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6.5.2 Common Maclaurin’s series

7 L’Hopital’s Rule



1 Standard Notation

N={1,2,3...} the set of natural numbers,

Z=A...,-2,-1,0,1,2,...} the set of integers,

Q= {@ :m € Z,n € N} the set of rational numbers,
n

R = (—o0, 00) the set of real numbers,

R* = (0, 00) the set of positive numbers,

Ry = [0, 00) the set of non-negative real numbers.



2 Functions of one variable

2.1 Definition of a function

Definition 2.1. A function f : A — B is a map from a set A to a set B that
associates a unique element in B to each element in A.

Notation: The symbol — indicates a map between sets, f : A — B, and the

symbol — indicated a map acting on a single element in a set, x — y, (z € A,y €
B).

Remark. A function f: A — B acts on all elements in A to give an element in
B but it is not necessary that every element in B is associated with an element
in A by a function.

2.2 Well-defined functions

Definition 2.2. A function is said to be well-defined if and only if the function
is not a many-to-one function.

The vertical line test can be used to deduce whether a ‘function’ is well-defined:

Definition 2.3. Given a function f, every vertical line that may be drawn intersect
the graph of f no more than once. If any vertical line intersects a set of points
more than once, the set of points does not represent a function.

y yi

y = f(x) y # f(x)

/N
\ X \\‘ X
(b)

(@)

Figure 1: Tllustration of vertical line test.



2.3 Domain and Range

Definition 2.4. For a function f : A — B, the set A is called the domain of f
and the set B is called the range of f.

Terminology: The set of all elements f(x) for all z € A is called the image

of f.

2.4 Injections, Surjections and Bijections

Definition 2.5. A function f : A — B is injective (or one-to-one) if every
element f(x) € B is mapped to by at most one element in the domain A. An
injective function is called an injection.

More formally expressed as:

f:A—= B, Vry,x9 € A, f(21) = f(22) = 21 = 29.

Example. Let [ :Z — Z be defined by f(z) = 3z + 7. Prove that f is injective.
Solution: Suppose f(x) = f(y) for some z,y € Z. So, substituting into f,3z +
7+ 3y + 7. Therefore, 3z = 3y = = = y. Hence, f is injective.

Theorem 2.1. A function f is injective if and only if every horizontal line inter-
sects the graph of f no more than once.

Remark. Variations of the horizontal line test can be used as such:

o The function f is surjective if and only if its graph intersects any horizontal
line at least once.

o [ is bijective if and only if any horizontal line will intersect the graph exactly
once.
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Figure 2: Tllustration of the horizontal line test

Definition 2.6. A function f : A — B is surjective (or onto) if every element
in B is mapped to by at least one element of A. A surjective function is called a
surjection.

In mathematical notation the definition is as follows:

f:A— B,Vy € B,3z € A such that y = f(x).

Example. Define the function g from the integers to the integers by the formula
g(x) = x — 8. Prove that ¢ is surjective.

Solution: Need to show that for every integer y, there is an integer x such that
f(z) = y. so, choose x = y + 8. The chosen value of z is an integer since it is the
sum of two integers. Therefore, g(z) = g(y +8) = (y+ 8) — 8 = y. The function g
is surjective.

Definition 2.7. A function f : A — B is bijective if it is both surjective and
injective. A bijective function is called a bijection.

2.5 Inverse functions

Definition 2.8. The inverse function, denoted f~!, of a bijective function f :
A — B is a function defined by

f1:B—=A f'Yf(a)=a VacA.
Remark. For a function to have an inverse it must be bijective.

Remark. The graph of the inverse function is a reflection of the function on the
line y = x, i.e. the graph is given by the original function but with the x-axis and
y-axis interchanged.



2.6 Composition of functions

Definition 2.9. The composition f o g of functions g: A — Band f: B — C
is defined as

(fog)(z) = flg(x)), VzeA
Remark. Most of the times fog# go f

2.6.1 Equal functions
Definition 2.10. The functions f and ¢ are said to be equal if and only if
e f and g have the same domain;

o f(x) = g(x) for every x in that domain.

Example. Is f(z) = %2 the same function as g(z) = 7
Solution: If the domain is R then no, because f(0) # ¢(0). The domain can be
changed so that f = g.

2.7 Standard functions
2.7.1 Even and Odd functions
Definition 2.11. Even functions are symmetric about the y-axis :
f(z) = f(—=z) for all .
Definition 2.12. Odd functions are symmetric about the origin:
—f(x) = f(—=z) for all x.
Remark. Common even functions: cosine, hyperbolic cosine and absolute value.
Common odd functions: sine, hyperbolic sine, identity function.
2.7.2 Logarithm

Definition 2.13. The logarithmic function, or logarithm, to the base a €
RT\{1}, written as log(x), is the inverse of the function f: R — R*, f(z) = a”.

Theorem 2.2. Properties of the Logarithm:

(i) Change of basis, log,(z) = %;
(ii

) Additive property, log,(xy) = log,(z) + log,(y);
(iii) Subtractive property, log,(§) = log,(x) — log,(y);
)

(iv) log,(z¥) = ylog,(x).



2.8 Trigonometric functions
2.8.1 Radians

Definition 2.14. One radian is the angle subtended at the centre of a circle by
an arc that is equal in length to the radius of the circle.

Figure 3: The radian measure of an angle 6.

2.8.2 Definition of trigonometric functions

Definition 2.15. The functions cosine and sine are defined by the point (z,y)
is at an angle 6 to the z-axis are denoted as follows: (z,y) = (cos(6),sin(f)).
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Figure 4: Graphs of trigonometric functions

Remark. The graph of the functions sec(x) and csc(x) sit on the peaks of cos(x)
and sin(x) respectively.

2.8.3 Trigonometric Identities
Even and Odd

1. Cosine is an even function:

cos(f) = cos(—0);
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2. Sine is an odd function:

sin(—0) = —sin(—0).

Reciprocal identities

1.

_ sin(f)
tan(¢) = cos(6)’
2. (0)
cot(6) = i)

3. .
cso(f) = sin(@);

4. 1
sec(f) = o)’

Pythagorean identities

1.

sin®(0) + cos?(6) = 1;
2.

1+ tan®(0) = sec*(6);
3.

1+ cot?(#) = csc?(6).

Addition and subtraction

1.

sin(a £ 8) = sin(«) cos(B) % cos(a) sin(f);
2.

cos(a £ 3) = cos(a) cos(f) F sin(«) sin(f).
3.

tan(a)) £ tan(3)
1 F tan(«) tan(y)

tan(a + ) =

11



Double angle

1.
sin(20) = 2sin(0) cos(0);
2.
cos(260) = cos®(6) — sin?(0)
=2cos*(f) — 1
=1—2sin?(0).

2.8.4 Inverse trigonometric functions

Definition 2.16. The trigonometric functions are not bijective so, they are not in-
vertible on their full domains. By restricting the domain the inverse trigonometric
functions are defined as follows:

arcsin(z) : [-1,1] — [_g g} ;
arccos(z) : [—1,1] — [0, 7];

arctan(z) : R — (—z, E) :
22

12
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Figure 5: The graph of each of the inverse trigonometric functions

2.8.5 Trigonometric functions with Complex variables

Definition 2.17. Euler’s formula is

where 6 € R.

eiO

= cos(f) + isin(0)

From FEuler’s formula it is possible to derive the following identities:

sin(x) = 5
i

cos(z)

(eix .

N | —

13

e—zx) :

(¢ + 7).



2.9 Hyperbolic functions

Definition 2.18. The hyperbolic sine and cosine are defined as follows:

et —e "’
sinh(z) : R — R sinh(x) = 5
e’ +e "
cosh(z) : R — [1,00) cosh(z) = —
Definition 2.19. The hyperbolic tangent is defined as:
sinh(z et —e™*
tanh(x) = (z) =
cosh(z) e*+e®
where tanh : R — (—1,1).
y y y
a1 1] 21
3+ 3+ 34
24 24 24
1+ 14
1+ -1+ —14
-2 -24 -2
-3 -3¢ -3
-4 -4 -4
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(@) (b) (©)
y y
a1 1]
3+ 34
24 24
14
1 2 3 4% -4 -3 -2 —1_10“ 1 2 3 4%
,2._
-3+
—4 4
y = coth x y = sech x y = csch x
(d) (e) ®

Figure 6: Graphs of hyperbolic functions
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2.9.1 Inverse hyperbolic functions

Definition 2.20. The inverse hyperbolic sine, cosine and tangent are defined as

follows:
arcsinh(z) = In (:Z‘ +V1+ :c2>
arccosh(z) = In (x +Va? — 1)
1 1+
arctanh(z) = = In :
2 1—=x
y y y
2 2 3l
3 3 3{
2 2 21
1 1 / 14
4-3-2-10 1 2 3 aX 7473727110 1 2 3 4% 747372711 1 2 3 4%
-2 -2+ 2
-3 -3 -3
-4 -4 4
y =sinh 1 x y =cosh 1x y =tanh 1x
(@) (b) (c)
y y y
a2l 4] 2
3t 3 3
21 2! 2
1} 14 1
1 2 3 4Xx —i—é—z'—110 1 2 3 4X% 1 2 3 4%
-214
-34
—44
y =coth 1 x y =sech 1x y =csch 1x
(d) (e) (U]

Figure 7: Graphs of the inverse hyperbolic functions

Example. Find the inverse of the hyperbolic sine function.
Solution: Begin by writing y = %(em — e~ *) and rearrange the expression to find

15



x as a function of y.

e’ —e " =2y=0
e —1—2ye® =0
(" —y)? —9>—1=0 (by completing the square)

=e'—y=+1+y2
x:ln<y+\/1+y2>.

2.9.2 Hyperbolic identities

1.

cosh?(z) — sinh?(z) = 1
2.

1 — tanh®(z) = sech®(z)
3.

coth?(z) — 1 = cosech?(z)

Addition and subtraction

1.

sinh(z + y) = sinh(z) cosh(y) £ cosh(z) sinh(y)
2.

cosh(z £ y) = cosh(x) cosh(y) £ sinh(x) sinh(y)
3.

tanh(z) & tanh(y)
tanh(z £y) =
anh(z £+ y) 1 + tanh(x) tanh(y)
Double ‘angle’

1.
sinh(2z) = 2sinh(z) cosh(x)

cosh(2x) = cosh®(z) 4 sinh?(z)

= 2cosh?(z) — 1
= 2cosh®*(z) — 1

16



2.9.3 Hyperbolic functions with Complex variables

Using Fuler’s formula the following identities can be derived:

1.
sinx = —isinh(ix)
2.
cos x = cosh(ix)
3.
tan x = —i tanh(ix)
4.
sinhx = —isin(ix)
D.
coshx = cos(ix)
6.
tanh x = —itan(ix)
3 Limits

Definition 3.1. The right limit:

lim =L <= Ve>030 >0suchthat 0 <z —a<d=|f(x)—L| <e.

z—at

Definition 3.2. The left limit:

lim =L <= Ve>030>0suchthat 0 <a—z<d=|f(x)—L| <e.

r—a~

Definition 3.3. The limit:

lim f(x) =L <= Ve >03) >0suchthat 0 < |z —a|] <d=|f(z)—L| <e.

r—a

Remark. The limit of a function exists if and only if both the left and right limit
exist and they are equal.

17



Example. Prove lim,_,;(3xz — 1) = 2 with the definition of the limit.
Solution: Proceed by choosing a suitable § for which the definition of the limit
for f(x) = 3z — 1 is satisfied.
Rough work:
lf(z) =Ll <e=|Bz—-1)—2|<e¢
=3z -3 <e¢
=3lz—-1<e

19
= lr—1| < -
e -1 <y

In this case, choose § = £ then,

€

3
=3r—1|<e

= |3z —3| <e
=|Bx—1)—-2|<e.

lr—1]<d=|z—1] <

The proof is complete.

3.1 Limits involving infinity
Definition 3.4.
lim f(z) =L <= Ve >0, Vo> X, 3X > 0 such that |f(z) — L| <e.

T—00

Definition 3.5.
lim f(z)=L <= Ve >0, Vo < X, 3X <0 such that |f(x) — L| <e.

T—r—00

3.2 Algebra of limits

Theorem 3.1. For any real number a and any constant c,

1.
limz = a;
r—a

2.
limc = c.
r—a

Theorem 3.2. Let f(z) and g(x) be defined for all  # a over some open interval
containing a. Assume that L and M are real numbers such that lim, ,,f(x) = L
and lim,_.g9(z) = M. Let ¢ be a constant. Then, each of the following statements
holds:

18



1. Sum and Difference law:

lim(f(z) + g(z)) = lim f(x) £ lim g(x) = L + M,

r—a r—a r—a
2. Constant multiple law:

limcf(z) = ¢ lim f(z) = cL;

r—a T—ra

3. Product law:

4. Quotient law:

for M # 0;
5. Power law: "
lim (/)" = (1im /()" = L"
for every positive integer n;
6. Root law:

lim {/f(2) = ¢/lim f(z) = VL

T—ra

for all L if n is odd and for L > 0 if n is even.

3.2.1 Limits of composite functions

Theorem 3.3. If f(z) is continuous at L and lim,_,, g(xz) = L, then

lim f(g(x)) = f (lim g(x)) = £(L).

r—a

3.3 Multiple limits

Theorem 3.4. For functions of multiple variables the limits are defined as:
lim lim f(z,y) := lim (lim f(x,y)) :
T—a y—b T—a \ y—b

Remark. In general

lim lim f(z,y) # lim lim f(x,y).
b y—br—a

T—a y—

19



Example. Show that changing the order the limits are taken in the following
double limit changes its value:

lim lim (14 tanh(z +y)).

T—00 Yy—+—00

Solution:

lim ( lim (1+ tanh(z + y))) = lim (1 —1)=0 whereas,

T—00 \ y——00 T—00
lim (lim (1 + tanh(z + y))) = lim (1+1)=2.
Yy——00 \T—00 Yy——00

3.4 Continuous functions

Definition 3.6. A function f(x) is continuous at the point z = a if lim,_,, f(x)
exists and is equal to f(a).

Definition 3.7. A function f(z) is continuous if it is continuous at all points in
its domain.

3.5 Intermediate Value Theorem

Theorem 3.5. Let f(z) be a continuous function on [a,b] and suppose f(a) <
y < f(b) then there exists an x = ¢ with ¢ € (a,b) such that f(c) = y.

Example. Show that there is a root of the equation 423 — 62% + 3z — 2 = 0 in the
interval [1,2].

Solution: Consider the function f(z) = 423 — 622 + 3x — 20ver the closed interval
[1,2]. The function f is a polynomial, therefore it is continuous over [1, 2]. It follows
that f(1) = —1 and f(2) = 12. Since, f(1) < 0 < f(2) by the Intermediate Value
Theorem there exists a value ¢ in the interval (1,2) such that f(c) = 0, i.e. there
is a solution for the equation f(x) = 0 in the interval (1,2).

3.6 Sandwich Theorem

Theorem 3.6. Suppose
fx) < g(x) < h(z)
for all x such that 0 < |z — a| < § with some § > 0, and
lim f(z) = lim h(z) = L,

T—ra T—ra

where L € R. Then
lim g(z) = L.

T—ra

20



Example. Find

) 1
lim 22 cos [ — | .
x—0 $2

Solution: When trying to find functions to use to ‘sandwich’, the functions must
be similar enough to g(z) and easier to evaluate their limit as  — a. To do this,
start with the most complicated part of g(z), to find constants or simpler functions
that it stays between.

In this case the cosine function is bounded by —1 and 1, so

1
—1 <cos (—2)
T
1
—2? < 2% cos (—2)
T

lim —22 =limz?> =0
z—0 x—0

) 1
lim 22 cos [ —
x—0 :132

IA
—

z2.

IN

Since

by the Sandwich theorem,

3.7 Limits to learn
3.7.1 A common trick
A common trick to evaluate limits:

lim £(2)9® = lim /@ Jim 0@ 1@) _ Jlimeoa(g@)nf @),
Tr—a Tr—a Tr—a

3.7.2 Standard limits
1.

lim

21



3.7.3 Common Limits

i tan(z) _
z—0 €T
2. (1
lim In(l+2) _ 0
z—0 T
3.

) 1\"
lim (1 + —) =e
T—00 x

4 Differentiation

4.1 Differentiation from First Principles

Definition 4.1. The derivative of a function f(z) with respect to z is

Af _ ) = @)

— = 11m
dx h—0 h

4.2 Differentiable functions

Definition 4.2. A function f(z) is differentiable at the point z = a if the

d
derivative d_f exists at = a. A function for which the derivative exists for all

x
points in its domain is called a differentiable function.
Theorem 4.1. If a function f(a,b) — R is differentiable on the interval (a,b),

then it is continuous on (a, b).

4.3 Properties of derivatives

Theorem 4.2. Let f and g be differentiable functions.

o The product rule: (fg) =gf' + f¢';

« the quotient rule: @) = (gfl}fg/) it g #0.

g

22



4.4 Derivatives inverse functions

Theorem 4.3. Let f(z) be a function that is both invertible and differentiable.
Let y = f~!(z) be the inverse of f(x). For all z satisfying f' (f~'(x)) # 0,

dy d ., B 1
i~ a0 = FrEy
Alternatively, if y = ¢/(z) is the inverse of f(x), then
1
g\x) =
M ErTES)
Example. Find the derivative of g(z) = arcsin(z).
Solution: Since for x € [-%, 2], f(z) = sin(z) is the inverse of g(z) = arcsin(z),
begin by finding f'(x).
f(w) = sin(z)
f'(w) = cos(x)

b
—
Q
—
)
SN—
SN—
I
(@)
o
[0}
—
jav)
=
(@)
@,
]
—
]
S—
S—
I
[
|
S
[\]

Therefore,

4.5 Mean Value Theorem

Theorem 4.4. Let f be a continuous function on [a, b] and a differentiable function
on (a,b), then there exists a point ¢ € (a,b) where

f(b) ~ fla)

f'e) = Ho—

Corollary 4.4.1. Let [ be differentiable over an interval I. If f'(x) = 0 for all
x € 1, then f(x) is constant for all x € I.

4.5.1 Rolle’s Theorem

Theorem 4.5. Let f be a continuous function over the closed interval [a,b] and
differentiable over the open interval (a,b) such that f(a) = f(b).There then exists
at least one ¢ € (a,b) such that f'(c) = 0.

Remark. This is a special case of the mean value theorem.

23



Example. Show that f(z) = 2® — T2 + 25z + 8 has exactly one real root.
Solution: Note that f(0) = 8 and f(—1) = —25so, f(—1) < 0 < f(0). Therefore,
by the Intermediate Value Theorem there exists a ¢ € (—1,0) such that f(c) = 0.
This proves that the function has at least one real root. Assume there is more
than one real root hence, there exists a and b, such that

Since, f(x) s a polynomial it is continuous and differentiable everywhere by Rolle’s
theorem there exists a ¢ such that f'(¢) = 0. If such ¢ exists then

f'(r) = 32* — 142 + 25
= f'(c) =3¢ —14c+25=0

T V26

=
¢ 3

No such ¢ € R exists so, f(x) has exactly one real root.

4.6 Standard derivatives

4.6.1 Trigonometric derivatives

1.
d(arcsinz) 1
dx B V1—22
2.
d(arccosw) 1
dzx V1= 22
3.
d(arctanx) 1
dx VIt a?
4.
d(secx)
=secrtanx
dx
D. 4
(cot 2) = —cosec’ x
da
6.
d(cosec x)
————— = —cosecxrcotw
dx
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4.6.2 Hyperbolic derivatives

1.
d(tanh
w = sech?(x)
2. d(coth
w — — cosech? ()
3. d(sech
w = —sech(x) tanh(x)
4. d h
d(cosech(z)) _ _ osech(x) coth(z)
dx
5.
d(arcsinh x) B 1
dr a m
6.
d(arccosh z) . 1
dx IRV
7.
d(arctanh z) 1
dx C1—a?

5 Integration

Definition 5.1. The integral f; f(z)dz is the total signed area between the
graph y = f(z) and the z-axis in the (z,y) plane between z = a and =z = b,
counted positively for f(z) > 0 and negatively for f(x) < 0.

Theorem 5.1. If f : [a,b] — R is continuous, then fabf(a:) dx exists.

5.1 Riemann Integral

5.2 Fundamental theorem of Calculus

Theorem 5.2. FTC I Let f : [a,b] — R be a continuous function and let F :
[a,b] — R be defined by

F(z) = / £(¢) dt.
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Then, F is a continuous function on [a, b], differentiable on the interval (a,b) and

dF
ar f(x).
Remark. The function F(x) is called the antiderivative or the primitive of

f(@).
Example. Let

Find F'(x).
Solution: Let

then, by FTC I

Note that

= F'(z) = —(H(z*
() = = (H()
= 32°H'(2*) (by the chain rule)
= 327 sin (exg).
Example. Let
cosh(z) )
F(x) :/ eV gt
0

Write F'(z) in terms of F(z).
Solution: Notice that

cosh(z)
F(x) = / eV
0

5 cosh(x) Vi
=e" / eVt dt.
0
Let N
H(z)= [ eVt
0
Now ,
F(z) = e* H(cosh(z))
F'(x) = 2z¢” H(cosh(z)) + ¢*” H'(cosh(z)) sinh(z)
— 22F(z) 4 ¢ eV sinh(z).
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Therefore,
F'(z) = 22F (z) + ¢tV sinh(z).

Theorem 5.3. Let f : [a,b] — R be a continuous function and let F' : [a,b] — R

be defined by
drF

o=
Then, if f(x) is integrable on [a, b],

f(z) Yz € la,b].

/ f(z)dz = F(b) — F(a).

5.3 Integration techniques
5.3.1 t-substitution

For complicated integrals involving trigonometric functions we can use the follow-
ing substitution.
Let t = tan g, then:

ot 1—t2  dz 2

sinx =

—— COST = —>; —
1+t 1+¢27 dt 141t

5.3.2 Integration by parts

Theorem 5.4. Let u = f(z) and v = g(z) be functions with continuous deriva-
tives. Then, the integration-by-parts formula for the integral involving these two

functions is: q q
v U
/uadaﬁ—uv—/vad:ﬂ

Remark. The acronym LIATE can be used to choose which function to differ-
entiate. (The I stands inverse trig/hyp functions).
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5.3.3 Partial fractions

Factor in Term in partial

denominator fraction decomposition

ar+b A
ar +b
. Ay n A, —|—---+L,k=1,2,3,...

(az +b) az+b  (gg +b)? (az + b)*
amz + bm + C ﬂ
ar?+bx+c

A B A B A B
(am2+bm+c)k 21:1»'+ L 2 + By 2+”'+ka’k=1’2’3"”
az?+br+c  (az2+ bz +c) (az? + bz + ¢)

Figure 8: Table of partial fraction decomposition.
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5.4 Volume of revolution

Aregion in the
xy-plane

@)

i The region is
} revolved around
! the x-axis, ...

(b)

... producing a
solid of revolution

Figure 9: Illustration of a graph’s revolution
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Theorem 5.5. Let f(z) be continuous and non negative. Define R as the region
bounded above by the graph of f(x), below by the z-axis, on the left by the line
r = a, and on the right by the line x = b. Then, the volume of the solid of
revolution formed by revolving R around the z-axis is given by

v/ @)

Remark. For the volume of revolution around the y-axis, V is evaluated by
a 2
V= / mlg(y)]” dy.

5.5 Length of a curve
5.5.1 Cartesian coordinates

Theorem 5.6. Let f(x) be a smooth function over the interval [a,b]. Then the
arc length of the portion of the graph of f(x) from the point (a, f(a)) to the

point (b, f(b)) is given by
b dy 2
= 1 — .
s /a \[ 1+ (dx) dz

5.5.2 Parametric coordinates

Theorem 5.7.

5.5.3 Polar coordinates

Theorem 5.8.

6 Power Series

6.1 Infinite sums

Definition 6.1. An infinite series is an expression of the form } 3 " a, where
n,ng € Z. For a real series a, € R.

30



oo

nen, On has the form

Definition 6.2. A partial sum of an infinite series S = )
Sy = ij:no Qy,.

6.2 Convergence

Definition 6.3. A series S = Zzo:no a, is called convergent if the limit S =

N

limpy 00 (Sn) exists, whereSy = > a,. If a series is not convergent it is called

n=ng
divergent.
Lemma 6.1. If an infinite series S = Zzozno a, s convergent then,
lim (a,) = 0.
n—oo

Proof. Consider,

lim (S, — Sp—1) = lim (S,) — lim (S,-1) =5 — S =0.

n—o0 n—oo n—oo

]

Definition 6.4. A series ) a, is absolutely convergent if the series ) >°  |a,|
converges.

oo

n=ngo | an |

Theorem 6.2. Every absolutely convergent series is convergent, i.e. if >
converges then Zzozno a, is also convergent.

Theorem 6.3. Let Z;O:no b, be a convergent series of non-negative numbers.

Suppose there exists M >) and N € Z such that
la,| < Mb,, ¥n > N.

Then > >° , @n 1s absolutely convergent. (Theorem 13.4 of Sequences and series

n=n

lecture notes).

Theorem 6.4. Suppose b, > 0 for all n > ng and there exists C' > 0 such that

N
angc VN > ny.

n=ng

Then the series ZnNznO b, converges and its sum is < C.
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6.3 Series convergence criteria
6.3.1 Limit comparison test
Theorem 6.5. Let >~ a, and > -, b, be positive-term series (a,, > 0 and b, >

0) such that
lim 2% = [ £0.

n—oo n

Then ) 7 | a, converges if and only if ) >° | b, converges.

6.3.2 The n’th Root Test or Cauchy’s Criterion

Theorem 6.6. Let Y ° | a, be a positive-term series. Then

<13 > a, is convergent,
: 1 - .
lim |a,|» < =1 test is inconclusive,
n—o0

>1>"  a, isdivergent.

6.3.3 The Ratio Test or D’Alembert’s Criterion

Theorem 6.7. Let > 7  a, be a series of positive-terms and for each n € N let

an41

oy = .
n an

<1>>°  a, isconvergent,
lim |, =1 test is inconclusive,

n—oo

>1%>  a, is divergent.

6.4 Series as a function of zx

Definition 6.5. A function which can be locally written as a convergent power
series is called an analytic function.

[e's)
n=no

n

Definition 6.6. A power series is an expression of the form S(z) = ) bpx.

Theorem 6.8. For every power series fo:no bnx,, there exists R > 0 or R = 400
such that the series is absolutely convergent for all = with |z| < R and is divergent
for all x with |z| > R.

Definition 6.7. The R from the previous theorem is known as radius of con-
vergence of a power series ) b,z" where

R = lim |bn]*%

n—oo
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and, where it exists,

R = lim |-—
n—oo n+1
Remark. What happens when
|| inconclusive
R=<0 the series diverges for all x # 0
o0 the series converges for all x € R.

Example. Find the radius of convergence for

o0

S(z) = Z‘%n.

Solution: Here b, = % S0,

Hence, the series converges absolutely for |z| < 1 and diverges for |z| > 1. At

x =1 the series S(z) = Y>° )+, so the series is divergent.

6.5 Taylor’s theorem

Definition 6.8. If f has derivatives up to order N at x = a, then the Taylor
series to order NN for the function f at a is

N ) @
flz) = ; f n!(a) (r—a)"+Ryyi(x) where Ry = %/a fNH(y)@—y)N dy.
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6.5.1 Maclaurin series

Definition 6.9. The Maclaurin series for a function f(x) is a Taylor series
expansion about z = 0 and to order N is written

N ) *
f(z) = nz% / n'(o)x” + Ryi1(z) where Ry = %/a Y ) (@ —y)N dy.

6.5.2 Common Maclaurin’s series

1.
i o n 2 3
e :zgmzl+x+§+§+... reR
2.
' 00 2+ T
i) =3 Vg gt w TR
3.
o0 220 2 gt
Cos(x):z%(—l) (2n!):1_§+ﬂ_§+”' reR
4.
> on" [ A
n=1
5. -
1
1_x:nzzgx”:1+x+:c2+x3+... re(—1,1)

7 L’Hopital’s Rule

Theorem 7.1. Suppose f and g are differentiable functions over an open interval
containing a, except possibly at a. If lim, ., f(x) = 0 and [ lim,_,, g(z) = 0, then

i (57) =t (7).

assuming the limit on the right exists or is £oo.
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Theorem 7.2. Suppose f and g are differentiable functions over an open interval
containing a, except possibly at a. If lim,_,, f(z) = 00 and [lim,_,, g(x) = +o0,

then (@) P
2 (W) =5 <gf<x>> ’

assuming the limit on the right exists or is £oo.
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