v=Vf

or as the curl of a different vector field

v=V Xxu.

17



6.5.1 Can v be written as the gradient of a scalar function?
(a) If V x v # 0 then v cannot be written as the gradient of a scalar function.

(b) If V x v =0 then on any simply connected region, v can be written as the
gradient of a scalar function.

6.5.2 Can v be written as the curl of a vector field?
(a) If V-v # 0 then v cannot be written as the curl of a vector field.

(b) If V- v = 0 then on any simply connected region, v can be written as as
curl of a vector field.

7 Line Integrals for Vector fields

Proposition 2. Suppose that C is the arc of the curve r(t) corresponding to

a <t <b. Then )
/Cv- dr — / v(r(®) - 1(t) dt.

Proposition 3. Suppose that C' is the arc of the curve r(¢) in R?® corresponding
to tl S t S tz. Then
to
/ v - dr :/ v(r(t)) - r'(t) dt.
C t1

Alternative notation

If v(z,y,2) = P(x,y,2)i + Q(z,y, 2)j + R(x,y, 2)k, then, expanding dr = dzi +
dyj + dzk, [ oV - dr may also be expanded as

/ P(x,y,z)dz + Q(x,y,2) dy + R(z,y, z) dz.
C

Also, if C' is parametrised as r(t) = x(t)i+ y(t)j + z(t)k, t1 <t < to,

dr = 2/(t)dt,
dy = y'(t)dt,
dz = 2'(t)dt,

and thus

/v dr—/ny, Ydz + Q(z,y,2)dy + R(x,y, z)dz
Ct2
/ ), 2(£)2'(t) + Q(x(t), y(t), 2(1)y' () + R(z(t), y(t), 2(¢))2(t)) dt.

18



7.1 FTCI

Theorem 7.1. (FTC I) Suppose that f : R™ — R is a function and that C' is
the arc of a curve which starts at p € R™ and ends at ¢ € R™. Then

/C Vf-dr = f(q) — f(p).

Corollary 7.1.1. If v = V[ for some function f and Cy and Cy are two arcs
which begin at the same point and end at the same point, then

/ v-dr:/ v - dr.
C1 C2

Corollary 7.1.2. If C is a closed arc (that is, its starting point and finishing point
coincide) and v =V f for some function f, then

}{V-dr:()
c

8 Double Integrals

Definition 8.1. Suppose that U is the region U = {(z,y) :a <z < b,p <y < ¢}
then
x,y)drdy = lim x,Y)0xdy.
|t sy 373 flos)oasy

Remark. As single integrals represent signed area, double integrals represent the
signed volume.

Definition 8.2. The area of the region R is given by A(R) = [/, 1 dxdy.

8.1 Rectangular regions

Remark. A remark on notation: the region R = {(z,y) : a < x < b,e <y <
d} C R? can be also written as R = [a,b] X [c,d].

Theorem 8.1. (Properties of the double integrals) Assume that the func-
tions f(x,y) and g(x,y) are integrable over the rectangular region R;S and T are
subregions of R; and assume that m and M are real numbers.

(i)  R=SUT and SNT = () except an overlap on the boundaries, then

//Rf(:c,y)dxdyz//Sf(:c,y)da:der//Tf(x,y)d:cdy.
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(ii) If m < f(z,y) < M, then

m X A(R) < //Rf(x,y) dxdy < M x A(R).

(iii) In the case where f(x,y) can be factored as a product of a function g(x) of
x only and a function h(y) of y only, then over the region R = {(z,y) : a <
r < b,c <y <d}, the double integral can be written as

J[ st dody - (jﬁbgcr>dx) (][dh<y>dy>.

Theorem 8.2. (Fubini’s Theorem) Suppose that f(z,y) is a function of two
variables that is continuous over a rectangular region R = {(z,y) e R? :a <z <
b,c <y < d}. The the double integral of f over the region R,

/ﬁﬂLwW@=/éﬂ%w@M.

Remark. In this course Fubini’s theorem will always be true.

Definition 8.3. Assume a,b,c, and d are real numbers. We define an iterated
integral for a function f(x,y) over the rectangular region R = [a,b] X [c,d] as

(a)
/ab/cdf(a:,y)dydx:/ab {/Cdf(x,y)dy} de;
/ab/cdf(x,y)dxdyz/ab [/Cdf(:v,y)dx} a.

The notation fab [ fcd flx,y) dy] dx means that we integrate f(x,y) with respect

(b)

to y while holding x constant and vice versa.

Example. Evaluate the double integral [[,(zy — 3zy?) dzdy where R = {(x,y) :
0<z<21<y<2}.
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Solution:

I= // (zy — 3zy?) dedy = // xy daxdy — // 3zy? dady
R R R
y=2 =2 y=2 =2
= / / xy dxdy — / 3xy? dedy
y=1 Jz=0 y=1 Jz=0
y=2 2 2

/ |ifL' :|332 y= I2 )
= =Y dy—3/ {—y}dy
y=1 2 =0 y=1 2
2 2
:/ 2ydy—/ 612 dy
1 1

=’ - [2°);
— 11,

xT

Example. Illustrating Property (ii).

Over the region R = {(z,y) : 1 <2 < 3,1 <y <2}, we have 2 < 2% +y* < 13.
Find a lower and upper bound for the integral [[,(2* 4 y?) dzdy.

Solution: For a lower bound, integrate the constant function 2 over the region R.
For an upper bound, integrate the constant function 13 over the region R.

2 3
/ / 2dxdy =4
1 J1
2 3
/ / 13 dxdy = 26.
1 J1

4 < //(x2 + 9?) dedy < 26.
R

Hence, we obtain

Example. Tllustrating Property (iii).
Evaluate the integral [[,e¥cos(z)dzdy over the region R = {(z,y) : 0 < = <

L or3
// e¥ cos(x) dzdy:/ / e cos(z) dzdy
R o Jo

Solution:
_ (/01 e dy) (/0 cos(x) da:)

=e—1.
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8.2 General regions

Yi

a(x.y) = f(x.y)

gkx.y) =0

=
x|

Figure 4: For a region D C R.

In order to develop double integrals of f over D, we extend the definition of the
function to include all points on the rectangular region R. By defining a new
function g(z,y) on R as follows,

f(z,y) if (z,y) isin D,
g(z,y) = . : .
0 if (z,y) is R but not in D.

Definition 8.4. A region D in the (z,y) plane is of Type I if it lies between two
vertical lines and the graphs of two continuous functions g (z) and go(x).

¥ =9,(x)

¥ =0,()

Y =g2x)

y =9,

0 i
Ol=—mm——————

1
1
1
]
1
|
1
1
1
1
a

1 (-
x
o

Ty [Fyp——"
leccanaa

Figure 5: A Type I region.
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Definition 8.5. A region D in the (z,y) plane is of Type II if it lies between
two horizontal lines and the graphs of two continuous functions h(y) and hy(y).

Yi Yi

x = hy(y) x=h)| D X = hy(y)

o
]
]
]
]
1
]
]
]
]
1
O o
]
]
|}
[}
|}
]
]
I
]
1 | ——
:<
xV

o
xY

Figure 6: A Type II region.

Example. (Describing a Region as Type I and also Type II). Consider the
region in the first quadrant between the functions y = /= and y = x3. Describe
the region first as Type I and then as Type II.

o0 02 04 06 08 10  12¥
Figure 7: Region D

Solution: When describing a region as Type I, we need to identify the function
that lies above the region and the function that lies below the region. Here, region
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D is bounded above by y = v/ and below by y = z* in the interval for z in [0, 1].
Hence, as Type I, D is described as the set {(z,y): 0 <z <1,2° <y < /x}.
However, when describing a region as Type II, we need to identify the function
that lies on the left of the region and the function that lies on the right of the
region. Here, the region D is bounded on the left by # = 3? and on the right by
r = /y in the interval for y in [0, 1]. Hence, as Type II, D is described as the set

{(z,y) :y* <z < Yx,0<y <1}

Theorem 8.3. (Double Integrals over Non-rectangular Regions) Suppose
g(x,y) is the extension to the rectangle R of the function f(x,y) defined on the
regions D and R as shown in Figure 4 inside R. Then g(x,y) is integrable and we
define the double integral of f(z,y) over D by

/ /D fa.g)dody = [ /R g(x,y) dady.

Example. Evaluate I = [[ p2(y — 1)drdy where D is the region bounded by
y=1—22 and y = 22 — 3.
Solution: Start by sketching the region in the (z,y) plane.

y=x2-3

Figure 8: Region D

To decide whether to integrate in respect to x or y use this method:

o Integrating in respect to x: the integration is horizontal so, does the left
function and right function change as we move left and right in the region
of integration?

o Integration in respect to y: the integration is vertical so, does the lower
function and upper function change as we move up and down in the region
of integration?
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In the region D of Figure 8 as we move left to right the function changes so,
doing the integration in respect to = is not optimal as we have to consider two
different functions hence, two different integrals. Whereas, as we move up and
down in the region the lower and upper function do not change so, the integration
is efficient in respect to y. So, the limits for this integral are

—V2 <z < V2

x2—3§y§1—x2.

The integral then is set up as

\/5 1—z2
I:/ / x(y—1)dy | dz
-2 z2-3

Theorem 8.4. (Decomposing Regions) Suppose the region D can be expressed
as D = DU Dy where Dy and D, do not overlap except at their boundaries. Then

//D f(z,y) dedy = /D1 f(z,y) dxdy—l—/D2 f(x,y) dzdy.

Example. Express the region D shown in Figure 9 as a union of regions of Type
I or Type II, and evaluate the integral [[,(2z + 5y) dzdy.

Y4 (0, 4)
y = (x +2) x=y- (3
(-2,00 / P
X
(OI 74)

Figure 9: The region D which can be decomposed in a union of three regions

Solution: The region D can be decomposed into the union of three regions,
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each of either Type I or Type II. So, D = D, U Dy U D3 where,

D1:{(a:,y):—Zgacg(),()gyg(334_2)2}7
1
Dz:{(x,y):0§x§ (y_ﬁy?’),oéygél}
1
D3:{<x’y)i—2§$§ (y—ﬁyg),%gygo}.

These regions are more clearly illustrated in Figure 10.

Y4 (0, 4)
Type Il
y=(x + 2)2 region
/ 1 \
Type | B X=Y - s
region 2
(-2,0) D,
X
Typell | Ds
region
(0, —-4)

Figure 10: Decomposed region D = Dy U Dy U Ds

8.3 Changing variables

Theorem 8.5. Suppose that the pair of functions u = u(x,y) and v = v(x,y) are
invertible so that * = x(u,v) and y = y(u, v). Also suppose that the region U in
the (x,y)-plane corresponds to the region U’ in the (u, v)-plane. Then

B (z,y)
/ / f(x,y) dedy = / [ ). y) (500 dud,
where o(o.y) g—f"’ oy e e
Su,0) 0 (a— %):d“ (?— a—)

The matrix is known as the Jacobian.
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Example. Evaluate I = [/ R x1y® dovdy where R is the region bounded by zy =
L,zy = 3,y = 2 and y = 6 using the transformation = = ¢-,y = 2u.
Solution: First, transform the each of the boundary curves

y=6:2u==6 =u=3
xy:3:<6%>(2u):3 =v="9
y=2:2u=2 =u=1

v
—1: () Eu=1 sv=3
xy A v
So, the limits for the transformed region are,

1<u<3
3<v<9

Next, evaluate the Jacobian:

a(x,y) gz Oz _LQ + 2 1
:dt U v :dt 6u 6u :0__:__
O(u,v) ¢ (gy % ¢ 2 0 6u 3u

ou

Now the integral can be written in the (u,v) coordinates system:

f:/:”/: (L) 2y
= /13 /39 gvudvdu.

8.3.1 Polar coordinates

1

" dvdu

Definition 8.6. A polar rectangle is theset R = {(r,0) : a <r <b,a <0 < §}.

Theorem 8.6. If f is continuous on a polar rectangle R given by a <r < b, a <
0 < 3, where 0 < 8 — a < 27, then

//R f(z,y) dedy = /j /abf(r cos(0),rsin(6))r drde.

Example. Evaluate [[,(3z + 4y?) dzdy where R is the region in the upper half-
plane bounded by the circles 22 + y? = 1 and 2% + y* = 4.
Solution: The region R can be described as

R={(z,y):y>0,1<2*+y* <4} ={(r0):1<r<2,0<6<n}.
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Therefore,

2

//R(3:c+4y2)da:dy=/ / (3r cos(f) + 4r? sin(0))r drdf
A

(372 cos(0) + 41 sin*(0)) drdf

[e=]

O

/0 [1% cos(8) + SiHQ(G))Kj do
= /W(7 cos(d) + 15sin*(0)) df

15
=5

8.4 FTC II: Green’s Theorem

Theorem 8.7. (FTC II) Let C be a simple closed curve in R? and Q be the
interior of C. Also let v : R? — R? be a vector field on R?, given in components
by v(z,y) = P(z,y)i+ Q(x,y)j, with components functions that have continuous
partial derivatives on €). Then, if C' is parametrised in an anti-clockwise direction,

// (%__y) d$dy:]{cpd$+Qdy=f{CV-dr.

Corollary 8.7.1. With the assumptions of Theorem 8.7, Green’s theorem can be

restated as
/ (va)-kdxdy:fv-dr.
Q c

This also follows from Definition 6.4.

Corollary 8.7.2. (Area formula) Let C' be a simple closed curve in R* and Q
be the interior of C. Then the area of the interior region is given by

1
Area(Q2) = = j{ (—ydx + x dy).
2 Jc
Example. Evaluate §,(3y —e™*) dz + <7:17 +yt+ 1) dy, where C' is the circle

2 +y?=09.
Solution: The region D bounded by C' is the disk 2% +1? < 9, by applying Green’s
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theorem and changing into polar coordinates:
I= f(?)y e da + <7x + Yyt + 1) dy
// [ (7o + vy ) 5y 3 )} davdy

:/0%/0 (7= 3)r drdf

= 36m.

9 Surface Integrals

9.1 Parametric surfaces

Definition 9.1. A parametrisation of a surface S C R?® means a differentiable
map from a region U C R? to S

r:UcCR*— SCR’ (u,0)+ r(u,v),

which is onto and one-to-one except possible on a ‘line of points’ i.e.

A simple way to parametrise graphs is to use x and y as the parameters such

that
T

r(z,y) = Y
f(z,y)

9.1.1 The fundamental vector product of a surface

Definition 9.2. Let

be a parametrised surface, and

¥ (1, 0) = 8:c(u,v)i N 8y(u,’u)j N 8z(u,v)k

ou ou ou
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and

Or(u,v),  Oy(u,v),  0z(u,v)
ov It ov I+ ov

be partial derivatives of r with respect to u and v respectively. Then the vector

k

vl (u,v) =

N(u,v) = ry(u,v) x 1y (u, v)
is known as the fundamental vector product of the surface at the point r(u,v).

Remark. The vectors riy and vl are tangent vectors at the points r(u,vy) and
r(ug,v) respectively. To obtain the equation of the tangent plane at the point

Q

(a,b,c) first compute v, x v\, = | R | and the equation of the tangent plane will
S
be

Qxr—a)+ R(y—>b)+S(z—c) =0.

Theorem 9.1. The fundamental vector product N(u,v) is perpendicular to the
surface at r(u,v).

Corollary 9.1.1. If the surface S is described by the equation z = f(x,y), then it
can be parametrised as

x
riz,y)=1| vy
flz.y)
therefore,
of. Of.
N(z,y) __8_£1_8_£ k

9.2 Surface integrals of scalar functions

Proposition 4. For a scalar function f : R® — R and a surface parametrised by

u and v,
/ /S J(x,9,2) do = / /D f(r(u, v))N(u, v) dudv.

Corollary 9.1.2. Any surface parametrised by z = g(x,y) i.e.

r=xz, y=y, z=g(z,v),

we have

//Sf(x,y,z)da: //Df(x,y,g(x,y))\/<%)2+ (g—;) + 1 dzdy.
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Theorem 9.2. Suppose that S = r(u,v) is a parametrised surface for (u,v) € D.
Then the surface area of S is

Area of S = // IN(u,v)| dudv.
D

Corollary 9.2.1. For the special case of a surface S with equation z = f(z,y),
where (x,y) lies in D then S is parametrised as

r=x, y=y, 2= f(x,y).

Therefore the surface area of S is given as

02\ ? 02\ >
Area of S = 1+ =) +| 5| dzdy.
D ox dy

9.3 Surface integrals of vector fields

Definition 9.3. Let S be a surface in R? of finite extent and let v : R® — R3
be a vector field on R3. Also suppose that at each point of S n is a unit vector
normal to S. Then the integral of v over S — or, the flux of v across S in the
direction of n — is defined by

//Sv'nd"://D"'N(“v“)d“dvZ//DV(I"(u,v))-N(u,v)dudv.

Proposition 5. If v is a vector field on R3 and S is the surface determined by the
equation z = f(xz,y) then the flux of v = v1i+ vyj + vk across S in the direction
of the upwards normal is

af af
//D (—vl% — vga—y +’U3) dxdy.

9.4 Stokes’ Theorem
Theorem 9.3. Suppose that S is a curved region in R? bounded by the closed

curve C. Then
//(va)-ndaz%vdr
s c

where C' is taken anti-clockwise about n.

Corollary 9.3.1. Suppose that the surface S is closed; that is, it is contained in
a finite region of space and has no boundary (such as a sphere). Then

//S(va)~nda:0.
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Corollary 9.3.2. If F is a vector field and there exists a closed surface S such

that
//F'nda#o,
s

then F is not the curl of any vector field in R3, i.e. F # ¥V x u for any vector field
u.

Corollary 9.3.3. Suppose that the surface S has two closed boundary curves Cy
and Cy (for example, when S is a cylinder with two circles as boundary). Then

//S(vxv).ndazﬁlv.dr—ﬁzv.dr

where C is taken anti-clockwise about n and Cy is taken clockwise about n.

10 FTC in three dimensions

10.1 Triple integrals

Similar to double integrals, triple integrals represent the volume of a three dimen-
sional shape given by f(z,y, z).

Theorem 10.1. (Fubini’s Theorem) If f(x,y, z) is continuous on a rectangular
box B = [a,b] X [c,d] X [e, f], then

///B f(z,y, 2) dedydz = /ef /Cd/abf(x,y,z) dadydz.

This integral is also equal to any of the other five possible orderings for the iterated
triple integral.

Theorem 10.2. The volume of the region E is given by V(E) = [[[, 1 dzdydz.

10.1.1 Triple integrals over general regions

Theorem 10.3. The triple integral of a continuous function f(z,y, z) over a gen-
eral three-dimensional region E = {(z,v,2) : (z,y) € D,ui(z,y) < z < us(z,y)}
in R?, where D is the projection of E onto the xy-plane, is

///Ef(x,y, 2) dxdydz://D [/uu((y)y)f(xy 2) dz] dxdy.

Example. TO DO !!
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10.1.2 Cylindrical coordinates

Theorem 10.4. Suppose that g(x,y, z) is a continuous function, then in cylin-
drical coordinates

g(x,y,z) = g(rcosf,rsinb, z) = f(r,0,z)

///Eg(m’y’ ?) d“”dde://[Ef(r,e, 2)r drdfdz.

Example. TO DO !!

and that

10.1.3 Spherical coordinates

Theorem 10.5. Suppose that g(x,y, z) is a continuous function, then in spher-
ical coordinates

g(x,y,2) = g(rpsin g cos, psin dsind, pcos ¢) = f(p, 0, )

/ / /E g(z,y, z) dedydz = / / /E f(p,0,0)p* sin ¢ dpdfde.

Example. TO DO !!

and that

10.1.4 Changing variables

Definition 10.1. The Jacobian in three variables is defined as follows:

9z 9y 9z
ou gu ou
J=|9% % 0z
- ov gv ov
Oz Oy 0z
ow Ow Ow
The Jacobian can also be denoted as J = %.

Theorem 10.6. Suppose that the triple of functions v = u(z,y, 2),v = v(z,y, 2)
and w = w(x,y,z) are invertible so that z = z(u,v,w),y = y(u,v,y) and z =
z(u,v,w). Also suppose that the volume V in (z,y, z)-space corresponds to the
volume V’ in (u, v, w)-space. Then

///v f(x,y, 2) dvdydz = // . Fla(u,v,w), y(u,v,w), 2(u, v, w)) ‘(;)((Z:—g:j) dudvduw.
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10.2 FTC III: The divergence theorem

Theorem 10.7. Suppose that V is a solid in R? which is bounded by the closed
surface S, and that v is a vector field on R®. Then

///V-dedydz://v-nda,
\% S

where n is the outward normal.
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11 Formulae

11.1 Tangent plane

2= f(xo,y0) + fo(xo,y0)(x — z0) + fy($o, Yo) (Y — Yo).

(x —%¢)-Vf(xo)=0

0 0 0
(o= ) 200 1 (g 200 4 (2T E0)
11.2 Directional derivative
fo=Vf-u

11.3 Linear approximation

W) = x(to) + pur'(to).

11.4 Taylor’s theorem for vector valued functions

2

r(t+h) =r(t) + hr'(t) + "

5 r’(t) + o(h?).

11.5 Taylor first order approximation
f(x+h) = f(x) +h-Vf(x)+o(|h]).

0 0
flxo+h,yo + k) :f($07y0)+ha—£+ka—£-

11.6 Taylor second order approximation

Fox+h) = F(x) + b V) + 5h Dyey gl + of|[1])

0 0
f(@o+hyo + k) = f(xo,yo)+ha—£+ka—§

h? aZf 82f ]{32 a2f )
2 Ox2 hk@y@x + ?8_3;2 +o([[hl[),
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11.7 Second derivative test
Suppose that f,(a,b) = f,(a,b) = 0.
. fmr fﬂcy) 2
D = = — .
det <fmy fyy fxxfyy (fxy)

a) If D >0 and f,.(a,b) >0, then f(a,b) is a local minimum.

(a)
(b) If D > 0 and f,.(a,b) <0, then f(a,b) is a local maximum.
(c) If D <0, then (a,b) is a saddle point.

)

(d) If D = 0, then the test tells us nothing.
11.8 Integrals of scalar functions
/Cfds = /abf(r(t)) [ (2)]] dt.
11.9 Arc length

b
1= [ I

11.10 Line integrals for vector fields

/Cv- dr = /abv(r(t)) -1'(t) dt.

12 Appendix

12.1 O-notation

Intuitively, f(x) is o(g(x)) (read ” f(z) is little-o of g(x)”) means that g(x) grows
faster than f(x). One writes
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12.2 Polar coordinates

Definition 12.1. In the polar coordinate system, a point in space (Figure 11)
is represented by the double coordinates (r, §), where

o 7 is the distance from the point to the origin;

0 is the angle moved from the z-axis to the line segment where 6 € [0, 27].

<

Figure 11: Ilustration of polar coordinate system

12.3 Cylindrical polar coordinates

Definition 12.2. In the cylindrical coordinate system, a point in space (Fig-
ure 12) is represented by the ordered triple coordinates (r, 0, z), where

e (r,0) are the polar coordinates of the point’s projection in the xy-plane,
e 2 is the usual z-coordinate in the Cartesian coordinate system.

Remark. As in polar coordinates 0 € [0, 2.
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Z)

P(x, y, z)
P(r, 6, 2)

Figure 12: Illustration of coordinate plane in cylindrical coordinate system

12.4 Spherical polar coordinates

Definition 12.3. In the spherical coordinate system, a point P in space
(Figure 13) is represented by the ordered triple coordinates (p, 0, ¢), where

 p is the distance between P and the origin (p # 0);

o @ is the same angle used to describe location in the cylindrical coordinates;

o ¢ is the angle formed between the positive z-axis and the line segment O?
where O is the origin and 0 < ¢ < 7.
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Z)

P(x, y, 2)
P(p, 0, ¢)

x
Figure 13: Illustration of coordinate plane in spherical coordinate system

12.4.1 Cylindrical to spherical coordinates

Theorem 12.1. In a cylindrical coordinate system, spherical coordinates are
equivalent to

r = psin¢
=20
Z = pcos¢.

Where ¢ is the angle from the z-axis to the y-axis in a clockwise orientation.

12.5 Vector cross product
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A.2. VECTORS IN R? 177

Any vector in R3can be written as a linear combination of i, j and k in a unique way

a
b | =ai+bj+ck

c

A.2.3 The length of a vector

If u = ai + bj + ck then the length of u is Va2 + b2 + c2.

We can write this as ||u|| or |u| or w.

A.2.4 The scalar or dot product

Given two vectors u and v then their scalar or dot product is a scalar, that is, a number.

It is equal to the product of their lengths times the cosine of the angle 6 between them. It is
written u - v. We have

u-v = [[uf[[[v]] cos(6)

a d
Ifu=|b|andv=]e| thenu-v=ad+be+cf
¢ f

—_

u-u=|[ulf?
2. u-v =v-u for all vectors u and v.

3. If u- v =0 then u and v are orthogonal.

W~

. If u-v =||u||||v]| then u and v are parallel

5. The unit vectors in R? satisfy i-i=j-j=k-k=1, i-j=i-k=j-k=0.

They are orthonormal. This means they are orthogonal and have unit length.

A.2.5 The vector or cross product

The vector or cross product is only defined for vectors in R3.
Given two vectors u and v in R? then their vector or cross product is a vector.
We write the cross product of two vectors u and v.as u X v or uAv.

This product is antisymmetric so that for any two vectors u and v, u x v=—-v x u.

In other words, the order of the two vectors in the cross product is important.



178 REVISION NOTES ON VECTORS

This means that u x u = 0 for all vectors u.

d a d bf —ce
Ifu=|b|andv=|e|thenuxv=|b|X]|e|=]cd—af
c f c f ae — bd

We can also write this as a determinant:

= (bf —ce)i+ (cd — af)j+ (ae — bd)k

Geometrically, u x v is a vector of length ||ul|||v]|| sin(f) which is orthogonal to both u and v, i.e.

it is orthogonal to the plane containing u and v.

You can remember which direction u x v points along by the right-handed rule. If u and v point
along the thumb and first fingers of the right hand respectively then u x v points along the direction
of the second finger of the right hand.

The length of u x v is also equal to the area of the parallelogram which has u and v for two sides.

The unit vectors in R? satisfy

ixi=0 ixj=k ixk=-—j
jxi=-k jxj=0 jxk=i

kxi=] kxj=—-1 kxk=0

A.2.6 Identities

For all vectors u,v and w:

Lux(vxw)=(u-w)jv—(u-v)w

2. u(vxw) = v:(wxu) = w-(uxv) = (uxv)w = (vxw)u = (wxu)v

|u- (v x w)]| is equal to the volume of the parallelepiped with edges u,v and w
3. If u-(vxw) = 0 then the three vectors lie in a plane

4. u-(uxv)=0and v-(uxv)=0.

This is because u x v is orthogonal to both u and v.
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