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Abstract
In 1911, Max Dehn introduced the first three decision problems in group theory: the word,
conjugacy, and isomorphism problems. This thesis delves into the word and conjugacy
problems within finitely presented groups, examining their geometric representations in
Cayley graphs and Van Kampen diagrams. It investigates Dehn’s algorithms for the
fundamental group of closed orientable surfaces with genus g ≥ 2. Furthermore, it delves
into the Novikov-Boone-Britton theorem, which illustrates the undecidability of the word
problem for general finitely presented groups.
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1 Introduction
1.1 Historical background
The concept of decision problems was initially introduced by David Hilbert and Wil-
hem Ackermann in 1928 [22], known as the “Entscheidungsproblem” in German, which
translates to ‘decision problem’. This problem inquires whether there exists a systematic
method capable, in principle, of determining the truth or falsity of any given mathemat-
ical statement.
Hilbert and Ackermann’s decision problem forms part of their broader programme to for-
malise all of mathematics, aiming to provide a robust foundation for mathematical truths.
They posited that every mathematical problem should be decidable, implying that we
can determine the truth or falsity of a proposition using an algorithm. The Entschei-
dungsproblem represented a central aspect of this vision, suggesting that a universal
method for solving mathematical problems would imply the completeness, consistency,
and decidability of mathematics.
However, the resolution of the Entscheidungsproblem came with negative responses from
mathematicians and logicians such as Alonzo Church, Alan Turing, and Kurt Gödel in
the 1930s [11, The Rise and Fall of the Entscheidungsproblem]. Turing in particular,
introduced the Turing machine, a theoretical model of computation, to argue against
the existence of a universal algorithm for the Entscheidungsproblem. He illustrated this
with the halting problem, which questions whether a program, given its description and
input, will halt or run indefinitely [34]. Turing’s proof of the halting problem’s undecid-
ability exposed the limitations of computation and laid the foundation for computability
theory. Gödel’s incompleteness theorem further influenced their work, asserting that in
any sufficiently complex formal system capable of expressing arithmetic, there exist true
statements unprovable within that system [16]. These seminal contributions delineated
the boundaries of computability, revealing certain mathematical statements as inherently
undecidable, as demonstrated by Gödel’s incompleteness theorems and Turing’s proof of
the halting problem’s undecidability.
Concurrently, in the field of group theory, Max Dehn proposed similar decision prob-
lems around 1911 [12], known as the ‘word’ and ‘conjugacy’ problem for groups. Dehn’s
problem inquired whether an algorithm could determine whether two given elements in
a group are equal or conjugate respectively. Dehn anticipated the potential difficulty
of these problems for a general group and thus focused on studying these problems for
the fundamental groups of closed orientable surfaces of genus g ≥ 2. Remarkably, he
managed to resolve both the word and conjugacy problems for these groups in 1912 [13].
Significant progress has been made in addressing these problems. Following Dehn’s pio-
neering work, his student Wilhelm Magnus laid the groundwork for further advancements
[37]. Martin Greendlinger expanded the scope of groups for which the word problem is de-
cidable by demonstrating the continued efficacy of Dehn’s algorithm for a class of groups
meeting certain small cancellation conditions [17]. In recent years, Roger C. Lyndon and
Paul E. Schupp used geometric arguments to extend the decidability of both the word
and conjugacy problems for groups satisfying specific small cancellation conditions [36].
Their contributions represent a significant step forward in understanding and resolving
these problems in group theory.
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The word problem for a general group presentation is undecidable, meaning there is
no algorithm capable of deciding it for all groups. This was independently proven by
Pyotr Novikov (1955) [44], William W. Boone (1959) [4], and John L. Britton (1958) [6].
Novikov’s groundbreaking work drew from mathematical logic and computability theory,
ingeniously encoding the halting problem of a Turing machine within a specific group
to demonstrate the undecidability of the word problem. Meanwhile, Boone and Britton
pursued alternative paths, employing techniques rooted in combinatorial group theory to
construct groups with inherently undecidable word problems. The undecidability of the
conjugacy problem was later established by Alexander A. Fridman [15] in 1969.
The significance of Dehn’s problems lies not only in their direct challenge to computa-
tional group theory but also in their implications for algorithm theory and decidability.
Mathematicians have endeavoured for decades to find general solutions to these problems,
contributing to the advancement of several mathematical domains, including algebraic
topology, combinatorial group theory, and algorithmic logic.

1.2 Structure of the thesis
This thesis explores the decidability of the word and conjugacy problems within specific
groups, along with the algorithms used to address them. It begins by laying the ground-
work in Section 2, defining fundamental concepts such as group presentations. Section 3
provides a geometric interpretation of the word problem using Cayley graphs. In Section
4, algorithms by Dehn for fundamental groups of closed orientable surfaces with genus
g ≥ 2 are discussed. Section 4.3 presents Van Kampen diagrams and their role in extend-
ing the decidability of the decision problem to groups satisfying the small cancellation
condition. Lastly, Section 5 introduces the Novikov-Boone-Britton theorem, establishing
the undecidability of the word problem. Additionally, Appendix A showcases Python
algorithms the author has developed for addressing the word and conjugacy problems in
free groups of finite rank.

1.3 Preliminaries
The terms decision problem, algorithm, word and conjugacy problems have been used ca-
sually, with some possessing intuitive understanding. We now provide formal definitions.
For the purposes of our discussion, we will employ the following definitions of algorithm.
For a more precise definition consult [38].
Definition 1.1. An algorithm is a finite set of well-defined instructions designed to
solve a problem or accomplish a specific task. It provides procedure that, when executed
on an input, yields the answer ‘yes’ or ‘no’.
Definition 1.2 ([29, Page 7]). A decision problem is any arbitrary yes-or-no question
on specified sets of inputs. It is classified as decidable if there exists an algorithm that
provides either a ‘yes’ or ‘no’ answer; otherwise, it is deemed as undecidable.
Recall, for a group G and a subset X of G, the group G is generated by X if each
element of G can be represented as a finite concatenation of elements from X and their
inverses (with the empty product interpreted as the identity element of G). This principle
implies the existence of a mapping π : X → G such that the image of X under π forms
a generating set for G. Throughout our discussion, we will denote the concatenation of

2
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elements in X as words, and when we speak of the equality of words within the group G,
we are referring to the image of the word under the mapping π [31, Chapter I, Section
12]. We will provide a more formal definition of a word in Definition 2.2.
Now, we will present Dehn’s “identity” and “transformation” problems as originally stated
in [12], while referencing the English translation by John Stillwell in [55, On infinite
discontinuous groups]. The first problem is articulated as follows.

The identity problem. An element of the group is given as a product of
generators. One is required to give a method whereby it may be decided in a
finite number of steps whether this element is the identity or not.

Now, for the second problem.
The transformation problem. Any two elements S and T of the group are
given. A method is sought for deciding the question whether S and T can be
transformed into each other, i.e. whether there is an element U of the group
satisfying the relation S = UTU−1.

We will rephrase these decision problems using a modern perspective, with a particular
emphasis on classes of groups known as finitely generated and finitely presented. These
groups possess a finite set of generators and relators, as formally defined in Definition
2.27.

Question 1.3 (Word problem)
Let G be a group with a finite set of generators X. Does there exist an algorithm
that decides, given two words in X whether they are equal in G?

Remark 1.4. This problem is also known as the ‘generalised word problem’.

It is crucial to highlight that the word problem is equivalent to Dehn’s identity problem.
This equivalence arises from the option to select a word w = uv−1 for the identity problem,
which asks if uv−1 = 1 in G which is identical to asking whether u = v holds in G, which
is precisely the statement the word problem.
We will now reformulate the transformation problem to align with our terminology.

Question 1.5 (Conjugacy problem)
Let G be a group with a finite set of generators X. Does there exist an algorithm
that decides, given two words in X whether they are conjugate in G?

In fact, the decidability of the conjugacy problem implies the decidability of the word
problem: if we can decide whether a word is conjugate to the word representing the
identity element, then we can conclude that the word is equal to the identity in G.
However, for the sake of completeness, we address both problems separately, as there are
instances in certain groups where the conjugacy problem remains undecidable while the
word problem is decidable [15].

3
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2 Free groups and presentations
Our exploration begins with the study of free groups. In this preliminary stage, we lay the
foundation by defining essential concepts necessary for the construction of a free group.
For this, we will refer to [14, Pages 203–205].

2.1 Definitions
Definition 2.1. Let X be a set whose elements will be called letters. We define the set
of inverse letters to be X−1 = {x−1 : x ∈ X} where x−1 is merely a symbol.
We can think of the set X± = X ∪ X−1 as an alphabet and use it to construct a free
group. With this notion we must define words from the alphabet.
Definition 2.2. A word is a finite (possibly empty) string of letters from the alphabet
X±. We will use 1 to denote the empty word. Let (X±)∗ denote the set of words from
the alphabet X±.
Example 2.3. Let X = {x1, x2, x3} be a set of letters. Then, the set of inverse letters
X−1 would be X−1 = {x−1

1 , x−1
2 , x−1

3 }. Consider the alphabet X±, a word from this
alphabet could be constructed as follows:

w = x1x2x
−1
3 x−1

1 x2.

Definition 2.4. The length of a word w is the number of letters in this word which we
denote by |w|. We set the length of the empty word to 0.
Our objective is to ensure that these words satisfy the axioms of a group. In order to
account for the simplification that occurs when adjacent inverse elements in a group
interact, we consider expressions of the form xx−1 and x−1x as equivalent to the identity
element. To establish this notion rigorously, we introduce the concept of a reduced word.
Definition 2.5. A word in (X±)∗ is reduced if it contains no pair of consecutive letters
of the form xx−1 or x−1x.
We lack a method for the derivation of reduced words. Consequently, we introduce a
procedure to achieve this.
Definition 2.6. The elementary reduction of a word w ∈ (X±)∗ is the deletion of all
pairs of consecutive letters of the form xx−1 or x−1x.
Example 2.7. The words

1, x1x2, x12x
−1
32 x

−1
2

are reduced, whereas the word
x1x

−1
5 x5x6

is not reduced.
By introducing the concepts of reduced words and word reduction, we can establish an
equivalence relation that serves as the basis for constructing the operation associated
with a free group.
Definition 2.8. For two words w,w′ ∈ (X±)∗ we say that w′ is equivalent to w if it can
be obtained from w after a finite number of insertions and deletions of xx−1 or x−1x.
Proposition 2.9. The relation defined in Definition 2.8 is an equivalence relation.

4
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Proof. We check the axioms of an equivalence relation are satisfied.
Reflexivity. Let w ∈ (X±)∗. No insertions or deletions are required to obtain w from
itself.
Symmetry. Let w ∼ w′. Consider the same sequence of insertions and deletions that
transforms w into w′. Since each operation is reversible (deleting xx−1 can be reversed
by inserting xx−1 and vice versa), we can simply reverse the operations in the sequence
which they were carried out.
Transitivity. Suppose w ∼ w′ and w′ ∼ v. This means w can be transformed into w′,
and w′ can be transformed into v through sequences of elementary reductions and inser-
tions. By combining these two sequences of transformations, w can be transformed into
v. Therefore, w ∼ v.

It is important to observe that we have not specified a particular sequence for inserting
or deleting pairs xx−1 and x−1x when determining the equivalence of two words. For
instance, consider the word:

w = xyxx−1yx−1xyx.

This word is equivalent to xy3x, but we can arrive at this reduction by first deleting the
pair x−1x and then the pair xx−1, or vice versa. Similarly, we could alternatively insert
pairs of these forms to xy3x, in any order, and obtain w. Thus, the order in which we
execute insertions and deletions to show two words are equivalent is inconsequential. This
flexibility stems from the fact that there exists only one reduced form for any given word,
a fact demonstrated in the subsequent proposition.

Proposition 2.10 ([14, Proposition 7.17])
Any word w ∈ (X±)∗ is equivalent to a unique reduced word.

Proof. We prove the following.
Existence. We will use induction on the length of a word. For a word of length 0 and 1
the statement is trivially true. Now, suppose the statement is true for words of length
k and consider a word of length k + 1, say w = x1 · · · xk+1 where each xi ∈ X±. By
the induction hypothesis, there exists a reduced word v = y1 · · · yn for n ≤ k with each
yj ∈ X± such that x2 · · · xk+1 ∼ v. To prove w is equivalent to a reduced word we consider
the following cases: if x1 6= y−1

1 , then x1v is inherently reduced, and consequently, w ∼ x1v.
Conversely, if x1 = y−1

1 , we eliminate the pair x1y1, yielding x1v ∼ y2 · · · yn. Given that
v was originally reduced, the resultant word y2 · · · yn is reduced thus, w ∼ y2 · · · yn. In
both scenarios, w is equivalent to a reduced word.
Uniqueness. Let F (X) denote the set of reduced words in the set X±. For each element
x ∈ X±, we introduce the mapping

Lx : F (X)→ F (X)

y1 · · · yk 7→

{
xy1 · · · yk if x 6= y−1

1

y2 · · · yk if x = y−1
1 .

We also define Lw for any word w = x1 · · · xn as the composition Lx1 ◦ · · · ◦ Lxn and for
the empty word 1, we define L1 as the identity map id. Note that Lx ◦Lx−1 is the identity

5
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map for every x ∈ X±, which means that applying Lx and Lx−1 in succession results in
no change to the word. It follows that, v ∼ w implies Lv = Lw.
We prove by induction on the length that if w is reduced, then w = Lw(1). This statement
is clearly true for words of length 0 and 1. Assuming its validity for reduced words of
length n, consider a reduced word w of length n + 1. We can express w = xu, where
x ∈ X±, and u is a reduced word of length n that does not begin with x−1, meaning
Lx(u) = xu and L1(u) = u. Therefore, Lw(1) = Lx ◦ Lu(1) = Lx(u) = xu = w.
To prove uniqueness, it suffices to show that if w ∼ v and both are reduced, then w = v.
This follows from the fact that if v ∼ w then Lv = Lw, leading to Lv(1) = Lw(1), and
since v1w are reduced then v = Lv(1) = Lw(1) = w that is, v = w.

We use the following proposition to show that the closure axiom in a group is maintained
when performing multiplication with equivalent words.
Proposition 2.11 ([2, Proposition 7.9.3]). Products of equivalent words are equivalent
i.e. if w ∼ w′ and v ∼ v′ then wv ∼ w′v′.

Proof. Consider the reduced forms of two words w and v, denoted as w0 and v0 respec-
tively. To determine the reduced form of the product wv, we first independently reduce
w to w0 and v to v0. The product wv is then initially transformed into w0v0. If w0v0
is already in its reduced form, our process is complete. However, if w0v0 is not yet fully
reduced, we continue to apply elementary reduction operations until we achieve a reduced
word. If w ∼ w′ and v ∼ v′, the same process, when applied to w′v′ will proceed through
the intermediate form w0v0 so, it leads to the same reduced word.

2.2 Construction of free group
In commonly encountered groups, elements exhibit specific relationships. For instance, in
the cyclic group Cn, we observe that for an element a ∈ Cn we have an = 1, and similarly,
in the dihedral group Dn, a reflection has order of 2, so b2 = 1. These relations among
group elements are characteristic of many familiar groups.
However, in the context of free groups, a distinguishing feature is the absence of such
inherent relationships between elements. This absence of constraints on element combi-
nations gives rise to the term ‘free’. This property enables more versatile and unrestricted
group constructions.
Definition 2.12. By Proposition 2.10 we can identify the set F (X) as the set (X±)∗/ ∼.
The free group over X is the set F (X) with the binary operation ∗ defined by w ∗ v is
the unique reduced word equivalent to the word wv.

Remark 2.13. Elements of the group F (X) can be represented as equivalence classes
denoted by [w] = {w′ ∈ (X±)∗/ ∼: w ∼ w′}. For simplicity and convenience, we will often
use the notation w to refer to the equivalence class [w] when denoting elements in F (X).

Given our ability to associate words with elements of the free group, from now on we will
use the term ‘words’ to refer to elements of the free group as well.
Definition 2.14. The cardinality of X is called the rank of the free group F (X). The
trivial free group is a group with X = ∅ so, has rank 0.

6
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Given the absence of inherent relationships between its elements, one might question
whether a free group adheres to the closure axiom of a group. Having defined the term
‘free group’, we prove that this definition indeed gives rise to a group structure.

Proposition 2.15 ([14, Page 205])
The free group over X is a group.

Proof. We check the axioms of a group are satisfied.
Identity. We designate the empty word 1 as the identity element of the group F (X). This
choice is justified by the fact that when any word is concatenated with the empty word,
it remains unchanged.
Inverse. The inverse of a reduced word w = xε1i1 · · · x

εk
ik

, where εh ∈ {−1, 1} and xij ∈
(X±)∗, is expressed as

w−1 = x−ε1ik
· · · x−ε1i1

.

Associativity. The operation ∗ is defined as concatenating words and reducing them to
their unique reduced forms. Concatenation of strings is associative, and the reduction
process leads to a unique outcome regardless of the order of concatenation.

Free groups possess a universal property, which is a distinctive method of characterising
an object or structure by their unique and fundamental interactions and relationships
with other objects. This concept is illustrated below.

Theorem 2.16 (Universal property of free groups [14, Proposition 7.21])
A map φ : X → G from the setX to a groupG can be extended group homomorphism
ψ : F (X) → G in a unique way. Therefore, we have the following commutative
diagram i.e. starting from any point and following the direction of the arrows leads
to the same endpoint.

X G

F (X)

ϕ

ψ

Remark 2.17. We can employ the universal property to provide an alternative definition
of free groups: a group F is said to be free over a subset X ⊆ F if, for any group G
and any mapping ϕ : X → G, there exists a unique homomorphism ψ : F → G such
that ψ(x) = ϕ(x) holds for all x ∈ X [27, Chapter I, Definition 1]. This approach offers a
succinct and elegant means of characterising free groups while accentuating their essential
attributes.

Proof. We must prove that ψ exists and is unique.
Existence. For any word w ∈ F (X), given by w = xε11 x

ε2
2 . . . xεkk , we define the map

ψ : F (X)→ G as follows:

ψ(w) = φ(x1)
ε1φ(x2)

ε2 · · ·φ(xk)εk .

7
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Now, consider another element v ∈ F (X), represented as v = yη11 y
η2
2 · · · y

ηj
j . Applying ψ

to the product wv, we obtain:

ψ(wv) = ψ(xε11 x
ε2
2 · · · x

εk
k y

η1
1 y

η2
2 · · · y

ηj
j )

= φ(x1)
ε1φ(x2)

ε2 · · ·φ(xk)εkφ(y1)η1φ(y2)η2 · · ·φ(yj)ηj

= ψ(w)ψ(v).

Therefore, ψ is a homomorphism.
Uniqueness. In pursuit of a contradiction, suppose there exists another homomorphism
Ψ : F (X)→ G which extends φ and, is distinct from ψ. By the nature of homomorphisms,
for any element w = xε11 x

ε2
2 · · · x

εk
k ∈ F (X) it follows that

Ψ(w) = Ψ(xε11 )Ψ(xε22 ) · · ·Ψ(xεkk )

= φ(x1)
ε1φ(x2)

ε2 · · ·φ(xk)εk

= ψ(w).

Hence, ψ is the unique homomorphism.

In the following theorem, we establish a pivotal connection between the isomorphism of
free groups and the cardinality of their generating sets.
Theorem 2.18 ([49, 2.1.4.]). Let F (X), F (Y ) be free groups on X,Y respectively. Then
F (X) is isomorphic to F (Y ) if and only if |X| = |Y |.

Proof. We prove each direction in turn.
Proof of (⇒). (The proof of this implication is adapted from [14, Proposition 7.37]). Let
Φ : F (X)→ F (Y ) be an isomorphism and let us define the set NX = 〈w2 : w ∈ F (X)〉. It
follows that NX is a normal subgroup of F (X), because for any w ∈ F (X) and n ∈ NX ,
the conjugate wnw−1 will also be in NX . Indeed, for any n ∈ NX , it is possible to express
n as k2. Consequently, wk2w−1 = (wkw−1)2 belongs to NX . The normality of NX allows
us to construct the quotient group F (X)/NX . Since Φ is an isomorphism it will map
the entire subgroup NX to the normal subgroup generated by the squares of elements in
F (Y ), which we denote by NY . This mapping induces an isomorphism

Ψ : F (X)/NX → F (Y )/NY

[w] 7→ [Φ(w)]

for all w ∈ F (X). The existence of Ψ implies that F (X)/N(X) and F (Y )/N(Y ) have
the same cardinality. The cardinality of F (X)/NX is determined by the number of
distinct cosets of NX in F (X). Since NX is generated by the squares of elements in F (X),
each coset corresponds to a unique square element in NX . Therefore, the cardinality
of F (X)/NX is equal to the number of distinct squares in NX , which is the number of
generators in X. Consequently, the cardinality of F (X)/NX is the same as the cardinality
of the generating set X. Hence, |X| must equal |Y |.
Proof of (⇐). Let ιX : X → F (X) and ιY : Y → F (Y ) be inclusion maps and,
let τ : X → Y be a bijection. The existence of such a map is guaranteed by the as-
sumption that |X| = |Y |. We can construct the following maps ιY τ : X → F (Y ) and

8
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ιXτ
−1 : Y → F (X). By Theorem 2.16 we then have the following commutative diagrams

X F (Y )

F (X)

ιY τ

ϕ
and

Y F (X)

F (Y )

ιXτ
−1

ψ

where φ and ψ are homomorphisms. Therefore, ψφιX = ψιY τ = ιXτ
−1τ = ιX i.e. the

following diagram
X F (X)

F (X)

ψϕ

commutes. However, the identity map idF (X) : F (X)→ F (X) will also make this diagram
commute; since the extending homomorphism is unique we must have ψφ = idF (X). Using
a similar argument yields φψ = idF (Y ). Hence, φ : F (X)→ F (Y ) is an isomorphism.

Remark 2.19. This theorem tackles the isomorphism problem for free groups, which asks
if there exists an algorithm capable of deciding if two given groups are isomorphic. In free
group, of finite rank the algorithm entails comparing the cardinalities of their respective
sets of generators.

Building on Theorem 2.18, for finite rank free groups we introduce a new notation Fn, for
n ∈ N = {0, 1, 2, . . .}. Furthermore, the theorem emphasises that the isomorphism of free
groups is solely dependent on the cardinality of their generating sets, not on the nature
of the elements within these sets. This highlights a key characteristic of free groups: their
structure is determined by the number of generators rather than their specific identities.
Example 2.20. According to Theorem 2.18, all free groups of rank 1 are indeed iso-
morphic. Specifically, these groups are abelian groups which are isomorphic to the group
Z.
Utilising the universal property, we introduce a pivotal result that lays the groundwork
for our further investigation, particularly in the context of defining a presentation of a
group.

Corollary 2.21 (Von Dyck’s theorem [14, Corollary 7.22])
Every group is the quotient of a free group.

Proof. Let G be a group and set X = G. If φ : G → G is the identity map then, by
Theorem 2.16, φ can be extended to the unique homomorphism ψ : F (G) → G. Hence,
G is isomorphic to F (G)/ ker(ψ).

The theorem underscores the universal nature of free groups, establishing them as the fun-
damental building blocks for characterising and understanding any group. This universal-
ity simplifies the classification of groups, enriching our understanding of the relationships
between them.

9
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Furthermore, we can employ this theorem to develop algorithms that decide decision
problems within the quotient of a free group instead of the group itself. This approach
may be more convenient, even though we do not intend to utilise this particular approach.

2.3 Presentations of groups
Group presentations are a foundational element of group theory, arising when there is
a need to define a group using particular generators and the relationships among them.
Group presentations serve as a powerful tool for succinctly describing a group’s structure
and properties by specifying both the set of generators and the connections between them.
Definition 2.22 ([23, Definition 2.51]). If R is a non-empty subset of a group G, the
normal closure of R is the intersection of all the normal subgroups of G which contain
R. We denote this by 〈〈R〉〉.
Since the normal closure is the intersection of a collection of normal subgroups of a group,
it is evident that it is itself a subgroup. Furthermore, it is normal, as all of its elements
can be expressed in the form

∏n
i=1 girig

−1
i for some gi ∈ G and ri ∈ R. In fact, we can

write 〈〈R〉〉 = 〈gRg−1 : g ∈ G〉. With this understanding, we are now prepared to define
the presentation of a group.

Remark 2.23. In fact 〈〈R〉〉 is the smallest normal subgroup containing R.

Definition 2.24 ([23, Definition 2.51]). Let G be a group. A presentation for G is a
pair 〈X | R〉 where X is a subset of G and R is a set of words in X such that

G ∼= F (X)/〈〈R〉〉.

The elements of X are the generators of G, while elements r ∈ R are called relators,
and equations of the form r = 1 referred to as relations.

Remark 2.25. Occasionally, for the sake of convenience, we may adopt a shorthand no-
tation and express a group G = 〈X | R〉.

Consequently, these presentations allow us to represent any element within G as a finite
concatenation x1x2 · · · xn, with each xi representing an element of X±. A significant
implication of this result is that any word w in F (X) maps to the identity element in G
under the map F (X)→ F (X)/〈〈R〉〉 if and only if w belongs to 〈〈R〉〉.
The choice of defining a presentation as F (X)/〈〈R〉〉 is a natural one. Initially, F (X)
represents a free group generated by elements in X, devoid of non-trivial relations among
its generators, allowing for unrestricted element generation from X, except the relation
xx−1 = x−1x = 1, mandated to fulfil the group axioms. By quotienting out 〈〈R〉〉 we effec-
tively incorporate these specified relations into the unconstrained group. Each element in
〈〈R〉〉 becomes the identity element in our presentation, thus defining the relations among
the generators. As a result, F (X)/〈〈R〉〉 produces the group that emerges from applying
these relations to F (X), where X serves as the generators, ensuring the preservation of
the relations defined in R.
By Corollary 2.21, every group is isomorphic to the quotient of a free group. However, a
fundamental question arises: can every group be described through a presentation? The
answer is yes, as we will demonstrate in the following proposition.

10



2.4 Tietze transformations 6CCM345A Third Year Project

Proposition 2.26 ([26, Chapter 4, Proposition 1]). Every group has a presentation.

Proof. Let G be a group, and let X be a subset of G. Suppose X generates G with the
map φ : X → G such that φ(x) = x for all x ∈ X. We can use Theorem 2.16 to extend
the homomorphism φ to a homomorphism ψ : F (X) → G. Therefore, G is isomorphic
to F (X)/ ker(ψ). Given that ker(ψ) is a normal subgroup of F (X), we can select a
subset R ⊂ ker(ψ) such that R normally generates ker(ψ), making R the smallest normal
subgroup of F (X) containing R. Consequently, G is isomorphic to F (X)/〈〈R〉〉.

Now that presentations have been defined, we can proceed to define a specific type of
presentation.
Definition 2.27. Let G be a group.

• We say G is finitely generated if there exists a presentation 〈X | R〉 for G such
that X is a finite set.

• We say G is finitely presented if there is a presentation 〈X | R〉 for G with both
X and R finite sets.

Example 2.28
Here we present some examples of presentations.

1. The dihedral group Dn of order 2n can be presented as 〈a, b | a2 = b2 = (ab)n〉,
where n ≥ 2; furthermore, by defining x = ab, we obtain an alternative presen-
tation:

〈a, x | a2 = xn, a−1xa = x−1〉,

illustrating that presentations of groups are not unique. [49, Example of Pre-
sentations, Page 51].

2. A presentation for the free group of rank n ∈ N generated by the set X is
commonly denoted as 〈X | ∅〉, although some texts use 〈X |〉.

3. The group G generated by a and b, with relators defined as

cn = x−1
n bxnb,

where xn = a−(wn−2)bawn−2 and wn = 2(2
n) + 1 for n ∈ N \ {0}, is not a finitely

presented group [43, Theorem 13].

2.4 Tietze transformations
We can perform operations on presentations, a set of manipulations known as Tietze
transformations [56]. These transformations, also commonly referred to as Tietze moves,
are named in honour of the German mathematician Heinrich Tietze, renowned for his sub-
stantial contributions to the fields of group theory and topology. Tietze transformations
entail elementary alterations of a group presentation which preserve the isomorphism
class of the group defined by the presentation. This section follows [26, Pages 41–47].
Definition 2.29. For a group with the presentation 〈X | R〉, the subsequent operations
are referred to as the Tietze transformations.

11
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(T1). Adjoin a relator:
〈X | R〉 → 〈X | R ∪ {r}〉

where r ∈ 〈〈R〉〉 \ R.
(T2). Remove a relator:

〈X | R〉 → 〈X | R \ {r}〉

where r ∈ R ∩ 〈〈R \ {r}〉〉.
(T3). Adjoin a generator:

〈X | R〉 → 〈X ∪ {y} | R ∪ {y−1w}〉

where y 6∈ X and w ∈ F (X).
(T4). Remove a generator:

〈X | R〉 → 〈X \ {y} | R \ {y−1w}〉

where y ∈ X,w ∈ 〈X \ {y}〉 and y−1w ∈ R is the only element of R involving y.

Remark 2.30. Notice that T1 and T2, as well as T3 and T4, are mutually inverse trans-
formations.

In Tietze transformation T3, it may initially appear unusual that we need to include
the relation y−1w, but it serves a crucial purpose in specifying how the new generator
y interacts with the existing generators. Essentially, it provides a rule that allows us to
replace y with w when y appears alongside other generators in a product. This ensures
not only the consistency of y within the group’s existing structure but also preserves the
closure property of the group. To illustrate this concept further, consider a group with
the following presentation

〈a | a4〉.

Now, suppose we introduce a new generator y to the group. If we do not include the
relation y−1w in the presentation, the new group presentation would appear as follows:

〈a, y | a4〉.

However, this presentation lacks information about how y interacts with the existing
generator a, leading to ambiguity in defining group operations involving y.
By including the relation y−1a2, the presentation becomes:

〈a, y | a4, y−1a2〉.

Now, we have explicitly specified that y behaves as if it were equal to a2 when involved in
group operations. For example, when calculating ya, we can apply the relation as follows:

ya = a2a = a3.

With Tietze transformations defined, we now begin by stating two lemmas essential for
proving how these operations preserve a group’s isomorphism class.

12
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Lemma 2.31 ([26, Chapter 4, Lemma 1]). Let F,G,H be groups, and let ν : F → G
and α : F → H be homomorphisms such that

1. Im(ν) = G and,
2. ker(ν) ⊆ ker(α).

Then there exists a homomorphism β : G→ H such that β ◦ ν = α.

Proof. We intend to establish the existence of a homomorphism β that ensures the com-
mutativity of the following diagram:

F G

H

ν

β
α

To do so, we start by selecting g ∈ G, and then we choose f ∈ F such that ν(f) = g. We
define β(g) = α(f). It is crucial to note that because the image of ν precisely covers G,
we are guaranteed to find a pre-image for any g. Moreover, the second condition implies
that β is well-defined:

ν(f ′) = ν(f) ⇐⇒ ν(f ′)(ν(f))−1 = 1G

⇐⇒ f ′f−1 ∈ ker(ν)

=⇒ f ′f−1 ∈ ker(α)

=⇒α(f ′) = α(f).

The value of α(f) remains consistent, regardless of the choice of f ∈ ν−1(g) (in this
context, ν−1(g) denotes the pre-image of g under ν).
Now, to establish that β is indeed a homomorphism, let us consider g, g′ ∈ G and f, f ′ ∈ F
such that ν(f) = g and ν(f ′) = g′. Since ν is a homomorphism, we have ν(ff ′) = gg′,
and it follows that:

β(gg′) = α(ff ′) (by the definition of β)
= α(f)α(f ′) (as α is a homomorphism)

= β(g)β(g′).

Finally, for each f ∈ F , it is important to note that f ∈ ν−1(ν(f)). This implies that the
value of β applied to ν(f) is precisely α(f). Therefore, we have β ◦ ν = α.

Lemma 2.32 ([26, Chapter 4, Proposition 3]). Suppose we are given G = 〈X | R〉, a
group H and a mapping φ : X → H. Then φ extends to a homomorphism θ : G → H
if and only if, for every relator r ∈ R the result of replacing every occurrence of x ∈ X
with φ(x) yields the identity of H.

Note 2.33. This condition ensures that the way the generators relate to each other in G
is mirrored by their images in H under the map ϕ. If this mirroring does not occur, then ϕ
cannot be a homomorphism, because a homomorphism must preserve the group structure.
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Remark 2.34. This resembles the assertion of Theorem 2.16 but applies to a general group
that is not free. Due to H not being free thus, containing relations, the conclusion drawn
in this lemma is less conclusive compared to that of Theorem 2.16.

Proof. We prove each direction separately.
Proof of (⇐). Consider G with the presentation 〈X | R〉. We consider the following
commutative diagram:

R

X F (X) G

H

η

ι

ϕ
ψ

ν

θ

Here, both ν and ψ are canonical maps derived from Theorem 2.16. Next, we can rephrase
the substitution condition as η(R) ⊆ ker(ψ). Since ker(ψ) is a normal subgroup of F (X),
and 〈〈R〉〉 = ker(ν), this condition is equivalent to ker(ν) ⊆ ker(ψ). Both conditions
stated in Lemma 2.31 are fulfilled. Therefore, by applying the lemma, we can extend ψ
to a homomorphism θ.
Proof of (⇒). The existence of such a φ implies that R ⊆ 〈〈R〉〉 ⊆ ker(ν) ⊆ ker(ν ◦ θ) =
ker(ψ).

Proposition 2.35 ([26, Chapter 4, Proposition 5]). Let G = 〈X | R〉 and suppose that
w, r ∈ F (X) with r ∈ 〈〈R〉〉 \R. If y is a symbol not in X, then both the canonical maps

X → 〈X | R ∪ {r}〉
X → 〈X ∪ {y} | R ∪ {y−1w}〉

extend to isomorphism with domain G.

Proof. By Lemma 2.32, these mappings extend to homomorphisms of G, denoted as

φ : 〈X | R〉 → 〈X | R ∪ {r}〉
ψ : 〈X | R〉 → 〈X ∪ {y} | R ∪ {y−1w}〉.

To establish the isomorphism of φ and ψ it suffices to identify their inverses. Notably, the
mappings

X → 〈X | R〉
X ∪ {y} → 〈X | R〉

also extend to homomorphisms:

φ′ : 〈X | R ∪ {r}〉 → 〈X | R〉
ψ′ : 〈X ∪ {y}〉 → 〈X | R〉.

In fact, φ′ and ψ′ serve as the inverses of the corresponding mappings of φ and ψ respec-
tively. It is evident that the composition of these mappings in either direction with their
respective inverses results in the identity map.
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We have shown that group presentations are not unique, and a single Tietze transfor-
mation suffices to modify a given presentation while preserving the group’s isomorphism.
Consequently, employing a finite sequence of Tietze transformations enables us to relate
two distinct presentations. We illustrate this relation in the following theorem.

Theorem 2.36 (Tietze’s theorem [36, Chapter II, Proposition 2.1])
Two finite presentations 〈X | R〉 and 〈Y | Q〉 define isomorphic groups if and only if
they are related by a finite sequence of Tietze transformations.

Proof. We prove each direction in turn.
Proof of (⇒). Consider a group G and let us define two mappings: α : F (X) → G and
β : F (Y ) → G. Without loss of generality, we suppose that X and Y are disjoint sets.
However, if they are not disjoint, we can relabel the overlapping generators in order to
make the sets disjoint. Let Z = X ∪ Y and define the map

φ : Z → G

z 7→

{
α(z) if z ∈ X
β(z) if z ∈ Y

By Theorem 2.16 this map extends to a homomorphism ψ : F (Z) → G. For each
element x ∈ X, we choose the word wx ∈ F (Y ) such that ψ(x) = ψ(wx), and we let
S1 be the finite set of words sx = x−1wx. Similarly, for each y ∈ Y choose wy ∈ F (X)
such that φ(y) = φ(wy), and define S2 to be the finite set of words sy = y−1wy. To
incorporate all the elements from Y into the presentation 〈X | R〉, we use a sequence of T3
transformations. This process is finite because Y is a finite set. As a result, we transition
from the presentation 〈X | R〉 to 〈Z | R ∪ S2〉, as the T3 transformations introduce
relations in the form y−1wy, which precisely correspond to the set S2. Consequently, we
can deduce that ker(ψ) = 〈〈R∪S2〉〉. Given the definitions of Q and S2, it becomes evident
that ψ(Q ∪ S1) = 1 and that Q ∪ S1 ⊆ R ∪ S2. Therefore, by using a finite sequence of
Tietze transformations, we can incorporate elements from Q∪S1 one by one into R∪S2,
resulting in a presentation 〈Z | P 〉 = 〈R∪Q∪S1 ∪S2〉. We have established that we can
transition from 〈X | R〉 to 〈Z | P 〉 through a finite sequence of Tietze transformations.
By employing a similar symmetrical approach, we can also move from 〈Y | Q〉 to 〈Z | P 〉.
Consequently, this implies that we can pass from 〈X | R〉 to 〈Y | Q〉 using a finite
sequence of Tietze transformations.
Proof of (⇐). By Proposition 2.35 a single Tietze transformation between group presenta-
tions preserves the isomorphism class. Therefore, by repeatedly applying this argument,
we can establish the validity of the statement.

2.5 Decidability of the decision problems
We are now prepared to solve the word and conjugacy problems in free groups and
obtain an interesting result regarding the decidability of these decision problems in finitely
presented groups.
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Theorem 2.37 ([37, Corollary 1.2.1.])
The word problem is decidable in a finite rank free group.

Proof. For this proof, we will examine the free group of finite rank with the presentation
〈X | ∅〉. Later, as demonstrated in Theorem 2.42, we will establish that analysing this
presentation alone is sufficient.
For a free group with rank n = 0, there are no generators, and the group consists only of
the identity element. In this case, the word problem is trivial, and any word w represents
the identity element. However, when n ≥ 1 as demonstrated by Proposition 2.10, every
word in the group is equivalent to its unique reduced form. Therefore, to solve the word
problem, we construct the following algorithm:

1. given a word w in Fn, apply the process of elementary reduction to obtain its unique
reduced form, denoted as w′;

2. verify if the reduced word w′ is equal to the identity word in Fn.
Since the length of the input word w is finite, the process of elementary reduction will
eventually terminate, ensuring that the algorithm will terminate.

Before we delve into the examination of the conjugacy problem, it is essential to introduce
the concept of cyclically reduced elements within free groups.
Definition 2.38. A word is cyclically reduced if it is reduced and the first and last
letter of w are not inverses of each other.

Remark 2.39. Equivalently, a word is cyclically reduced if it is reduced and if all of its
cyclic permutations are also reduced.

Cyclically reduced elements play a pivotal role in the development of our algorithm, as
they have specific properties that significantly influence our understanding of conjugacy.
Lemma 2.40 ([36, Chapter I, Proposition 2.14]). Let F (X) be a free group. We have
the following.

1. Every word w ∈ F (X) is conjugate to a cyclically reduced word.
2. Two cyclically reduced words are conjugate if and only if they are cyclic permuta-

tions of each other.

Proof. We prove each statement separately.
1. Let w ∈ F (X) represented as w = x1x2 · · · xn. Firstly, if w is already cyclically

reduced, there is nothing more to prove as it is already conjugate to itself, with the
identity element as the conjugating element. Now, let g = xn−k · · · xn be the longest
terminal word such that xn = x−1

1 , xn−1 = x−1
2 , . . . , xn−k = x−1

k+1. Consequently, we
can write w as w = g−1vg where v = xk+2 · · · xn−k−1 is a cyclically reduced word.

2. Suppose we have two conjugate elements w and w′ = g−1wg. To establish the
validity of this statement, we shall employ induction on the length of g. We begin
with the base case where |g| = 0. Here, g must be the identity element so, the words
are equal. Now, let us assume that the statement holds for all |g| ≤ k. We assume
that w is a cyclically reduced word and |w′| = |w|. Given that w′ = g−1wg, it is not
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a reduced word and, consequently, not cyclically reduced since its length exceeds
that of w. Therefore, there must be a cancellation between g−1 and w or between
w and g, but not both. We clarify this statement by examining the scenario where
g = q1 · · · qm and w = w1 · · ·wn. We can write

w′ = (q−1
m · · · q−1

1 )w1 · · ·wn(q1 · · · qm),

any cancellation occurring simultaneously at both the beginning and end of w would
imply that w1 = q1 and wn = q−1

1 . However, such an implication contradicts the
assumption that w is a cyclically reduced word.
If there is cancellation between g−1 and w, we can express g as g = yd and w as
w = yu, where y ∈ (X±)∗ and |d| = k. We can represent w′ as follows:

w′ = g−1wg = (yd)−1(yu)(yd) = d−1y−1yu(yd) = d−1(uy)d.

It is important to note that d−1(uy)d is a cyclic permutation of w because both
d and uy are reduced words. In the second case, we can establish that w′ is a
cyclic permutation of w using a similar argument. Therefore, the result follows by
induction.

Theorem 2.41 ([36, Chapter II, Proposition 2.14])
The conjugacy problem is decidable in a finite rank free group.

Proof. As discussed in the proof of Theorem 2.37, it is only necessary to consider the
presentation of a free group, given by 〈X | ∅〉.
For the case where n = 0, the proof mirrors that found in Theorem 2.37. On the other
hand, for n ≥ 1, given two words w, v ∈ Fn, we construct the following algorithm to
check if they are conjugate.

1. If w and v are not already in their cyclically reduced forms, apply the reduction
process to obtain w′ and v′.

2. Examine whether w′ and v′ are cyclic permutations of each other, as determined
by Lemma 2.40:

• if w′ and v′ are cyclic permutations, then w and v are conjugate in Fn;
• if w′ and v′ are not cyclic permutations, then w and v are not conjugate in
Fn.

Each step of the algorithm will terminate since the words have finite length hence, the
overall algorithm will halt.

In the appendix, specifically in Appendix A, we present Python implementations of the
algorithms.
We have examined the decidability of decision problems in free groups with presenta-
tion 〈X | ∅〉. The following theorem demonstrates that the choice of presentation is
inconsequential in the decidability of the decision problems.

17



2.5 Decidability of the decision problems 6CCM345A Third Year Project

Theorem 2.42 ([36, Chapter II, Proposition 2.2])
Let 〈X | R〉 be a finite presentation of a group G and, let 〈Y | Q〉 be another finite
presentation of the group G. We have the following.

1. If the word problem is decidable for 〈X | R〉 then it is decidable for 〈Y | Q〉.
2. If the conjugacy problem is decidable for 〈X | R〉 then it is decidable for 〈Y | Q〉.

Proof. We will prove the statements separately. The core approach of this proof involves
treating the elements within F (Y ) as if they were elements of F (X) and subsequently
applying the algorithm available for F (X), leveraging our knowledge of their decidability
in that context.

1. Consider a function φ : Y → F (X) such that for each y ∈ Y , we have φ(y) repre-
senting the same element of G as y. We can extend the map φ to a homomorphism
φ̃ : F (Y ) → F (X) with the same property. Since Y is finite, we have a finite ta-
ble of values for φ(y). Therefore, we also have a finite table of values for φ̃(w) for
w ∈ F (Y ). To decide if two given elements u and v of F (Y ) represent the same
element of G, we need to evaluate φ̃(u) and φ̃(v) and apply the algorithm to decide
the word problem for the presentation 〈X | R〉 to check if φ̃(u) = φ̃(v). Since we can
compute φ̃(u) and φ̃(v) using the finite tables of values, and the word problem is
decidable for the presentation 〈X | R〉, we can determine whether u and v represent
the same element in G.

2. The proof is analogous to the one for the word problem but applies the algorithm
to decide the conjugacy problem for the presentation 〈X | R〉 instead.

The results we have established demonstrate that the decidability of the decision problems
we are studying is an intrinsic property of the group itself and is not contingent on the
specific presentation chosen for the group.
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3 Cayley graphs
In this section, our focus shifts to the conversion of groups into geometric constructs
referred to as Cayley graphs [7]. We will utilise Cayley graphs as instruments to delve
into whether the word problem is decidable.
We will explore the relationship between words and paths in Cayley graphs, highlight-
ing how closed paths signify a decidable word problem. Leveraging this connection, we
will explore the constructability of an infinite Cayley graph, proposing that if it can be
completed in finite time, it indicates a decidable word problem.

3.1 Review of graph theory
We begin this section by reviewing some fundamental concepts in graph theory. We will
refer to [32, Pages 53–61] for establishing key definitions and principles.
Definition 3.1. A graph is a pair Γ = (V,E) of disjoints sets where E is a set of subsets
of V that contains exactly two elements, i.e.

E ⊂ V = {e : e ⊂ V and |e| = 2} .

The elements of V are the vertices, the elements of E are the edges of Γ.
In essence, graphs provide an alternative perspective on symmetric relations and are
typically employed as a means to represent these relations.
Definition 3.2. Let Γ = (V,E) be a graph.

• We say that two vertices u, v ∈ V are neighbours or adjacent if they are joined
by an edge i.e. if {u, v} ∈ E.

• The number of neighbours of a vertex is the degree of this vertex.
Example 3.3. We define the set of vertices as V = {1, 2, 3, 4, 5}, and the set of edges as
E = {{1, 2}, {2, 3}, {3, 4}, {4, 1}}. The graphical representations of the resulting graph
Γ = (V,E) can be observed in Figure 1.

1 2

4 3

5

1 2

34

5

Figure 1: Illustration of two graphs with the same defining vertices and edges.

It is important to note that different graphical representations may seem distinct but
ultimately convey the same underlying graph structure, underscoring the inherent com-
binatorial nature of graphs.
We introduce a set of geometric terminology specifically designed for the representation
and analysis of graphs.
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Definition 3.4. Let Γ = (V,E) be a graph
• Let n ∈ N ∪ {∞}. A path in Γ of length n is a sequence v0, . . . , vn of different ver-

tices v0, . . . , vn ∈ V with the property that {vj, vj+1} ∈ E for all j ∈ {0, . . . , n− 1}.
If n <∞ then we say this path connects the vertices v0 and vn.

• The graph Γ is called connected if every pair of its vertices can be connected by
a path in Γ.

Example 3.5. Examining the graph presented in Figure 2, we observe that it is a con-
nected graph.

1
2

3 4 5

6

7 8 9

Figure 2: A connected graph.

Furthermore, the sequence 1, 2, 3 forms a path, whereas the sequence 3, 7, 8 does not
constitute a path.

3.2 Cayley graphs
Building upon our comprehension of graph theory, we are now ready to formally define
a Cayley graph.
Definition 3.6. Let G be a group and let X ⊂ G be a generating set of G. The Cayley
graph of G with respect to the generating set X, is the graph Cayley(G,X) whose

• set of vertices is G, and whose
• set of edges is {{g, gx} : g ∈ G, x ∈ (X±) \ {1}}.

Example 3.7. In Figure 3, we illustrate a finite section of the Cayley graph for the
integers, generated by the element 1. It is important to note that in this context, 1 does
not represent the identity element, as the identity element for integers is 0.

−2 −1 0 1 2

Figure 3: Cayley (Z, {1}).

Now, in Figure 4, we introduce the same Cayley graph, but this time, the generating set
consists of {1, 3}.
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−5 −4 −3 −2 −1 0 1 2 3 4 5

Figure 4: Cayley(Z, {1, 3}).

Example 3.8
In Figure 5, we present a finite section of the Cayley graph associated with the group
F2. The absence of group relations in F2 leads to a pattern that resembles a fractal.

Figure 5: Cayley(F2, {a, b}).
Image: Dbenbenn (CC0).

The Cayley graph of F2 with generating set {a, b} can be described as a tree, which
is a connected graph that does not have any cycles. In this context, a cycle is defined
as a path v0, v1, . . . , vn−1 within a graph Γ = (V,E), with vn−1, vn ∈ E, and this
condition remains valid for all n ∈ N with n > 2.

3.2.1 Words and paths

The primary focus of this thesis has revolved around the study of words. In this con-
text, we will examine the representations of words within a Cayley graph, following the
discussion presented in [40, Pages 37–39].
Consider a group G generated by the set X. For any given word w ∈ (X±)∗, there is
a corresponding path within the Cayley graph Cayley(G,X). This path initiates from
the vertex that represents the identity element and subsequently traverses the edges of
Cayley(G,X) following the sequence dictated by w.
Example 3.9. For instance, consider the group Z2 generated by x = (1, 0) and y = (0, 1).
In this context, the word w = xxyxy−1xy−1xyx represents the path depicted in Figure 6.
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Identity End of path

Figure 6: The path pw associated to the word w = xxyxy−1xy−1xyx.

We will denote the path described by a word w as pw. Therefore, given a word w, the
path pw : [0, 1] → Cayley(G,X) will connect the vertex corresponding to the identity
with the vertex corresponding to the group element obtained by computing the product
of w in terms of G.
Conversely, every finite edge path in a Cayley graph Cayley(G,X) corresponds to a word
in the generators and their inverses. To retrieve the word, one reads the labels of the edges
being traversed and appends an inverse if they move in the opposite direction of the edge
orientation. Thus, it becomes evident that for a given group G and a finite generating set
X, there exists a one-to-one correspondence between:

1. finite paths in the Cayley graph Cayley(G,X) that originate from the vertex rep-
resenting the identity, and

2. words in (X±)∗.

3.3 Distance in graphs
Before discussing the word problem in a Cayley graph, it is necessary to first establish a
concept of distance within the graph.
Definition 3.10 ([46, 2.4]). Let Γ = (V,E) be a connected graph. The distance between
two vertices u, v ∈ V the length of the shortest path joining.
In the definition above, it is necessary for Γ to be connected in order to ensure the
presence of paths connecting two points. By setting the length of the edges comprising
these paths to 1, we establish that the length is a non-negative integer, thus ensuring the
existence of a shortest-length path.
This distance definition remains applicable in the context of a Cayley graph. As the
vertices of a Cayley graph are in correspondence with group elements, we have the ability
to establish a concept of distance between vertices in the Cayley graph, thereby defining
a distance function over the group’s set of elements. This can be entirely articulated in
terms of group elements, without explicit reference to the Cayley graph, by utilising the
concept known as the word metric.
Definition 3.11 ([40, Page 163]). Let G be a group. The map

d : G×G→ N
(g, h) 7→

∣∣g−1h
∣∣ .

is called the word metric.
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This definition is the most natural: if w ∈ (X±)∗ is a word representing g−1h, then

g−1h = w ⇒ h = gw in G.

If we commence at the vertex that represents g, the word w denotes the path within the
Cayley graph necessary to reach the vertex representing h. Consequently, the length of
g−1h corresponds precisely to the length of the shortest path between g and h.

Proposition 3.12
The word metric is a metric.

Proof. Let G be a group generated by X. To demonstrate that d satisfies the axioms of
a metric, we will select arbitrary elements g, h, k ∈ G.
Non-negativity. We have d(g, h) = |gh−1| which represents the length of some element in
G. This length is always non-negative.
Non-degeneracy. Suppose d(g, h) = 0. Then |g−1h| = 0, and the only element in G with
length zero is 1. Therefore, g−1h = 1 which implies g = h. Conversely, if g = h, then
d(g, h) = d(g, g) = |g−1g| = |1| = 0.
Symmetry. First, note that if |g| = n then |g−1| = n. Therefore, we can prove symmetry
as follows:

d(g, h) =
∣∣g−1h

∣∣ = ∣∣∣(g−1h
)−1

∣∣∣ =
∣∣h−1g

∣∣ = d(h, g).

Triangle inequality. Let d(g, h) = n and d(h, k) = m. Then, there exist some xi, yi ∈ X±

such that:
g−1h = x1 · · · xn and h−1k = y1 · · · ym.

Then, by associativity

g−1k = g−1(hh−1)k = (g−1h)(h−1k)

= (x1 · · · xn)(y1 · · · ym).

Hence, d(g, k) ≤ n+m = d(g, h) + d(h, k).

3.4 The word problem
In Section 3.2.1, we demonstrated a one-to-one correspondence between words within
the generating set of a group and paths within the Cayley graph, commencing from the
vertex associated with the identity element. Given this correspondence, we can restate
the word problem as presented in the following proposition.
Proposition 3.13 ([40, Proposition 5.7]). Given a group G and a finite generating set
X, the word problem is decidable if and only if one can decide which words w correspond
to closed paths pw in the Cayley graph.

Proof. The discussion in Section 3.2.1 reveals that each word

w = xε1i1 · · · x
εk
ik

where εh ∈ {−1, 1} and xij ∈ X±, defines a path from the vertex representing the identity
in the Cayley graph, denoted as vid, to the vertex representing the end of the word,
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denoted as vw. By traversing the labels xi1 , . . . , xik sequentially, following or opposing
the direction of the arrows based on whether the exponent is +1 or −1, it becomes evident
that w = 1 if and only if the path forms a closed loop.

This proposition also addresses cases involving paths not originating from the identity,
as we can establish a path from the identity to the base vertex of any such closed paths.
For instance, consider a closed path denoted by h representing a sequence of letters,
originating from an arbitrary vertex say vh, which does not represent the identity. We
can construct a path from the vertex representing the identity, vid, to vh, representing a
word, denoted as g. Combining these two paths forms another closed path. Traversing
this combined path from vid following its orientation leads us to vh. Given h is a closed
path, we return to vh, and traversing g in the opposite orientation brings us back to vid.
Consequently, the word ghg−1 = 1 in the group. This process is illustrated in Figure 7,
where we illustrate the traversal of the path pghg−1 (in green).

vid

h

g

vh
g

h

g−1

Figure 7: The traversal of the path pghg−1 .

Proposition 3.13 demonstrates that the word problem can be solved in groups where the
Cayley graph is finite. However, as we explore infinite Cayley graphs, exemplified by free
groups, we encounter new challenges. To establish the decidability of the word problem
in groups with infinite Cayley graphs, we need to develop a deeper understanding of
how to navigate these unbounded structures. Thus, it becomes necessary to establish a
precise definition of when it is feasible to assert that a Cayley graph can be constructed.
To achieve this, a reasonable criterion would be the ability to construct Cayley graph
components of arbitrarily large size. The concept of ‘arbitrarily large components’ is
precisely encapsulated by the notion of balls and spheres within a Cayley graph.
Definition 3.14 ([40, Definition 9.9]). Given g ∈ G and n ∈ N we define the following:

• the sphere of radius n is Sn(g) = {h ∈ G : d(g, h) = n} ;
• the ball of radius n is Bn(g) = {h ∈ G : d(g, h) ≤ n}.
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Remark 3.15. In a connected graph Γ, the concepts of spheres and balls are entirely
equivalent. However, instead of relying on the word metric, we use the distance as defined
in Definition 3.10.

Example 3.16. Consider the group Z2 generated by the set X = {(0, 1), (1, 0)}. In
Figure 8, we illustrate the sphere S2((0, 0)) and the ball B2((0, 0)) for the Cayley graph
of Z2 with respect to X.

(0, 0)

Figure 8: The ball and sphere of radius 2 for Cayley(Z2, {(1, 0), (0, 1)}).

The larger vertices (in red) represent the points on the sphere S2((0, 0)), while the combi-
nation of solid arrows (in blue) and larger vertices (in red) collectively represents the ball
B2((0, 0)). Additionally, a dashed circle (in purple) is included to illustrate the ‘shape’ of
the ball.
We are now prepared to establish the precise definition of a constructible Cayley graph.
Definition 3.17. A Cayley graph is constructible if given n ∈ N one can construct
Bn(1) in a finite amount of time.

Theorem 3.18 ([40, Theorem 5.10])
Let G be a group with finite generating set X. Then the word problem is decidable
if and only if the Cayley graph Cayley(G,X) is constructible.
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Remark 3.19. Theorem 3.18 presents an alternative proof for Theorem 2.42. Since the
construction of the Cayley graph of G depends on the chosen generating set, and given
that there may be multiple generating sets for G, it follows that various Cayley graphs of
G can be constructed. However, Theorem 3.18 holds for any chosen generating set of G.
In other words, the word problem is decidable for any finite presentation of G with the
generating set corresponding to the one chosen for constructing the Cayley graph.

Proof. We will prove both implications separately.
Proof of (⇒). We will use induction on n to demonstrate that the ball Bn(1) in the
Cayley graph is constructible. The ball B0(1) consists of a single vertex corresponding to
the identity element. This trivially exists, and thus, B0(1) is constructible. Assume that
Bn(1) has been constructed for some n ≥ 0, our goal is to construct Bn+1(1).
Let v be a vertex in Bn(1). Each vertex in Cayley(G,X) is incident with exactly k
edges labelled by generators X±. Thus, v is already incident with k edges labelled by
X±. To construct Bn+1(1), we need to add an oriented edge labelled x to v for each
x ∈ (X±)\LABELSn(v), where LABELSn(v) is the subset of X± corresponding to edges
attached to v in Bn(1).
We must determine which vertices are connected to v by these missing edges. To do
this, we use an ordered list of vertices in the sphere Sn(1) = {v1, v2, . . . , vl}. For each vi,
we associate a word wi representing the path from 1 to vi in Bn(1). For v1, we list the
generators in (X±) \LABELSn(v1) = {x1, x2, . . . , xm}. We check if w1xiw

−1
j = 1 in G for

each j. If this condition is met, the edge labelled xi connects v1 to vj.
For i > 1, we consider three cases for the edges connected to missing labels xj:

1. if wixjw−1
m = 1 in G, the edge connects vi to another vertex in Sn(1);

2. if wixj(wmσn)−1 = 1 in G for some σn, the edge connects vi to a vertex in Sn+1(1)
that is joined to vm in Sn(1), where m < i;

3. if none of the above conditions hold, a new vertex needs to be added in Bn+1(1).
Since any vertex in Bn+1(1) is connected to a vertex in Bn(1), this process will eventually
construct all vertices within radius n+ 1. Therefore, Bn+1(1) is constructible.
Proof of (⇐). Consider an arbitrary word w ∈ (X±)∗ of length n. Given the constructibil-
ity of Cayley(G,X), we are able to construct a subgraph Bn(1) within Cayley(G,X).
Within the ball Bn(1), we can identify a path pw that corresponds to the word w. Let
us focus on the endpoint of the path pw, which we denote as vid. If vid indeed coincides
with the identity element 1 of the group G, then it follows that w = 1 in G. Conversely,
if vid does not correspond to the identity element 1 in G, then w 6= 1 in G.

26



6CCM345A Third Year Project

4 Dehn’s algorithms
In this section, we explore the algorithms provided by Dehn in [13] for the fundamental
group of a closed orientable surface of genus g ≥ 2.
We commence by revisiting the definition of the fundamental group of a closed orientable
surface with genus g ≥ 0. Drawing upon this, we motivate a presentation of these groups,
demonstrating their adherence to specific small cancellation conditions. Through the lens
of Van Kampen diagrams, we explore the extension of Dehn’s algorithms to tackle the
word problem beyond his original scope. Additionally, we highlight recent advancements
in determining the decidability of the word and conjugacy problem in groups that meet
certain small cancellation criteria.

4.1 The fundamental group
We provide an informal overview of the fundamental group, focusing on its intuitive
essence rather than detailed formalisms. While the formal constructions are not necessary
to grasp the underlying concepts, familiarity with the general idea of this group proves
advantageous. For a comprehensive and rigorous treatment, readers are encouraged to
consult [20, Chapter 1].
The fundamental group serves as a tool for understanding the presence of loops within a
given topological space. It gauges the degree to which loops in the space can be continu-
ously deformed or contracted to a single point.
To provide a more precise definition, let X be a topological space with a specified base
point x0 ∈ X. The fundamental group π1(X, x0) consists of equivalence classes of loops
based at x0. Two loops are considered equivalent if one can be continuously transformed
into the other while keeping the base point fixed — a notion known as homotopy.
We illustrate some fundamental groups of common surfaces.
Example 4.1. Consider the circle S1, where the fundamental group π1(S1) encompasses
loops originating from any point on the circle. The defining characteristic of a loop on S1

is its ‘winding’ around the circle, which represents the number of times the loop encircles
or revolves around the circle. It quantifies the rotational motion of the loop around the
circle’s perimeter. Loops that complete a full rotation around the circle, yet cannot be
contracted to a point, are regarded as non-trivial. On the contrary, loops that do not wind
around the circle can be continuously contracted to a point and are therefore considered
trivial. Consequently, the fundamental group of S1 is isomorphic to the group Z. Each
integer represents the number of rotations a loop makes around the circle, with positive
values indicating anticlockwise rotation and negative values indicating clockwise rotation.
In Figure 9(a), we observe a loop with a winding number of −1, while in Figure 9(b), a
loop with a winding number of −2 is depicted.
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(a) (b)

Figure 9: Two loops on a circle exhibiting distinct winding numbers.

Example 4.2. On the sphere S2, every loop is contractible, signifying that any loop on
the surface can be contracted to a single point without exiting the sphere, as depicted in
Figure 10. Consequently, the fundamental group of the sphere is trivial: π1(S2) = {1}.

Figure 10: An illustration showing a loop on a sphere being contracted to a point.

Example 4.3. In contrast, the torus T2 has non-trivial loops encircling its aperture.
Trivial loops on the torus are those that can be continuously contracted to a single point
without departing from the surface, corresponding to the identity element in π1(T2).
Non-trivial loops, on the other hand, traverse around the hole of the torus and cannot be
contracted to a point within the torus. Each non-trivial loop denotes a distinct element
in π1(T2). We depict the possible loops occurring on T2 in Figure 11.

b

a

Figure 11: An illustration of a T2 with loops a and b.

Remarkably, π1(T2) ∼= Z × Z. This isomorphism stems from examining loops on the
torus that encircle both its aperture and its body. These loops can be uniquely described
by pairs of integers, where each integer signifies the winding number along a particular
direction.
Geometrically, the identity problem concerning the fundamental group π1(X, x0) revolves
around identifying whether a closed loop, originating at x0, can be contracted to a single
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point. Conversely, the conjugacy problem for π1(X, x0) involves establishing whether two
closed loops are unbased homotopic. That is, whether one loop can be continuously
deformed into the other while allowing for movement of their respective base point. This
concept is depicted in Figure 12.

a

b

k

Figure 12: Homotopic loops a and b.

Both loops a and b originate from the base point depicted by the dot (in red). We can
continuously deform a into b while the base point moves along the path outlined by the
loop k, resulting in the equation a = kbk−1.

Remark 4.4. The unlabelled arc (blue) in Figure 12 facilitates the visualisation of the
homotopy of the loops, and is not representative of a path.

We aim to justify why the presentation of fundamental groups for closed orientable sur-
faces with genus g is typically represented as:

〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg]〉,

where the commutator [ai, bi] = aibia
−1
i b−1

i . To exemplify this, we will examine the case
of a torus and a closed orientable surface with genus 2. The logic applied in these cases
can be generalised to closed orientable surfaces with genus g ≥ 2.
Recall that closed orientable surfaces can be depicted using topological polygons. In the
case of T2, this representation entails a square where each side is labelled by its generators
and their inverses, as illustrated in Figure 13.

a

a−1

bb−1

Figure 13: The torus represented by a topological rectangle.

We claim that this rectangle has only one topological vertex. To illustrate this, examine
the vertex located at the starting point of a. As we traverse clockwise, this vertex corre-
sponds successively to the end of a−1, the beginning of b−1, the end of b, the beginning of
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a−1, the end of a, and the beginning of b. This sequence returns to the endpoint of b−1,
precisely matching the starting vertex. We can designate this vertex as the base vertex
for all the loops occurring on the torus.
In Figure 11, we depict the different types of loops that can manifest on T2. As previously
mentioned, the torus has a single vertex, designated as the base point for our loops, which
for our purposes we can situate at the intersection of the two depicted loops. Imagine
traversing the surface of the torus along the paths indicated by these loops. What occurs
is a return to the initial base point, as depicted in Figure 14.

b

a

Figure 14: A traversal of the torus, shown in green, in accordance to the paths a and b.

We can further demonstrate this phenomenon using the square depicted in Figure 15.

a

a−1

bb−1

Figure 15: Traversal of the torus in its corresponding topological rectangle.

Algebraically, this process within the group π1(T2) can be described by the equation
aba−1b−1 = 1. Hence, a presentation for π(T2) is given by 〈a, b | [a, b]〉.
We can do a similar process for a closed orientable surface of genus 2. We create such
a surface by starting with a torus and performing a specific operation. This operation
involves cutting a disc from the torus and then attaching a copy of this disk along the
cut. This process effectively doubles the number of holes in the surface, resulting in a
surface of genus 2. Figure 16 visually demonstrates this step-by-step construction.
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Figure 16: An illustration depicting the ‘surgical’ and ‘gluing’ process used to construct
a closed orientable surface of genus 2.

To depict a closed orientable surface of genus 2 with a polygon, we follow the procedure
outlined in Figure 17. By cutting a disc within the torus and designating one of the
vertices of the square as its base point — illustrated in Figure 17(c) — we proceed to
‘cut’ along this loop. This cutting results in a pentagon. Upon gluing a copy of this
surface to itself along the loop’s cut, we attain the final polygon, which takes the form of
an octagon.

a

a−1

bb−1

a

b

a−1

b−1

c
d

c−1

d−1

(a) (b) (c) (d)

(e)
(f)

Figure 17: The ‘surgery’ and ‘gluing’ process in terms of topological polygons.

We assert that this octagon possesses only one topological vertex. To demonstrate this,
consider the vertex located to the left of a. When traversing clockwise, this vertex corre-
sponds to the end of a−1, which in turn connects to the beginning of b−1, subsequently
linking to the end of b, and so forth. Eventually, this sequence loops back to the beginning
of a.
Designate the sole vertex of this surface as the base point for all of its loops. By employing
a similar procedure as we did with the torus, if we envision traversing this surface from the
base point, we ultimately return to the initial position. We showcase the loops we traverse
in Figure 18. Algebraically, this process equates to aba−1b−1cdc−1d−1 = [a, b][c, d] = 1,
leading to the conclusion that a presentation for the fundamental group of a closed
orientable surface with genus 2 is given by 〈a, b | [a, b][c, d]〉.
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b

a

c

d

Figure 18: A closed orientable surface of genus 2 depicted alongside loops a, b, c, and d.

Similar reasoning can be applied to closed orientable surfaces of genus g ≥ 2, revealing
that a presentation for their fundamental group is given by

〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg]〉.

The rigorous derivation of these presentations typically relies on the Seifert-Van Kampen
theorem [20, Theorem 1.20]. However, delving into this proof extends beyond the scope
of this thesis.

4.2 Small cancellation hypotheses
The fundamental groups of closed orientable surface of genus g ≥ 1 belong to a category
of groups known to satisfy the small cancellation conditions.
In this section, we establish the defining traits of small cancellation groups. These groups
conform to one or more of the following small cancellation hypotheses. However, before
defining these conditions, we must first establish some additional technical definitions.
Definition 4.5 ([39, Section 1.2.1]). Let G be a group with presentation 〈X | R〉. Given
a set of relations R its symmetrisation R∗ is a set of all cyclic permutations of the
relations r ∈ R and their inverse.
Example 4.6. In a group represented by 〈a, b, c | abc2〉, the set of relators R is defined
as {abc2}. Consequently, the symmetrised set is given by:

R∗ = {abc2, bc2a, c2ab, c−2b−1a−1, b−1a−1c−2, a−1c−2b−1}.

Definition 4.7 ([39, Section 1.2.1]). A word b is called a piece (with respect to R) if
there are not two distinct elements r1, r2 ∈ R∗ with the common beginning b, that is
r1 = bc1 and r2 = bc2.
We can now outline the small cancellation conditions. Groups satisfying any of these
criteria will be categorised as ‘small cancellation groups’. The first condition is as follows.
Definition 4.8 ([39, Definition 1.7]). Let λ be a positive real number. A set of relations
R is said to satisfy the C ′(λ) condition if

|u| < λ |r|

for every r ∈ R∗ and its any beginning u which is a piece with respect to R.
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The term ‘metric’ is used to signify this criterion because it resembles a quantitative
measure, similar to a metric, illustrating the correlation between the length of the initial
segment of a relation and the overall length of the relation itself. Next, we present the
following condition.
Definition 4.9 ([39, Definition 1.8]). Let p ∈ N \ {0}. A set of relations R is said to
satisfy the condition C(p) if every element of R∗ is a product of at least p pieces.
This condition is alternatively known as the ‘non-metric’ condition. The relationship
between these two conditions is closely examined in the following proposition.
Proposition 4.10 ([39, Page 14]). The condition C ′ ( 1

n

)
implies condition C(n+ 1) for

n ∈ N \ {0}.

Proof. Let R be a set of relations satisfying the condition C ′ ( 1
n

)
for some n ∈ N \ {0}.

Let r ∈ R∗. We need to show that r can be expressed as a product of at least n + 1
pieces. Without loss of generality, assume that |r| ≥ 1 (if |r| = 0, then the proposition
holds trivially). Consider n+1 consecutive partitions of r into pieces of equal length. Let
these partitions be denoted as p1, p2, . . . , pn+1. Since p1 is the first piece of r, it is a piece
by definition. Therefore, by the condition C ′ ( 1

n

)
, the length |p1| < 1

n
|r|. Similarly, for

each subsequent piece pi for 2 ≤ i ≤ n + 1, its length |pi| < 1
n
|r|. We can express this

relationship as:
|r| = |p1|+ · · ·+ |pn+1| <

k

n
|r| .

To ensure k
n
> 1, we require k > n, which implies k ≥ n+1. Consequently, every element

of R∗ is composed of at least n+ 1 pieces.

The final small cancellation condition is as follows.
Definition 4.11 ([39, Definition 1.9]). Let q ∈ N such that 3 ≤ h ≤ q. Suppose
r1, . . . , rh ∈ R∗ with no successive elements as an inverse pair. Then R is said to satisfy
condition T (q) if at least one of the products

r1r1, . . . , rh−1rh, rhr1

is reduced.
Let us recall that a presentation for the fundamental groups of closed orientable surfaces
of genus g takes the form:

〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg]〉

where [ai, bi] = aibia
−1
i b−1

i . It becomes apparent that the non-trivial pieces are the indi-
vidual letters and the longest relator has a length of 4g. Since [a1, b1] · · · [ag, bg] is the
sole relator in R, it follows that R satisfies the C(4g) condition. Moreover, considering
that single letters have a length of 1, R also adheres to the condition C

(
1

4g−1

)
, as for

any g ≥ 1, we have 1 < 4g
4g−1

.

4.3 Van Kampen diagrams
Dehn’s geometric techniques relied on the use of regular tessellations of the hyperbolic
plane. While we also adopt a geometric approach, it diverges from Dehn’s methods.
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In this section, we consider a group G = 〈X | R〉. We observe that an element w ∈ F (X)
is the identity in G ∼= F (X)/〈〈R〉〉 if and only if w ∈ 〈〈R〉〉. Recalling our discourse
in Section 2.3, we note that w ∈ 〈〈R〉〉 precisely when, within the free group F (X),
w can be written as a product of conjugate elements of R±1, denoted as w = c1 · · · cn,
where ci = uiriu

−1
i , and ri, r

−1
i ∈ R. By constructing such a sequence of ci, we generate

a diagram in the Euclidean plane that encapsulates all crucial information regarding
c1 · · · cn. These diagrams are referred to as Van Kampen diagrams [36, Chapter V, Section
1].1

Van Kampen diagrams offer a distinct approach compared to Cayley graphs by emphasis-
ing the graphical representation of group relations in the group’s presentation. Whereas
Cayley graphs serve to visualise the structure of a group in relation to selected generators.
To construct these diagrams we will use the notion of CW complexes. A CW complex is a
fundamental structure in algebraic topology, used to study spaces by decomposing them
into simple building blocks called cells. Introduced by J.H.C. Whitehead in the 1940s [61],
CW complexes provide a flexible framework for understanding the topology of various
spaces, including manifolds and more general topological spaces.
Before defining CW complexes, let us first introduce the concept of a cell.
Definition 4.12. An n-cell, denoted en, is a topological space that is homeomorphic to
an n-dimensional open disk, represented by Dn \ ∂Dn, where Dn refers to the unit disk
or ball in Rn centred at the origin.

Example 4.13
When constructing Van Kampen diagrams, our focus is primarily on 0-cells, 1-cells,
and 2-cells. Let us examine each of these components.

1. A 0-cell is a point.
2. A 1-cell is a line segment, which is homeomorphic to the open unit interval.
3. A 2-cell corresponds to a filled-in area enclosed by 1-cells, which is homeomor-

phic to the open unit disk.

Now, we can formally define a CW complex.
Definition 4.14 ([20, Page 519]). A CW complex (or cell complex) is a topological
space constructed by attaching cells of increasing dimension. Formally, it is defined as
follows.

1. Start with a collection of 0-cells, denoted by Y 0.
2. Form the n-skeleton Y n from Y n−1 by attaching n-cells enα via maps

φα : Sn−1 → Y n−1.

Geometrically, this means gluing the boundary of an n-dimensional disc to the
previous skeleton Y n−1 via the maps φα. In fact, Y n can be expressed as the quotient
space Y n−1 tα Dn

α/ ∼, where the equivalence relation is defined as x ∼ φα(x) for
1The diagrams we are referring to were initially discovered by E. R. Van Kampen [28], although he

did not utilise them in the same manner as we do. Subsequently, R. C. Lyndon and P. E. Schupp were
among the first to employ these diagrams in the way that we are discussing.
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x ∈ ∂Dn
α. Consequently, the cell enα is homeomorphic to the image of Dn

α \ ∂Dn
α

under the quotient map.
3. Define the CW complex Y =

⋃
n Y

n with the weak topology2.
If Y = Y n for some n ∈ N, then Y is said to be finite-dimensional, and the smallest such
n is the dimension of Y , the maximum dimension of the cells of Y .

Remark 4.15. Condition (3) becomes redundant when X is finite-dimensional. This is
because, if X is finite-dimensional, and U is an open subset of X = Xn for some n ∈ N,
the definition of the quotient topology on Xn implies that U ∩Xn−1 is open in Xn−1. By
the same reasoning, U ∩Xn−2 is open in Xn−2, and this logic extends similarly for all the
skeleta Y n−i for 0 ≤ i ≤ n.

For each cell enα, its characteristic map, denoted as Φα, is defined as the composition
Dn
α ↪→ Y n−1 tα Dn

α → Y n ↪→ Y . Here, Dn
α can be thought as the ‘pre-image’ of the cell

enα before being mapped into the CW complex. We show an illustration of this map in
Figure 19.
This composition is continuous because it is formed by composing continuous maps. The
inclusion map Xn ↪→ X is continuous due to condition (3) in Definition 4.14, which
guarantees the continuity of the ‘gluing’ maps in a CW complex.

⊔
Dn
α

Dn
α

Y n−1 Y n ↪→ Y

Figure 19: A cartoon depicting the function of the characteristic map.

Example 4.16 ([20, Example 0.1]). A 1-dimensional cell complex Y = Y 1 is defined as
a graph, where the vertices represent the 0-cells and the edges represent the 1-cells.
We define a Van Kampen diagram, which is an example of a 2-dimensional cell complex.
Definition 4.17 ([36, Chapter V, Section 1][5, Part III, Chapter 2]). Consider a presen-
tation 〈X | R〉 for the group G. Let M ⊂ R2 be a planar finite cell complex satisfying
the following conditions:

1. The complex M is both connected and simply connected.
2. A 0-cell (vertex) O (designated as the base vertex) lies on the topological boundary

of M ⊆ R2.
3. Each 1-cell (edge) of M is oriented and labelled by a letter x ∈ X.
4. The boundary of each 2-cell D, is labelled by a word in 〈〈R〉〉. This word is obtained

by reading the labels on the edges as they are traversed, starting from a vertex on
2In the weak topology a set U ⊂ Y is open (or closed) if and only if U ∩ Y n is open (or closed) in

Y n for each n.
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the boundary of D, in either of the two possible directions. Each label on the 1-cell
is assigned a ±1 exponent based on whether the traversal direction aligns with or
opposes the orientation of the 1-cell. The choice of direction and starting point may
lead to inversion and/or cyclic conjugation of the word.

5. The boundary word of M is the word w read on the boundary of R2 \M starting
from the base vertex O.

We define M as a Van Kampen diagram for the boundary word w over the presentation
〈X | R〉.

Remark 4.18. We will abbreviate Van Kampen diagrams as simply ‘diagrams’.

As a result, the 1-skeleton of M constitutes a finite connected planar graph Γ that is
embedded in R2. The bounded regions of this graph precisely correspond to the 2-cells
of M . The embedding of a graph Γ in the plane imposes significant constraints on the
structure of M , such as those related to the Euler characteristic. These constraints allow
us to infer from local properties of Γ, reflecting combinatorial conditions in the set R, to
properties of its boundary. These relationships are extensively explored in [36, Chapter
V].
Example 4.19 ([36, Chapter V, Theorem 1.1.]). In this example we provide a construc-
tion for the Van Kampen diagram for a sequence of elements c1, . . . , cn in the free group
F . We can write each element ci of a free group as the unique product uiriu−1

i where
uiriu

−1
i is reduced without cancellation and r is cyclically reduced.

To create the Van Kampen diagram of c = uru−1, we begin with a 0-cell v1 and a 1-
cell originating from v1 labelled r. If u = 1, we set the base point O = v1, and M is
constructed accordingly. However, if u 6= 1, we select a 0-cell other than O and connect
it to O using a 1-cell labelled u, along with a loop labelled r at v1.
In general, to construct the diagram of the product c1 · · · cn, we assemble a diagram M ′ by
combining individual diagrams M1, . . . ,Mn corresponding to each factor c1, . . . , cn. These
individual diagrams are arranged sequentially around a shared base point O, as depicted
in Figure 20, where we have chosen the orientation of the diagram to be clockwise.

O
u1

un−1

un

r1

rn−1

rn

u2

r2

· · ·

Figure 20: Balloon Van Kampen diagrams.
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Example 4.20 ([36, Chapter V, Theorem 1.1.]). In this example, we demonstrate the
concept of cancellation within a Van Kampen diagram. We examine a scenario within
the diagram resembling the one depicted in Figure 21.

x

x−1

y2

y1

y3
v1

v2

v3

Figure 21: A scenario illustrating the occurrence of cancellation.

In this particular instance, we have presumed that v1 is distinct from both v2 and v3.
Given this assumption, we have the ability to ‘fold’ the 1-cell labelled x onto the 1-cell
labelled x−1 without changing the diagram’s structure, as illustrated in Figure 22.

x

x−1

y2

y1

y3
v1

v2

v3
x

x−1

y2

y1

y3v1

v2

v3

x = x−1

y2

y1

y3

v1

v2

Figure 22: ‘Folding’ x onto x−1.

Following the ‘fold’, we assign a label to the new 1-cell based on the chosen orientation.
For instance, adopting a clockwise direction permits us to designate the label as x; con-
versely, traversing this 1-cell in the opposite direction enables us to interpret the label
as x−1. Despite resulting in fewer 0-cells and 1-cells, the resulting diagram preserves all
pertinent information regarding the corresponding word.
Nevertheless, there exists the possibility of encountering the scenario portrayed in Figure
23, where v1 = v3.
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v1 = v3

x

v2

Figure 23: The case when v1 = v3.

Suppose the loop is denoted by δ. Should such a circumstance occur, we generate a
diagram by deleting δ− v1 and the corresponding 2-cell linked to this loop, as illustrated
in Figure 24.

v1 = v3

x

x−1

v2

v1

Figure 24: Deleting δ − v1 and the 2-cell of δ.

The small cancellation conditions C ′(λ) and C(p) are intrinsically linked to a geomet-
ric interpretation involving 1-cells, as noted in [39, Remark 1.2]. Specifically, a 1-cell
contained entirely within a 2-cell D (meaning it is fully enclosed within D and does not
intersect the diagram’s boundary) satisfies the C ′(λ) condition if its length is smaller
than λ |∂D|. Similarly, the C(p) condition implies that the boundary of every 2-cell in
the diagram consists of at least p 1-cells.

4.4 Word problem
As outlined earlier in Section 4, Dehn’s algorithm is applicable solely to the fundamental
groups of closed orientable surfaces with genus g ≥ 2. This restriction arises from the
fact that the fundamental groups of surfaces with g = 0 (the sphere) or g = 1 (the
torus) are too elementary for his algorithm to operate. As demonstrated in Section 4.1,
π1(S

2) ∼= {1}, rendering the word problem trivial. Conversely, for π1(T2) ∼= Z × Z, to
determine the equality of two elements (a1, b1) and (a2, b2), a straightforward comparison
of their components suffices; that is, we compare a1 with a2 and b1 with b2. This process
is similar to solving the word problem in Z ∼= F1, for which Theorem 2.37 assures us of
decidability and provides an algorithm to do so.
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Dehn observed that within the fundamental group of closed orientable surfaces of genus
g ≥ 2, a non-trivial word w = 1 in G implied the presence of more than half of an element
from R [17, Page 642]. Building upon Dehn’s insights, Martin Greendlinger expanded
upon this concept, and proved that for group presentation satisfying the C ′(λ) condition
for λ ≤ 1

6
this result also holds. This result is known as Greendlinger’s lemma [39,

Theorem 1.4].
We now present Dehn’s algorithm for the word problem.

Theorem 4.21 ([39, Page 19])
The word problem is decidable in fundamental groups of closed orientable surfaces
of genus g ≥ 2.

Dehn’s algorithm. Without loss of generality, we may focus on cyclically reduced words,
as any proper subword of a cyclic permutation of the word allows us to ascertain, through
induction, whether it equals 1 in the group G or not.
Consider a cyclically reduced word w of length n such that w = 1 in G. According to
Greendlinger’s lemma, if w = 1 in G, then the cyclic word w contains a subword v
satisfying a relation r = ab ∈ R and |v| > 1

2
|r|. We address two cases.

1. If w lacks such subwords, it fails to satisfy Greendlinger’s lemma, indicating w 6= 1.
2. If such a subword exists, we substitute it with the subword u−1 within w, yielding

a new word w′ where w = w′ in the group G and |w′| < |w| since |u| < |v|. Given
the finite length of the initial w, we can iterate this process. Through induction,
we can ascertain whether w′ = 1 in the group G.

Hence, the word problem is decidable.

The potency of Van Kampen diagrams in tackling the word problem lies in the fact
that the boundary word of the diagram equals the identity element in the group. This
important result is commonly referred to as the Van Kampen Lemma [28, Lemma 1].
Example 4.22. We have employed this result discreetly in our discussion concerning
Figure 15 and Figure 17(f) to demonstrate the relations [a, b] = 1 and [a, b][c, d] = 1
respectively.
Now, we will explore an alternative example involving a more intricate Van Kampen
diagram. Let G be a group with relations a4 = 1 and ba−1b−1 = c. It is worth noting
that c4 = b(a−1)4b−1 = 1. We provide a visual representation of these relations in the Van
Kampen diagram of G = 〈a, b | a4, (ba−1b−1)4〉 as depicted in Figure 25.
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c

c

c

c

a

a

a a

b b

b b

Figure 25: Diagrammatic view of the relation c4 = 1.

Indeed, commencing from any 1-cell within the inner triangle and traversing it clockwise,
we consistently return to our initial point. Likewise, the quadrilaterals affixed to the
square establish the second provided relation c−1ba−1b−1 = 1. Moreover, by considering
the outer boundary of the square, we deduce the relation c4 = 1, employing a similar
reasoning as previously outlined in the discussions regarding Figure 15 and Figure 17(f)
concerning the count of 1-cells within this complex.
Building upon this insight, Lyndon’s research, as documented in [35] and [36, Chapter
V, Theorem 6.3], significantly contributed to advancing the small cancellation conditions
under which the word problem becomes decidable. His findings demonstrated that the
word problem is decidable for groups satisfying conditions C(6), C(4) and T (4), or C(3)
and T (6).
He introduces a combinatorial notion of an ‘area’ of a Van Kampen diagram M as its
count of 1-cells (or the total number of 2-cells in the dual diagram3). Lyndon observes
that the diagrams in his consideration ‘grow towards the boundary’, indicating that an
increase in the diagram’s size is mirrored in the boundary since there are more relations
and generators which partition the boundary word of the diagram [36, Chapter V, Section
6].
Lyndon proves that this area is bounded by a function dependent on the defining char-
acteristics of the boundary 0-cells (i.e. 0-cells which lie on the boundary of the diagram),
a result commonly known as the “Area theorem” ([36, Chapter V, Theorem 6.2]).
Given an element in the group G ∼= F/〈〈R〉〉, we can associate it with a corresponding
word in the quotient group, denoted as w. If w ∈ 〈〈R〉〉, then we can construct a Van
Kampen diagram with w as its boundary word. Applying the Area theorem, we conclude
that w can be represented as a finite product of elements in the form ci = uiriu

−1
i , where

|ui| ≤ C and C is a constant determined by the theorem. Given that there exists only
a finite number of such products to investigate, we can systematically examine whether
any of them are equal to w. Thus, the word problem is decidable.

3Given a diagram M , the dual diagram M∗ [36, Page 245] is formed by selecting a vertex v∗i in
each region Di of M and drawing edges between these vertices according to specific rules, resulting in a
graph ΓM∗ whose regions correspond to those of M and contain interior vertices of M .
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4.5 Conjugacy problem
Analogous reasoning to that discussed in the previous section is used to explain why
Dehn’s algorithm does not hold for the fundamental groups of a circle, sphere, and torus.

Theorem 4.23 ([17, Page 642])
The conjugacy problem is decidable in fundamental groups of closed orientable sur-
faces of genus g ≥ 2.

Dehn’s algorithm. We begin by considering the following trivial cases for two words w
and v:

1. if both w and v are the identity, then they are certainly conjugate in the group; or
2. if one of w or v is the identity and the other is not, they are not conjugate in the

group.
Suppose neither of these trivial cases occurs. Then, we transform the words w and v into
cyclically reduced forms, denoted as w′ and v′ respectively. We take the relators for the
group and represent their letters on a circle, similarly for the inverse of the relators. If
more than half of the symbols of the cyclically written relator, or its inverse, appear in
the same order in some cyclic permutation of w′, we select that permutation and replace
the corresponding sequence of symbols with the inverse of the product of the remaining
symbols of the relator. Continuing this process, we eventually obtain a cyclically reduced
word w′′ that does not contain half of the symbols of the cyclically written defining relator,
or its inverse, in the same order.
We then generate all cyclic permutations of w′′, denoted as w1, w2, . . . , wm. Similarly, we
repeat this process for v, obtaining words v1, v2, . . . , vn.
We consider a finite number of pairs of words:

{(wi, vj)}, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, (1)
{(u−1

k wiuk, vj)}, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, k = 1, 2, . . . , N, (2)

and

{(ukviu−1
k , vj)}, i = 1, 2, . . . ,m, j = 1, 2, . . . , n k = 1, 2, . . . , N. (3)

We apply Dehn’s algorithm for the word problem to determine whether two words in each
of the pairs (1), (2), and (3) are equal in the group. If at least one pair consists of equal
words, then w and v are conjugate. If none of the pairs consists of equal words, then w
and v are not conjugate.

Schupp’s research outlined in [51] and [36, Chapter V, Theorem 7.6], expanded the scope
of the conjugacy problem’s decidability. His contributions extended the problem’s decid-
ability to groups satisfying small cancellation conditions: C(6), C(4), and T (4), or C(3)
and T (6).
For non-trivial instances of the conjugacy problem, we turn to annular diagrams. Here, we
inquire whether w = uvu−1 in the group, which is equivalent to verifying wuv−1u−1 = 1
in the group. Conceptually, we can visualise the diagram for this word as a rectangle with
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sides labelled w, u, v−1, and u−1. Subsequently, we can transform this rectangle into an
annulus by matching the sides labelled by u and u−1, as demonstrated in Figure 26.

w

v−1

u−1u

w

v

k

O

O

Figure 26: Transformation to an annular diagram.

In this case, we are unable to apply the Area theorem, as noted in [36, Chapter V, Section
7]. To illustrate, we begin by constructing a rectangle divided into mn squares, which
we then bend to form an annulus. By identifying along the side with n subdivisions, we
create a tessellation of the annulus. Here, the outer boundary length measures 2m, while
the number of regions equals mn for any arbitrary n. Through careful selection of n, it
is always possible to ensure that the number of regions surpasses the length of the outer
boundary. Consequently, no function exists that can effectively bound the regions of the
dual of an annular diagram, which itself constitutes an annular diagram.
However, Schupp observed that the boundaries of an annulus are connected by paths4

formed by the boundary of the 2-cells within the annulus layer, as depicted in Figure 27.
The length of these paths linking the outer and inner boundaries is at most L

2
, where L

represents the length of the longest relator. Geometrically, the boundary labels correspond
to group relators. Since the longest path made by 1-cells is at most L, we can traverse
a path between the outer and inner boundaries and back again using a path of length at
most L. Thus, to traverse the path once, we require precisely a path of length at most L

2
.

4By ‘path’ we refer to the intuitive concept of traversal. However, we can alternatively interpret it
using the mathematical definition, wherein there exist 0-cells on the boundaries of the annulus and
within the gap of the annulus, which can act as the initial and terminal vertices connected by a 1-cell.
Consequently, to construct a path between the boundaries of the annulus, we may opt for a singular
path that starts and ends on the boundaries or multiple paths linked by common 0-cells within the gap
of the annulus.
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≤ L
2

Figure 27: Paths linking the inner and outer boundary of the annulus.

With this concept in mind, we can consider multiple concentric annuli, each with an
outermost boundary linked by paths to their innermost boundary. Given that the largest
concentric annulus has its outermost boundary labelled as w and the smallest annulus
has its innermost boundary labelled as v, by connecting these boundaries via paths, we
can find the conjugating element (up to cyclic conjugation) between w and v. Schupp
demonstrates this process terminates as he considers only a finite sequence of these dia-
grams, bounded by a finite quantity of regions, through his “Layer Theorem” [36, Chapter
V, Theorem 7.4]. Furthermore, as discussed earlier, the width between each layer of the
annuli is limited, allowing us to construct a finite number of paths from the boundary
labelled by w to the boundary labelled by v. Refer to Figure 28 for a visual representation
of this procedure.

w

v

Figure 28: Visual representation of paths connecting the edges w and v.

The necessity for multiple bounds to address the conjugacy problem, as opposed to the
word problem which only requires a single bound, underscores the inherent complexity of
the conjugacy problem.
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5 The decidability of decision problems
In preceding sections of this thesis, we explored into specific instances of groups where
both the word problem and the conjugacy problem are decidable. However, our current
focus shifts towards addressing Questions 1.3 and 1.5. Regrettably, the answer to both
is no; there exists no algorithm capable of decide them due to insufficient restrictions on
the problem. To prove this, it is enough to identify a group for which either problem is
undecidable. For further insights into the conjugacy problem, consult [15].
In this section, we will develop into the theory required to address the undecidability
word problem. We will follow [50, Pages 418–460] to support our exploration.

5.1 Semigroups
To demonstrate the undecidability of the word problem, we construct a semigroup with
specific characteristics that allow for the encoding of group words while preserving their
operational structure. Using these characteristics, we simplify computations associated
with the word problem in groups, effectively translating them into equivalent operations
within the constructed semigroup.
In this section, we will establish the foundational theory required for the subsequent
sections. We will follow the work of [18, Chapter 1].
The theory of semigroups bears significant resemblance to that of group theory, partic-
ularly in concepts such as the definition of a homomorphism, quotient semigroup, and
presentation. While we will not delve extensively into formalism, as many ideas are al-
ready well-known, we will offer sufficient explanation to establish comprehension for the
objective of this thesis.
Definition 5.1. A semigroup is a set γ together with an associative binary operation
on γ.
Example 5.2. Here are some examples of semigroups:

1. groups, and
2. every (associative) ring or algebra can be considered as a semigroup under multi-

plication.
The aim of this section is to outline the definition of the presentation of a semigroup, which
will be used in subsequent discussions. Although the definition is intuitively similar to
that of a group’s presentation, we will formally construct it for clarity.
Recall Definition 2.24, where the presentation of a group was defined as an isomorphism
involving the quotient of a free group. We will employ analogous concepts here. Before
proceeding, it is necessary to define the quotient of a semigroup.
In defining the quotient group, we employ equivalence relations. In the context of a
semigroup, we utilise a comparable concept, which we will now introduce.
Definition 5.3 ([30, 3.2 Congruences]). A congruence on a semigroup γ is an equiv-
alence relation on the γ stable under left and right multiplication. That is for every
x, y, z ∈ γ if x ∼ y then xz ∼ yz and zx ∼ zy. We write x ∼C y to denote congruent
elements.
Given a congruence ∼C on a semigroup γ, we denote by [x] the congruence class of
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an element; that is, if x ∈ γ, then [x] = {y ∈ γ : x ∼C y}. With this notation, we can
establish a semigroup structure on the set of all congruences, denoted by γ/ ∼C .
Definition 5.4 ([30, Page 10]). The quotient semigroup of γ by ∼C is the set γ/ ∼C
where the binary operation is given by [x] · [y] = [xy] for all x, y ∈ γ.
With this notion established, let us now define the concept of the free semigroup. Analo-
gous to the free group, the free semigroup is a construct that represents the most general
semigroup generated by a given set. Elements are formed purely through the concatena-
tion of elements from the specified set of generators, without any imposed relations other
than associativity.
Definition 5.5. We define the semigroup γFX

as the set of all non-empty sequences
(x1, . . . , xn) of elements x1, . . . , xn of X. The integer n ≥ 1 is the length of (x1, . . . , xn).
The operation on γFX

is concatenation:

(x1, . . . , xn)(y1, . . . , ym) = (x1, . . . , xn, y1, . . . , ym).

Proposition 5.6. Every element of γFX
can be written uniquely as a product of elements

of X.

Proof. In γFX
we can write (x1), . . . , (xn) = (x1, . . . , xn) for each xi ∈ X.

By Proposition 5.6 we can write the elements of γFX
as words (x1, . . . , xn) = x1 . . . xn

in the alphabet X. Henceforth, we refer to words with positive exponents as positive
words.
Similar to free groups, free semigroups also demonstrate a universal property.

Theorem 5.7 (Universal property of semigroups [18, Chapter I, Proposition 5.4])
Every mapping φ of X into a semigroup γ extends uniquely to a homomorphism
of semigroups ψ : γFX

→ γ. Furthermore, the image of ψ is the subsemigroup of γ
generated by φ(X).

Proof. We must prove the following.
Existence. Let φ : X → γ be a mapping from X to the semigroup γ. We define
ψ : γFX

→ γ as follows: for any word w = x1x2 . . . xn ∈ γFX
, where xi ∈ X, let

ψ(w) = φ(x1)φ(x2) · · ·φ(xn).

Uniqueness. Assume there exists another homomorphism ψ′ extending φ. Then, for any
word w = x1x2 . . . xn ∈ γFX

, we have:

ψ′(w) = ψ′(x1x2 · · · xn)
= ψ′(x1)ψ

′(x2) · · ·ψ′(xn)

= φ(x1)φ(x2) . . . φ(xn)

= ψ(w).

Thus, ψ′ = ψ, and ψ is unique.
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We now prove the image of ψ is the subsemigroup of γ generated by φ(X). Let 〈φ(X)〉 be
the subsemigroup of γ generated by φ(X). Since ψ maps each word in γFX

to a product
of elements in φ(X), it follows that the image of ψ contains all elements in 〈φ(X)〉.
Conversely, every element in 〈φ(X)〉 can be expressed as a product of elements in φ(X),
which corresponds to a word in γFX

. Therefore, the image of ψ is 〈φ(X)〉.

By the universal property of semigroups, we derive a version similar to Corollary 2.21.

Corollary 5.8 ([18, Chapter I, Corollary 5.5])
Every semigroup is a homomorphic image of a free semigroup.

Proof. Using Theorem 5.7, we observe that every semigroup generated by a set X can be
viewed as a homomorphic image of γFX

. This is because each semigroup can be generated
by some subset X ⊆ γ, such as when X = γ.

Free semigroups provide a way to construct semigroups by generators and relations.
Definition 5.9. Given a set X we define a relation between elements of X as an ordered
pair of elements of γFX

.
In conventional notation, a relation (u, v) where u, v ∈ X is typically denoted as an
equality u = v. It is crucial to differentiate this notation from equalities within γFX

, as
established in Proposition 5.6. When examining a mapping φ : X → γ, the relation
u = v holds in γ via φ if and only if ψ(u) = ψ(v) holds in γ, where ψ denotes the unique
homomorphism ψ : γFX

→ γ extending φ.
Let X represent a set and R a set of relations among the elements of X, thereby making
R a binary relation on γFX

. Denoting the quotient semigroup γFX
/ ∼C as 〈X | R〉, we

observe that 〈X | R〉 is equipped with a mapping ι : X → 〈X | R〉, where x 7→ [x].
The homomorphism γFX

→ γFX
/ ∼C extends ι, indicating that ι(X) generates 〈X | R〉.

Consequently, every relation u = v in R holds in 〈X | R〉 via ι. Note that ι may not be
injective. Moreover, 〈X | R〉 is not the only semigroup generated by ι(X) where every
relation from R holds; however, it is the largest such semigroup. This distinction arises
because 〈X | R〉 contains all the essential elements and relations required to meet the
given conditions. Any larger semigroup would inevitably add extra elements or relations,
which would contradict the constraints established by the relations in R.
Definition 5.10. A presentation of a semigroup γ consists of a pair 〈X | R〉, where:
X is the set of generators and R is the set of relations, such that

γ ∼= γFX
/ ∼C .

By Corollary 5.8, we can guarantee that every semigroup has a presentation. We can
choose X as any subset of γ that generates γ, and R can represent any binary relation
that generates the congruence induced by the mapping γFX

→ γ.
Now equipped with the necessary theoretical framework, we are ready to articulate the
word problem within a semigroup.
The semigroup word problem. Given a semigroup γ, does there exist an algorithm
capable of determining whether any pair of words u and v are equal in γ. If such an
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algorithm exists, we classify the problem as decidable; otherwise, it is deemed undecidable.
In Definition 5.28, we formalise this concept of decidability within a semigroup.

Remark 5.11. In contrast to the word problem for groups, this does not equate to deter-
mining whether uv−1 = 1 in γ, where 1 symbolises the identity element. This distinction
arises from the absence of requirements for semigroups to possess an identity element or
inverse elements.

5.2 Turing machines
In this section, we introduce the concept of Turing machines, which will play a crucial
role in formalising the notion of decidability for the problems at hand. Turing machines
will serve as indispensable tools in demonstrating the undecidability of both the word
and conjugacy problems.
A Turing machine is a mathematical model of computation, introduced by Alan Turing in
1936 [59, Computing machines]. Informally, we can visualise a Turing machine as a box
with an infinitely long tape running through it. This tape is divided into discrete squares,
extending infinitely to the left and right. Each square on the tape can hold a symbol
from a finite alphabet, which includes characters such as s0, s1, . . . , sM . Additionally, the
machine can be in any one of a finite number of states, denoted as q0, q1, . . . , qN .
At any given moment during its operation, the Turing machine finds itself in a particular
state, say, qi, as it ‘scans’ a specific square on the tape, which contains a single symbol,
such as sj (with s0 signifying a blank symbol). The machine’s next action is determined
by both its current state (qi) and the symbol it is currently scanning (sj), as well as its
initial configuration. It can follow one of the following instructions:

1. replace the symbol sj with another symbol, say sk, on the same square and continue
scanning;

2. move one square to the right on the tape and scan the symbol in that square;
3. move one square to the left on the tape and scan the symbol in that square.

The Turing machine proceeds with these operations, and it can repeat them indefinitely
or until it enters a special state, often denoted as q0, signifying a ‘halt’ state, at which
point the machine ceases its operation.
To initiate the Turing machine, it is provided with an initial tape configuration, which
may contain non-blank symbols printed on it, with one symbol per square. It is also
set to scan a specific square while being in an initial or ‘starting state’, such as q1. The
machine may either reach a halting state and stop, or it may continue its computation
indefinitely.
Turing machines serve as a foundational concept in theoretical computer science, provid-
ing a rigorous framework for understanding algorithmic computation. They are capable
of simulating any algorithm that can be computed by a digital computer, making them
invaluable tools for exploring the limits and possibilities of computation.
We shall proceed to establish a precise mathematical definition of a Turing machine.
While Turing machines are formally defined by 7-tuples, as outlined in [24, Page 319], for
our purposes, we will adopt Emil Post’s concise 4-tuple definition [47].
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Definition 5.12. Choose, once and for all, two infinite lists of letters:

s0, s1, s2, . . . and q0, q1, q2, . . .

A quadruple is 4-tuple of one of the following types:

qisjskql,

qisjRql,

qisjLql.

Definition 5.13. A Turing machine T is a finite set of quadruples no two of which have
the same first two letters. The alphabet of T is the set {s0, s1, . . . , sM} of all s-letters
occurring in its quadruples.
These quadruples serve as the instructions guiding the actions of the Turing machine. As
outlined in Definition 5.12, there are only three types, each defined as follows.

1. A state transition quadruple is denoted by qisjskql. This instruction specifies
that when the machine is in state qi and reads symbol sj, it should erase sj, print
sk, and transition to state ql.

2. A right movement quadruple is expressed as qisjRql. This instruction dictates
that when the machine is in state qi and reads symbol sj, it should move one square
to the right and transition to state ql.

3. A left movement quadruple is represented by qisjLql. This instruction indicates
that when the machine is in state qi and reads symbol sj, it should move one square
to the left and transition to state ql.

These quadruples collectively provide the foundation for a Turing machine’s operation,
specifying how it interacts with symbols on the tape, changes states, and navigates the
tape head in both rightward and leftward directions. Together, they constitute the essen-
tial elements that enable a Turing machine to carry out computational tasks.
Definition 5.14. An instantaneous description α is a positive word of the form
α = σqiτ where σ and τ are s-words and τ is not empty.

Remark 5.15. The concept of a positive word remains relevant in this context, where
positive words are those with positive exponents.

An instantaneous description can be conceptualised as a description of the Turing machine
at a specific moment. For instance, in an instantaneous description denoted as α, the
sequence of letters on the tape corresponds precisely to the symbols si within α, with
blank spaces elsewhere. Additionally, the machine is in state qi while reading the symbol
in α that follows state qi.
Example 5.16. The string s3s0q4s2s9 is an instantaneous description which is to be
interpreted as ‘the symbols on the tape are s3s0s2s9 (with the rest of the tape blank) and
the machine is in state q4 scanning s2’.
Definition 5.17. Let T be a Turing machine. An ordered pair (α, β) of instantaneous
descriptions is a basic move of T , denoted by α → β, if there are (possibly empty)
positive s-words σ and σ′ such that one of the following conditions hold:
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1. α = σqisjσ
′ and β = σqlskσ

′, where qisjskql ∈ T ;
2. α = σqisjσ

′ and β = σsjqlskσ
′, where qisjRql ∈ T ;

3. α = σqisj and β = σsjqls0, where qisjRql ∈ T ;
4. α = σskqisjσ

′ and β = σqlsksjσ
′, where qisjLql ∈ T ;

5. α = qisjσ
′ and β = qls0sjσ

′, where qisjLql ∈ T .

Remark 5.18. The condition specified in the definition of a Turing machine, which pro-
hibits any two quadruples from having identical first two symbols, ensures clarity regarding
the subsequent action of the machine. In other words, if α → β and α → δ, then β = δ,
eliminating any potential ambiguity.

A basic move can be intuitively understood as a fundamental operation that represents
a transition between two instantaneous descriptions (α and β) of the machine’s state
during its computation. The definition of a basic move comprises five distinct cases, each
reflecting specific conditions under which such transitions occur. Conditions 2 and 3
distinguish between the scenario where the machine moves to the right and encounters
another letter to read, as opposed to the scenario where the machine scans the rightmost
symbol of the tape and is directed to move further rightward. In the latter scenario, the
string is extended by appending s0 (i.e., adding a blank square to the tape). Similarly,
the distinction between conditions 4 and 5 follows a similar pattern.
These basic moves serve as the foundational operations that underlie the Turing ma-
chine’s computation and are instrumental in understanding its information processing
capabilities.
Definition 5.19. An instantaneous description α is terminal if there is no instantaneous
description β with α→ β.
Definition 5.20. If w is a positive word on the alphabet of T then we say w is admissible
in T if there is a finite sequence of instantaneous descriptions α1 = q1w, α2, . . . , αt, where
αi → αi+1 for all i ≤ t− 1 and αt is terminal.

Remark 5.21. The literature we are referencing utilises the term T computes w. How-
ever, we have opted for alternative terminology to mitigate potential ambiguity, since the
use of ‘computes’ in this context may deviate from its colloquial meaning.
In particular, we will employ the term ‘computation’ to denote the process of executing a
series of well-defined actions based on a set of instructions.

We can consider w as initially inscribed on the tape, with a Turing machine T in its initial
state q1 while scanning the first square. The operation of machine T unfolds as a sequence
of instantaneous descriptions, represented as q1w → α2 → α3 → · · ·. This sequence will
terminate only when w is admissible in T ; otherwise, the machine will continue running
indefinitely.

5.2.1 Decidability

In Definition 1.2, we outlined the concept of decidability. Now, we aim to express this con-
cept within the framework of Turing machines. To facilitate this transition, we introduce
the concept of enumerability.
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In simpler terms, enumerability refers to the ability to systematically list all possible
solutions to a problem. For instance, when determining if a number is even or odd,
enumerability entails being able to compile a list of all even and odd numbers. This list
serves as a reference for decision-making: by comparing the number in question against
each entry on the list, we can reach an answer.
However, if a problem lacks enumerability — perhaps due to an infinite set of poten-
tial solutions or a lack of discernible patterns — deciding becomes significantly more
challenging.
Let us now proceed to formalise this concept in terms of a Turing machine.
Definition 5.22. Let S+ be the set of all positive words on symbols S = {s0, s1, . . . , sM}.
If T is a Turing machine whose alphabet contains S, define the set

e(T ) =
{
w ∈ S+ : w is admissible in T

}
,

and say that T enumerates e(T ). A subset E of S+ is recursively enumerable if there
exists some Turing machine T that enumerates E.
Each Turing machine defines a recursively enumerable subset E = e(T ) ⊂ A+, comprising
all positive words on its alphabet A. To ascertain whether a word w ∈ A+ also belongs
to E, we input q1w into T and await its response; we do this by executing basic moves
q1w → α2 → α3 → · · ·. If w ∈ E, then w is admissible in T , and consequently, T will
eventually halt. However, it remains impossible, a priori, to ascertain whether T will halt
for a specific w. This observation prompts the introduction of the next definition.
Definition 5.23. Let S+ be the set of all positive words on {s0, s1, . . . , sM}. A subset
E of S+ is recursive if both E and its complement S+ \ E are recursively enumerable
subsets.
If E is recursive, there is never an ‘infinite wait’ to determine whether a positive word w
lies in E. Consider Turing machines T and T ′, where e(T ) = E and e(T ′) = S+ \E. For
every w ∈ S+, it is either admissible in T or in T ′. Thus, it can be decided in a finite
length of time if a given word w lies in E: input w into each machine and let T and T ′

run simultaneously.
We now move forward to establish a connection between this concept and the notion of
decidability. Without loss of generality, we can presume that the instructions outlined
by the algorithm can be encoded as positive words using an alphabet. Let E denote the
set of all words resulting in a ‘yes’ answer, while its complement comprises all words
leading to a ‘no’ answer. We assert that recursive sets are exactly those subsets for which
an algorithm can provide a decision. This proposition is precisely the Church-Turing
thesis [54, Page 155] which proposes that any problem that can be effectively solved by
a human using an algorithm, can also be solved by a Turing machine.

Remark 5.24. The Church-Turing thesis remains unproven in general due to the challenge
of translating an intuitive concept into precise terms. Church substantiated this proposi-
tion in his framework of λ-calculus, as outlined in [9], while Turing similarly validated
its applicability through the framework of Turing machines [59]. Significantly, these two
frameworks have been proven to be completely equivalent [58].

Now, we can think of a recursively enumerable set as being ‘semi-decidable’ because of
the way it allows us to recognise membership in the set. A set is recursively enumerable if
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there exists a Turing machine that can list out its members. However, this Turing machine
may not halt on inputs that are not part of the set. Therefore, while we can effectively
recognise strings that belong to the set, we cannot always definitively determine if a string
does not belong to the set. This notion of semi-decidability arises from the fact that we
can semi-effectively decide membership in the set, but we may not be able to do so for
all strings outside the set.
On the other hand, we can think of a recursive set as decidable due to the deterministic
manner in which membership can be recognised. A set is deemed recursive if there exists
a Turing machine that halts for every string it is provided, irrespective of whether those
strings are members of the set or not. This implies that for any given string, it is com-
putationally feasible to determine whether it belongs to the set or not. The algorithm or
Turing machine that decides membership in the set will always halt and provide a clear
answer, making the set decidable.
We introduce a lemma that demonstrates the closure properties of recursive sets with
respect to union and intersection operations.
Lemma 5.25. Let S+ be the set of all positive words on {s0, s1, . . . , sM}. If E1 and E2

are recursive subsets of S+, then both E1 ∪ E2 and E1 ∩ E2 are also recursive subsets.

Proof. Given that E1 and E2 are recursive subsets, there exist Turing machines T1 and
T2 that enumerate E1 and E2, respectively, as well as Turing machines T ′

1 and T ′
2 that

enumerate S+ \ E1 and S+ \ E2, respectively.
Union. We construct a new Turing machine T∪ that simulates both T1 and T2 in parallel.
When given input w, T∪ executes T1 and T2 simultaneously. If w is admissible in either
T1 or T2, then it is admissible in T∪. Similarly, we construct T ′

∪ to simulate T ′
1 and T ′

2

concurrently. If w is admissible in either T ′
1 or T ′

2, then it is admissible in T ′
∪. Thus,

both E1 ∪ E2 and (S+ \ (E1 ∪ E2)) are recursively enumerable, implying that E1 ∪ E2 is
recursive.
Intersection. Likewise, we construct a new Turing machine T∩ that simulates both T1
and T2 simultaneously. On input w, T∩ runs T1 and T2 in parallel. If w is admissible in
both T1 and T2, then it is admissible in T∩. Additionally, we create T ′

∩ to simulate T ′
1 and

T ′
2 concurrently. If w is admissible in both T ′

1 and T ′
2, then it is admissible in T ′

∩. Thus,
both E1 ∩ E2 and (S+ \ (E1 ∩ E2)) are recursively enumerable, and hence, E1 ∩ E2 is
recursive.

We now present a technical lemma crucial for subsequent proofs and instrumental in
characterising terminal instantaneous descriptions.
Lemma 5.26. If T is a Turing machine that enumerates a set E, then there exists a
Turing machine T ∗ that also enumerates E, and an instantaneous description α of T ∗ is
terminal if and only if α involves the state q0.

Proof. We prove the following.
Existence of T ∗. Given that T enumerates the set E, we can create a Turing machine T ∗ to
mimic T and replicate its actions. Every word admissible in T is likewise admissible in T ∗,
ensuring identical behaviour between T and T ∗ and thereby resulting in the enumeration
of the same set E.
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Characterisation of a terminal description. Let α represent an instantaneous description
of T ∗. If α includes the state q0, it is inherently a terminal description, as q0 is defined
as the halt state. Conversely, if α′ is a terminal description of T ∗, we can transition to
a new terminal state by employing a vacuous basic move α′ → α, where α involves the
state q0. Thus, α becomes the new terminal instantaneous description.

Expanding on Lemma 5.26, consider a Turing machine T . When feeding various admissi-
ble words from its alphabet into T , each computation follows a sequence of instantaneous
description, each with terminal instantaneous descriptions as illustrated in Figure 29.

q3 q9

q1 q10 q7 q8 · · · q11

q5 q2

w1

w3

w2

Figure 29: State transition diagram depicting a Turing machine with the initial state q1
receiving input words w1, w2, and w3 from its alphabet.

While the computation always initiates at state q1, the sequence of instantaneous descrip-
tions may vary depending on the input word. However, a crucial observation is that by
employing a vacuous basic move, we can ensure that the terminal descriptions for each
input of T involve the state q0, as depicted in Figure 30.

q3 q9

q1 q10 q7 q8 · · · q11 q0

q5 q2

w1

w3

w2

Figure 30: State transition diagram illustrating the vacuous basic move.

We conclude this section by presenting a theorem which illustrates an intriguing property
of subsets of the natural numbers.

Theorem 5.27 ([50, Theorem 12.1])
There exists a recursively enumerable subset of the natural numbers that is not
recursive.

Proof. Firstly, we must create a recursively enumerable subset of the natural numbers. A
Turing machine can be conceptualised as a finite subset of quadruples from the following
set:

{q0, q1, . . .} × {s0, s1, . . .} × ({s0, s1, . . .} ∪ {R,L})× {q0, q1, . . .} ,
which represents a countable set of tuples. Consequently, the number of Turing machines
is countable. We assign a natural number to each of these letters in the following way:

R 7→ 0; L 7→ 1;
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q0 7→ 2; q1 7→ 4; · · · qi 7→ 2i+ 2;

s0 7→ 3; s1 7→ 5; · · · si 7→ 2i+ 3

for i ∈ N. Suppose T is a Turing machine given by m quadruples juxtapose them in some
order to form a word w(T ) of length 4m; we note that T 6= T ′ implies w(T ) 6= w(T ′). We
define the Gödel number

G(T ) =
4m∏
i=1

peii ,

where pi is the ith prime and ei is the natural number assigned to the ith letter in w(T ).
By the uniqueness of prime factorisations, as dictated by the Fundamental Theorem
of Arithmetic, we can assign a distinct Gödel number to each Turing machine. Conse-
quently, all Turing machines can be enumerated as T0, T1, . . . , Tn, with T listed before T ′

if G(T ) < G(T ′). For a fixed i ∈ N, we let

q1s
i+1
1 → αi+1,2 → αi+1,3 → · · ·

be the computation of Ti on input q1si+1
1 .

We define the following set

E =
{
n ∈ N : sn+1

1 is admissible in Tn
}

therefore, n ∈ E if and only if n is admissible in the nth Turing machine, Tn. Consider
Figure 31.

T0 T1 T2 T3 T4 · · ·

q1s1 q1s
2
1 q1s

3
1 q1s

4 q1s
5
1 · · ·

α12 α22 α32 α42

α13 α23 α33

α14 α24

Figure 31: An array for enumerating Turing machines.

The nth column illustrates the sequence of basic operations carried out by the nth Turing
machine Tn, starting from q1s

n+1
1 . To enumerate E, we construct a Turing machine T ∗

(as guaranteed by Lemma 5.26), which simultaneously executes Ti on the input q1si+1
1

for all i ∈ N, following the sequence of arrows in Figure 31. As T ∗ encounters a terminal
instantaneous description αni in column n, it verifies whether n ∈ E. Thus, E constitutes
a recursively enumerable subset of N.
We now proceed to demonstrate that E is not recursive. Our aim is to establish that its
complement,

N \ E = {n ∈ N : n 6∈ E} =
{
n ∈ N : sn+1

1 is not admissible in Tn
}
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is not a recursively enumerable subset of N. For the sake of contradiction, suppose there
exists a Turing machine T ′ that enumerates N\E. Then, there must be a Turing machine
Tm for some m ∈ N which enumerates N \ E. We can consider two cases:

1. if m ∈ N \ E = e(Tm), then sm+1
1 is admissible in Tm, implying m ∈ E;

2. if m 6∈ N \ E, then m ∈ E, thus sm+1
1 is admissible in Tm by the definition of E.

Consequently, m ∈ e(Tm) = N \ E.
In both cases, a contradiction arises. Therefore, N\E is not a recursively enumerable set,
and thus E is not recursive.

5.3 The Markov-Post Theorem
In this section, we establish the connection between our developed ideas to demonstrate
the undecidability of the word problem in a finitely presented semigroup. We commence
by providing an informal definition of the decidability of the word problem within a
semigroup. Given a semigroup γ generated by a finite set X, and X+ representing the
set of all positive words on X, the semigroup γ is said to have a decidable word problem
if there exists an algorithm capable of determining, for any pair of words w and w′ in X+,
whether w = w′ in γ. With this understanding, we can formally define undecidability
within a semigroup.
Definition 5.28. Let γ be a semigroup with generators X = {x1, . . . , xn}, and let X+ be
the set of all positive words on X. The semigroup γ has an undecidable word problem
if there exists a word w0 ∈ γ such that the set {w ∈ X+ : w = w0 in γ} is not recursive.
Similarly, we define what it means for the word problem to be decidable in a group.
Definition 5.29. Let G be a group with presentation 〈x1, . . . , xn | R〉. Then G has a
decidable word problem if the set {w ∈ (X±)∗ : w = 1 in G} is recursive.
As outlined in the preceding definition, demonstrating the decidability of the word prob-
lem in a group G requires proving the recursiveness of a particular set, a task that can
prove challenging due to its inherent complexity. With the introduction of the following
theorem, we can streamline this definition and simplify the verification process. Specifi-
cally, we can reduce the task to demonstrating that a specific set is recursively enumerable,
which offers a more manageable and efficient approach to establishing the decidability of
the word problem in G.
Theorem 5.30. Let G be a finitely presented group with presentation 〈X | R〉. The set
E = {w ∈ (X±)∗ : w = 1 in G} is recursively enumerable.

Proof. We can prove this statement by systematically enumerating the elements of E. To
do so, we start by listing all words w0, w1, . . . in (X±)∗, organised first by length and then
lexicographically. Similarly, we list all the words on R as ρ0, ρ1, . . .. Next, we construct
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the following array:

w0ρ0w
−1
0 w0ρ1w

−1
0 w0ρ2w

−1
0 w0ρ3w

−1
0 · · ·

w1ρ0w
−1
1 w1ρ1w

−1
1 w1ρ2w

−1
1

w2ρ0w
−1
2 w2ρ1w

−1
2

w3ρ0w
−1
3

where the rows correspond to words wi and the columns correspond to relators ρj. We
then follow the arrows in the table to systematically enumerate the set E. We repeat
this process until all elements of E are enumerated. Since we have outlined a systematic
procedure to enumerate E, it follows that E is recursively enumerable.

By Theorem 5.30, it is only necessary to verify if the set {w ∈ (X±)∗ : w 6= 1 in G} is
recursively enumerable. Therefore, we can redefine Definition 5.29 as follows.
Definition 5.31. A finitely presented group G = 〈X | R〉 has a decidable word
problem if and only if the set {w ∈ (X±)∗ : w 6= 1 in G} is recursively enumerable.
We will adopt the following notation: for any two (not necessarily reduced) words, w and
w′, formed from an alphabet (X±)∗, we denote

w ≡ w′

if they have the same spelling.
Consider a semigroup γ = 〈X | αj = βj, j ∈ J ⊂ N〉. For w,w′ ∈ X+, then w = w′ in γ
if and only if there exists a finite sequence

w ≡ w1 → w2 → · · · → wt ≡ w′,

where each wi → wi+1 represents an elementary operation. These operations correspond
to transitions from w to w′ by replacing a subword satisfying one of the relations αj = βj
with its equivalent subword. In the context of a Turing machine, an elementary operation
is defined as either wi ≡ σαjτ and wi+1 ≡ σβjτ or wi+1 ≡ σαjτ and wi ≡ σβjτ for some
j, where σ and τ are positive words on X.
We will now describe Emil Post’s construction of a finitely presented semigroup that serves
as a representation of a Turing machine T , as detailed in [47]. To streamline our notation,
we adopt the convention that the s-letters and q-letters utilised in the quadruples of T are
represented by s0, s1, . . . , sM and q0, q1, . . . , qN , respectively. Additionally, we introduce
two new letters, denoted as q and h, to aid in this construction.
Definition 5.32. If T is a Turing machine having stopping state q0, then its associated
semigroup γ(T ) has the presentation:

γ(T ) = 〈q, h, s0, s1, . . . , sM , q0, q1, . . . , qN | R(T )〉
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where the relations R(T ) are

qisj = qlsk if qisjskql ∈ T,

and for all β = 0, 1, . . . ,M :

qisjsβ = sjqisβ if qisjRqi ∈ T,
qisjh = sjqis0h if qisjRqi ∈ T,
sβqisj = qisβsj if qisjLqi ∈ T,
hqisj = hqis0sj if qisjLqi ∈ T,

q0sβ = q0,

sβq0h = q0h,

hq0h = q.

The first five relations directly correspond to the basic moves of the Turing machine,
the new letter h enables us to distinguish basic move (2) from basic move (3) and to
distinguish basic move (4) from basic move (5). We can interpret h as marking the ends
of the tape, which is relevant for certain expressions. The last three relations describe
what happens when the machine reaches its halting state.
Definition 5.33. A word is h-special if it has the form hαh, where α is an instantaneous
description.
Since T has halt state q0, every hαh expression (with α being terminal) follows the
format hσq0τh, where σ and τ are s-words, and τ is not empty. Consequently, the last
three relations allows us to write hαh = q in γ(T ) whenever α is terminal.
The concept of an h-special word enhances our understanding of the final three relations
outlined in Definition 5.32. When the Turing machine reaches its halting state q0, there
may still be symbols on the tape to the right of this point. The existence of the last three
types of defining relations in γ(T ) is to manage any h-special word hαh that corresponds
to a halted computation of T by systematically removing symbols. Initially, all symbols
to the right of q0 are erased, leaving only those directly involved in the computation up
to that point. Then, symbols to the left of q0h are also erased, recognising that they
may represent the initial setup before the computation began. This selective removal
ensures that we focus solely on symbols indicating the result of the computation. Finally,
the machine transitions to its final state q without the h symbols, effectively clearing
the tape and ending the computation. After the computation is completed, all symbols
on the tape are systematically erased, ensuring a clean tape for future operations. This
process guarantees the extraction of the computed result and the orderly termination of
the Turing machine’s operation, simplifying the tape to include only relevant symbols.
We now present two technical lemmas essential for proving the main theorem in this
section.
Lemma 5.34. Let T be a Turing machine with stopping state q0 and associated semi-
group

γ(T ) = 〈q, h, s0, s1, . . . , sM , q0, q1, . . . , qN | R(T )〉.

1. Let w and w′ be words on {s0, s1, . . . , sM , q0, q1, . . . , qN} with w 6≡ q and w′ 6≡ q. If
w → w′ is an elementary operation, then w is h-special if and only if w′ is h-special.
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2. If w = hαh is h-special, w′ 6≡ q, and w → w′ is an elementary operation of one of
the first five types, then w′ ≡ hβh, where either α → β or β → α is a basic move
of T .

Proof. We prove each statement separately.
1. Suppose w is h-special, meaning w = hαh for some word α. Since w → w′ is an

elementary operation, the only relation in γ(T ) that adds or removes h is hqh = q.
Thus, w′ must also have the form hβh for some word β. Hence, w′ is h-special.
Conversely, if w′ is h-special, the same argument applies, and w must be h-special.

2. An elementary move in γ(T ) corresponds to a substitution using an equation in a
defining relation. Such a relation in γ(T ) of one of the first five types corresponds
to a quadruple of T , and a quadruple corresponds to a basic move. Therefore, either
α→ β or β → α.

Lemma 5.35. Let T be a Turing machine with halt state q0, let S+ be the set of all
positive words on the alphabet of T , and let E = e(T ). If w ∈ S+ then

w ∈ E ⇐⇒ hq1wh = q in γ(T ).

Proof. We prove each direction in turn.
Proof of (⇒). If w ∈ E, then there exist a sequence of instantaneous descriptions
α1 = q1w, α2, . . . , αt, where each transition αi → αi+1 leads to a terminal state αt in-
volving the q0 state. By applying the elementary operations of the first five types, we
can demonstrate that hq1wh = hαth in γ(T ). Since αt = vq0w, where v ∈ S+, repeated
use of the relation q0sβ = q0 yields hαth = hvq0h in γ(T ). Subsequent application of the
relation sβq0h = q0h results in hvq0h = hq0h in γ(T ). As hq0h = q is also a relation, we
deduce the following chain of equalities:

hq1wh = hαth = hvq0h = hq0h = q

in γ(T ).
Proof of (⇐). The proof for sufficiency follows a different approach compared to the
necessity proof, primarily due to the asymmetric nature of basic moves in the Turing
machine’s associated semigroup. While equality in γ(T ) is symmetric, α → β being a
basic move does not imply that β → α is a basic move.
Given hq1wh = q in γ(T ), we can express this equality through a sequence of words
w1, w2, . . . , wt on {h, s0, s1, . . . , sM , q0, q1, . . . , qN} involving elementary operations:

hq1wh = w1 → w2 → · · · → wt = hq0h→ q.

Utilising Lemma 5.34(1.), we establish that each wi is h-special, denoted as wi ≡ hαih,
where αi represents an instantaneous description. According to Lemma 5.34(2.), for each
i, either αi → αi+1 or αi+1 → αi.
We must ensure that all arrows move rightward to validate the computation path of
Turing machine T . These arrows represent transitions, ensuring a consistent progression
through computation. This guarantees that the sequence q1w → α2 → · · · → αt forms a
series of basic moves, with αt being terminal (since it involves the halt state q0). Thus, w
is admissible in T and w ∈ E.
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To demonstrate that all arrows progress to the right, we employ induction on t ≥ 2. That
is for all i ≤ t − 1 we have αi → αi+1. Notably, when αt is terminal, αt−1 → αt always
holds, precluding the occurrence of αt−1 ← αt, thus initiating the induction at t = 2.
Suppose t > 2 and an arrow points left. Tracing back from the last arrow αt−1 → αt until
encountering an arrow pointing left yields an index i such that:

αi−1 ← αi → αi+1.

But there is never ambiguity about the next move of a Turing machine, thus αi−1 ≡ αi+1,
implying wi−1 ≡ hαi−1h ≡ hαi+1h ≡ wi+1. Consequently, wi and wi+1 can be eliminated,
thereby reducing the number of steps t. The proof is thus completed by induction.

We are now prepared to establish the undecidability of the word problem for finitely
presented semigroups. Achieving this goal simply entails providing an example of a finitely
presented semigroup with an undecidable word problem.

Theorem 5.36 (Markov-Post theorem [50, Theorem 12.5])
We have the following.

1. There is a finitely presented semigroup

γswp = 〈q, h, s0, s1, . . . , sM , q0, q1, . . . , qN | R〉

with an undecidable word problem.
2. There is no algorithm which determines, for an arbitrary h-special word hαh,

whether hαh = q in γ.

Proof. We prove each statement separately.
1. Let T denote a Turing machine with halt state q0 and let A = {s0, s1, . . . , sM}

be its alphabet. Let A+ represent all positive words derived from A, and define
E = e(T ) ⊂ A+. To expand the alphabet, we introduce Ã+, encompassing all pos-
itive words from A ∪ {q, h, q0, q1, . . . , qN}, where q0, q1, . . . , qN denote the q-letters
occurring within the quadruples of T . Our focus lies on elements of the semigroup,
encoded within the Turing machine following its halted computation. These are
precisely the words in the set:

Ẽ =
{
w̃ ∈ Ã+ : w̃ = q in γ(T )

}
.

This set also encompasses elements of the semigroup that satisfy the specified con-
dition, yet they might not have any meaningful interpretation within the context of
a Turing machine. To examine these elements as words within the Turing machine,
we define the mapping:

φ : A+ → Ã+

w 7→ hq1wh.

We denote the image of A+ and E under φ as φ(A+) = A1 and

φ(E) = E1 = {hq1wh : w ∈ E} .
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Now, E1 represents precisely the set of admissible words for a Turing machine. We
note that E1 is a recursive subset of A1 if and only if E is a recursive subset of A+.
In this notation, Lemma 5.35 can be restated as:

E1 = Ẽ ∩ A1.

Assume T is the Turing machine T ∗ as defined in Theorem 5.27, so that E and
therefore E1 are recursively enumerable but not recursive. If Ẽ were recursive, then
by Lemma 5.25, it would imply E1 is recursive, hence E is also recursive, leading
to a contradiction. Therefore, γswp = γ(T ∗) exhibits an undecidable word problem.

2. Let F = {hαh : hαh = q in γ(T ∗)}. If F were a recursive subset of Ã+, then accord-
ing to Lemma 5.25, F ∩ A1 would also be a recursive subset of A1. However, we
have established that F ∩ A1 = E1, which we have shown is not a recursive subset
of A1. Therefore, F cannot be recursive.

Example 5.37. For an explicit example of a semigroup with an undecidable word prob-
lem refer to [60].
We introduce the following corollary, which allows us to reformulate the generators and re-
lations of the Markov-Post semigroup γswp. This reformulation will be used in subsequent
discussions.

Corollary 5.38 ([50, Corollary 12.6])
We can restate Theorem 5.36 as follows.

1. There is a finitely presented semigroup

γ = 〈q, q0, . . . , qN , s0, . . . , sM | Fiqi1Gi = Hiqi2Ki, i ∈ I ⊂ N〉,

with an undecidable word problem, where Fi, Gi, Hi, Ki are (possibly empty)
positive s-words and qi1 , qi2 ∈ {q, q0, . . . , qN}.

2. There is no algorithm which determines, for arbitrary qij and positive s-words
W and V , whether WqijV = q in γ.

Proof. We prove each statement.
1. Consider the generator h of the semigroup specified in Theorem 5.36 as the final
s-letter, and re-index these s-letters accordingly so that h = sM . The rewritten
relations in R(T ∗) now conform to the described format.

2. Let A2 represent the set of all positive words on the rewritten generators of γ. We
define the following sets:

Λ =
{
WqijV : W,V are positive words on the rewritten s-letters and satisfy
WqijV = q in γ

}
and
F̃ =

{
sMαsM : α ≡ σqijτ, where σ and τ are positive words on
{s0, . . . , sM−1} and sMαsM = q in γ}
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Notice that F̃ represents the set F from Theorem 5.36 but rewritten in the new
notation. Thus, Λ ∩ A2 = F̃ . According to Lemma 5.25, if both Λ and A2 are
recursive, then F̃ is also recursive. However, since F̃ is known not to be recursive,
it follows that Λ cannot be recursive.

5.4 The Novikov-Boone Britton Theorem
In this section, we present the proof of the undecidability of the word problem for a finitely
presented group. It is crucial to recognise that the proof aims to reduce the equality of
words in a group to the equality of words in a semigroup. Therefore, it is imperative
to carefully track exponents, as whilst arbitrary words are meaningful in a group, only
positive words hold significance in a semigroup.
We will employ the following notation: if W ≡ se1β1 · · · s

em
βm

represents a (not necessarily
positive) s-word, then W# ≡ s−e1β1

· · · s−emβm
. We note that for any s-words W and V , we

have
(W#)# ≡ W and (WV )# ≡ W#V #.

By Corollary 5.38, we have developed a method to construct a semigroup that faithfully
emulates a Turing machine. Specifically, for any given Turing machine, there exists a
corresponding semigroup γ = γ(T ) defined by the following presentation:

γ = 〈q, q0, . . . , qN , s0, . . . , sM | Fiqi1Gi = Hiqi2Ki, i ∈ I ⊂ N〉

Here, Fi, Gi, Hi, and Ki denote (potentially empty) positive s-words, while qi1 and qi2
belong to the set {q, q0, . . . , qN}.
However, to advance this emulation into the realm of groups, we must incorporate the
corresponding inverse element to fulfil the group axioms. Regrettably, a direct strategy
of simply adding inverses to each element within the semigroup falls short in achieving its
transformation into a group. Through the utilisation of the theory of HNN extensions,5 we
can devise relations that extend the semigroup into a group. Throughout this extension
process, we introduce additional elements and impose relations to guarantee coherence
with the desired group properties.
The group B(T ) is presented with generators q, q0, . . . , qN , s0, . . . , sM , ri where i ∈ I ⊂ N
and x, t, k, alongside the following relations:

xsβ = sβx
2,

risβ = sβxrix,

r−1
i F#

i qi1Giri = H#
i qi2Ki,

tri = rit,

tx = xt,

kri = rik,

kx = xk,

k(q−1tq) = (q−1tq)k,

5These are a construction that allows for the extension of a group by adding a stable letter and
imposing relations that mimic the behaviour of elements in a chosen subgroup, thereby creating a larger
group with specific interactions between its components [21].
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where, i ∈ I and β = 0, . . . ,M .
For each Turing machine T , we establish a corresponding group B(T ). Our aim is to
demonstrate that by selecting T as the Turing machine T ∗ described in Theorem 5.36,
the word problem of the group B(T ) is undecidable.
Before proceeding with the proof, it is essential to introduce some additional terminology.
For any s-words W and V , we introduce the notation

(WqjV )∗ = W#qjV,

where qj ∈ {q, q0, . . . , qN}.
Definition 5.39. A word Σ as special if it can be expressed in the form W#qjV , where
W and V are positive s-words, and qj ∈ {q, q0, . . . , qN}.
Given a special word Σ = W#qjV , where W and V are positive s-words and qj is
chosen from the set {q, q0, . . . , qN}, we have that Σ∗ ≡

(
W#qjV

)∗ ≡ WqjV . This process
effectively transforms the special word Σ into a positive word Σ∗. As a positive word, Σ∗

represents an element within the semigroup γ, thereby establishing a direct link between
special words Σ and elements within the semigroup γ.
We shall now present a lemma essential for proving the undecidability of the word problem
in finitely presented groups.

Lemma 5.40 (Boone’s lemma [50, Lemma 12.7])
Let T be a Turing machine with halt state q0 and associated semigroup γ = γ(T )
(rewritten as in Corollary 5.38). If Σ is a special word, then

k
(
Σ−1tΣ

)
=

(
Σ−1tΣ

)
k in B(T )

if and only if Σ∗ = q in γ(T ).

We now present the theorem that showcases the undecidability of the word problem
for finitely presented groups. We reiterate that demonstrating this undecidability sim-
ply requires finding an example of a finitely presented group with an undecidable word
problem.

Theorem 5.41 (Novikov-Boone-Britton theorem [50, Theorem 12.8])
There exists a finitely presented group with an undecidable word problem.

Proof. Let T be the Turing machine T ∗ introduced in Theorem 5.36. If there existed an
algorithm capable of determining, for any arbitrary special word Σ, whether

k
(
Σ−1tΣ

)
=

(
Σ−1tΣ

)
k ⇐⇒ kΣ−1tΣ

(
Σ−1tΣk

)−1
= 1

⇐⇒ kΣ−1tΣk−1Σ−1t−1Σ = 1

in B(T ), then by Lemma 5.40, the same algorithm would determine whether Σ∗ = q in
γ(T ∗). However, Corollary 5.38(2) affirms that no such algorithm exists for γ(T ∗).

Example 5.42. A simpler example of a group with an undecidable word problem is
provided in [10].
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5.5 Boone’s lemma
The proof of Boone’s lemma (Lemma 5.40) is extensive and complex, which require ideas
that have not been discussed in this thesis. Therefore, we opt to present the proof of
sufficiency in full, and the remainder of the proof can be found in [50, Pages 433–447].
To establish the sufficiency of Boone’s lemma, we rely on the following auxiliary lemma.
Lemma 5.43. We have the following.

1. If V is a positive s-word, then

riV = V R in B and r−1
i V = V R′ in B,

where R and R′ are words on {ri, x} with R a positive word.
2. If U is a positive s-word, then

U#ri = LU# in B and U#r−1
i = L′U# in B,

where L and L′ are words on {ri, x}.

Proof. We will demonstrate the proof for one of the equalities, as the arguments for the
remaining equations follow a similar pattern.
We establish the equality riV = V R in B through induction on m ≥ 0, where the word
V ≡ sβ1 . . . sβm . For the base case m = 0, where V is the empty word, we have ri = R,
since R is a word on {ri, x}. Thus, we can choose R = ri, satisfying the equality for
m = 0. For m > 0, we express V as V ′sβm . Utilising the inductive hypothesis, we can
write riV ≡ riV

′sβm = V ′R′sβm , where R′ forms a positive word on {ri, x}. Through the
application of the relations xsβ = sβx

2 and risβ = sβrix, we deduce the existence of a
positive word R on {ri, x} such that sβmR = R′sβm holds in B. Consequently, we can
express riV ≡ riV

′sβm = V ′R′sβm = V ′sβmR.

Recall our objective: to establish that for a special word Σ such that Σ∗ = q in γ(T ), the
equation k (Σ−1tΣ) = (Σ−1tΣ) k holds in B(T ).

Proof of sufficiency in Boone’s lemma. If Σ is a special word such that Σ∗ ≡ XqjY = q
in γ, then there exists a sequence of elementary operations:

Σ∗ ≡ w1 → w2 → · · · → wn ≡ q in γ.

Since wv for some v in an indexing set, are words in the semigroup γ, unless they are
empty they must contain relations as described in Corollary 5.38 thus we can write the
words wv and wv+1 as UFqi1GiV and UHqi2

KiV respectively with U and V being positive
s-words. The only relation of this form in the group B is

r−1
i F#

i qi1Giri = H#
i qi2Ki

By Lemma 5.43, there exist equations in B such that:

U#(H#
i qi2Ki)V = U#(r−1

i F#
i qi1Giri)V = L′U#(F#

i qi1Gi)V R
′,

where L′ and R′ are words on {ri, x}. Similarly, there exist words L′′ and R′′ on {ri, x}
such that:

U#(F#
i qi1Gi)V = U#(riH

#
i qi2Kir

−1
i )V

= L′′U#(H#
i qi2Ki)V R

′′.
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Since wv = wv+1 in γ implies w∗
v = w∗

v+1 in B, we can infer, for each v, that:

w∗
v = Lvw

∗
v+1Rv in B

where Lv and Rv are words on some ri and x. Combining these relations, we obtain:

w∗
1 = Lw∗

nR in B.

However, as w∗
1 = (Σ∗)∗ = Σ and w∗

n = q∗ = q, it follows that:

Σ = LqR in B.

Since the generators t and k commute with x and all the ri, they also commute with L
and R. Hence,

kΣ−1tΣk−1Σ−1t−1Σ = k
(
R−1q−1L−1

)
t(LqR)k−1

(
R−1q−1L−1

)
t−1(LqR)

= kR−1q−1tqk−1q−1t−1qR

= R−1(kq−1tqk−1q−1t−1q)R

= 1,

because, it follows from the last relation of B that kq−1tqk−1q−1t−1q = 1.
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6 Concluding remarks
We extend our gratitude to the reader for accompanying us on this exploration of the
decidability of the word and conjugacy problem within this thesis. As we conclude, it
becomes evident that numerous avenues exist for further expansion. A natural progres-
sion from our current inquiries lies in the exploration of the third problem proposed
by Dehn: the isomorphism problem [12, Das Isomorphieproblem]; which delves into the
existence of algorithms capable of determining if two finitely presented groups are isomor-
phic. Despite being more challenging than the previous decision problems he posed, it
has been established as undecidable. Based on Novikov’s research, Sergei I. Adian (1957)
proved the undecidability of isomorphism problem for any given finitely presented group.
Moreover, he demonstrated the algorithmic undecidability of numerous Markov proper-
ties pertaining to finitely presented groups [1]. Subsequently, Michael O. Rabin (1958)
extended these findings, proving the algorithmic undecidability of every Markov property
within a finitely presented group [48]. These contributions collectively form what is now
recognised as the Adian-Rabin theorem [45].
In the fundamental groups Dehn was considering, the isomorphism problem is geomet-
rically intertwined with the homeomorphism problem. This is because homeomorphic
spaces have isomorphic fundamental groups. However, the fact that two fundamental
groups are isomorphic does not necessarily imply that the corresponding spaces are home-
omorphic. For example, although the fundamental groups of a point and a sphere are
isomorphic since they are both trivial, it is clear that a sphere is not homeomorphic to a
point. Therefore, the two problems are not equivalent, but the homeomorphism problem
can be utilised to tackle the isomorphism problem. For a more extensive exposition of all
the decision problems proposed by Dehn, we suggest consulting [41].
In addition to the isomorphism and homeomorphism problems, the homotopy equivalence
problem plays a crucial role in understanding fundamental groups. The concept of homo-
topy equivalence delves into whether two spaces can be continuously deformed into each
other without ‘tearing’ or ‘gluing’, thus preserving their topological properties. If two
spaces are homotopy equivalent, their fundamental groups are isomorphic. This insight
allows us to infer similarities in the topology of spaces by examining their fundamental
groups.
However, it is important to note that while two spaces may be homotopy equivalent, this
relationship does not necessarily imply they are homeomorphic. For example, consider
the unit circle and a single point in space. They are homotopy equivalent because one
can be continuously deformed into the other, effectively contracting the circle to a point.
However, they are not homeomorphic. This is because any mapping from a circle to a
point must be a constant map, which is not bijective. In other words, we can deform a
circle into a point, but we cannot deform a point into a circle. For further insight into
the homotopy equivalence problem, please refer to [53].
The core concepts driving the formulation of the algorithms discussed in this thesis are
simple: enumerate all elements and methodically compare each one with every other to
establish equality or conjugacy. However, the proofs underpinning these algorithms are
notably intricate. Further exploration could focus on examining the time complexity of
these algorithms, alongside comparisons with other well-established methods [52].
We can further explore the geometric properties of Cayley graphs associated with small
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cancellation groups, a field initially explored by Mikhail Gromov [19]. The theory of
graphical small cancellation serves as a powerful tool for constructing groups with specific
geometric and analytical characteristics, facilitating the examination of their geometric
properties.
Moreover, these groups often exhibit traits reminiscent of hyperbolic geometry. Hyper-
bolic groups, similar to hyperbolic spaces, possess properties of negative curvature [3].
A notable aspect of hyperbolic groups is the fact that they satisfy small cancellation
criteria [25], contributing to their complex geometric makeup. By analysing the inter-
play between small cancellation conditions and hyperbolicity, we glean valuable insights
into the geometric essence of these groups and the structures of their associated Cayley
graphs.
Dehn’s contributions lay the groundwork for the construction of decision problems within
group theory, specifically by questioning whether algorithms exist to determine certain
properties within or for groups. In contrast, Hilbert and Ackermann’s Entscheidungsprob-
lem a similar foundation for decision problems across the entirety of mathematics. This
approach allows for the exploration of additional decision problems within group theory,
such as the ‘subgroup membership problem’, which asks whether an algorithm exists to
decide if a given element from a group is also a member of one of its specified subgroups
[33].
In conclusion, the extensive investigation into decision problems within group theory un-
derscores the breadth and depth of this field of study. Through exploring questions about
equations, computational complexity, and structural properties of groups, there are a myr-
iad of fascinating insights into the nature of groups and their applications across diverse
mathematical domains. While many decision problems in group theory remain challeng-
ing and unsolved, the ongoing pursuit of solutions continues to drive innovation and
discovery. As we navigate the complexities of these problems, we deepen our understand-
ing of group structures and their significance in mathematics and beyond. Ultimately,
the exploration of decision problems in group theory not only enriches our theoretical
understanding but also paves the way for practical advancements in cryptography, com-
putational mathematics, and other related fields. By leveraging decision problems, we can
devise innovative cryptographic protocols [42], while in computational mathematics [23],
we can pioneer new algorithms to ascertain the structure of large groups, an example of
this is the Todd-Coxeter algorithm, which is used to enumerate cosets [57].
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Appendix

A Implementation of the algorithms
In our algorithms, we adopt a specific representation for words. A word is expressed in
the form:

w = xε1i1 x
ε2
i2
· · · xεkik

where xij ∈ X± and εh ∈ {−1, 1}. We represent this word using an array:

w = [[i1, ε1], [i2, ε2], . . . , [ik, εk]],

referred to as pair notation. We have opted for this representation in Python because
using letters from the alphabet to represent the generators of the free group would impose
restrictions on the maximum number of generators allowed in our group.
In this coding scheme, uppercase letters represent the inverse elements. For instance, the
inverse of xi is denoted as Xi. When prompted to input words using this code, each
letter must be separated by whitespace. For example, if we wish to input the word
w = x−1

1 x2x
−1
3 x4, it should be written as: X1 x2 X3 x4.

The algorithms presented in the following subsections are also available in [8] for conve-
nient access.

A.1 Word problem in free groups of finite rank
The author coded Algorithm 1 to decide if two given words are equal.

1 # Define a function to convert a string to pair notation
2 def string_to_pair_notation(input_string):
3 # Initialise an empty list to store pair notation
4 pair_notation = []
5

6 # Loop through each term in the input string (terms are
separated by spaces)

7 for term in input_string.split():
8 # Extract the generator (first character of the term)
9 generator = term[0]

10 # Extract the index (remaining characters of the term
converted to an integer)

11 index = int(term[1:])
12

13 # Check if the generator is lowercase
14 if generator.islower():
15 # If lowercase , append a pair with index and 1 to

pair_notation
16 pair_notation.append([index , 1])
17 else:
18 # If uppercase , append a pair with index and -1 to

pair_notation
19 pair_notation.append([index , -1])
20

21 # Return the final pair notation list
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22 return pair_notation
23

24 # Define a function to reduce a word represented in pair notation
25 def reduce_word(pair_notation):
26 # Initialise an empty list to store the reduced word in pair

notation
27 reduced_word = []
28

29 # Loop through each pair in the pair notation
30 for pair in pair_notation:
31 # Check if the reduced word is empty or if the current pair'

s index is different from the last one
32 if not reduced_word or reduced_word[-1][0] != pair[0]:
33 # If so, append the current pair to the reduced word
34 reduced_word.append(pair)
35 else:
36 # If the index is the same, check if the sum of the

exponents is zero
37 if reduced_word[-1][1] + pair[1] == 0:
38 # If zero, cancel out and pop the last pair from the

reduced word
39 reduced_word.pop()
40 else:
41 # If not zero, append the current pair to the

reduced word
42 reduced_word.append(pair)
43

44 # Return the final reduced word in pair notation
45 return reduced_word
46

47 # Define a function to check if two words represented in pair
notation are equal

48 def are_words_equal(word1 , word2):
49 # Convert both words to pair notation
50 pair_notation_1 = string_to_pair_notation(word1)
51 pair_notation_2 = string_to_pair_notation(word2)
52

53 # Reduce both pair notations
54 reduced_form_1 = reduce_word(pair_notation_1)
55 reduced_form_2 = reduce_word(pair_notation_2)
56

57 # Check if the reduced forms are equal
58 return reduced_form_1 == reduced_form_2
59

60 # Example usage:
61 word1 = input("Enter the first word (e.g., 'x1 X3 X2 x3 x1 x1'): ")
62 word2 = input("Enter the second word: ")
63

64 result = are_words_equal(word1 , word2)
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65 print(f"The words '{word1}' and '{word2}' are {'equal' if result
else 'not equal '}.")

Algorithm 1: Word problem in free groups of finite rank

A.2 Conjugacy problem in free groups of finite rank
The author coded Algorithm 2 to decide if two given words are conjugate.

1 # Define a function to convert a string to pair notation
2 def string_to_pair_notation(input_string):
3 # Initialise an empty list to store pair notation
4 pair_notation = []
5

6 # Loop through each term in the input string (terms are
separated by spaces)

7 for term in input_string.split():
8 # Extract the generator (first character of the term)
9 generator = term[0]

10 # Extract the index (remaining characters of the term
converted to an integer)

11 index = int(term[1:])
12

13 # Check if the generator is lowercase
14 if generator.islower():
15 # If lowercase , append a pair with index and 1 to

pair_notation
16 pair_notation.append([index , 1])
17 else:
18 # If uppercase , append a pair with index and -1 to

pair_notation
19 pair_notation.append([index , -1])
20

21 # Return the final pair notation list
22 return pair_notation
23

24 # Define a function to reduce a word represented in pair notation
25 def reduce_word(pair_notation):
26 # Initialise an empty list to store the reduced word in pair

notation
27 reduced_word = []
28

29 # Loop through each pair in the pair notation
30 for pair in pair_notation:
31 # Check if the reduced word is empty or if the current pair'

s index is different from the last one
32 if not reduced_word or reduced_word[-1][0] != pair[0]:
33 # If so, append the current pair to the reduced word
34 reduced_word.append(pair)
35 else:
36 # If the index is the same, check if the sum of the

exponents is zero
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37 if reduced_word[-1][1] + pair[1] == 0:
38 # If zero, cancel out and pop the last pair from the

reduced word
39 reduced_word.pop()
40 else:
41 # If not zero, append the current pair to the

reduced word
42 reduced_word.append(pair)
43

44 # Return the final reduced word in pair notation
45 return reduced_word
46

47 # Define a function to cyclically reduce a word represented in pair
notation

48 def cyclically_reduce(pair_notation):
49 # Continue removing pairs from the end of the pair notation

until a different index is encountered
50 while pair_notation:
51 last_pair = pair_notation[-1]
52 pair_notation.pop()
53 if not pair_notation or pair_notation[-1][0] != last_pair[0]

:
54 break
55

56 # Return the cyclically reduced pair notation
57 return pair_notation
58

59 # Define a function to check if two words are conjugate
60 def are_words_conjugate(word1 , word2):
61 # Convert the input words to pair notation
62 pair_notation_1 = string_to_pair_notation(word1)
63 pair_notation_2 = string_to_pair_notation(word2)
64

65 # Reduce the words to their canonical form in pair notation
66 reduced_form_1 = reduce_word(pair_notation_1)
67 reduced_form_2 = reduce_word(pair_notation_2)
68

69 # Cyclically reduce the words in pair notation
70 cyclically_reduced_1 = cyclically_reduce(reduced_form_1)
71 cyclically_reduced_2 = cyclically_reduce(reduced_form_2)
72

73 # Check if the cyclically reduced pair notations are equal
74 return cyclically_reduced_1 == cyclically_reduced_2
75

76 # Usage:
77 word1 = input("Enter the first word (e.g., 'x1 X3 X2 x3 x1 x1'): ")
78 word2 = input("Enter the second word: ")
79

80 # Check if the words are conjugate and print the result
81 result = are_words_conjugate(word1 , word2)
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82 print(f"The words '{word1}' and '{word2}' are {'conjugate' if result
else 'not conjugate '}.")

Algorithm 2: Conjugacy problem in free groups of finite rank
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