Advanced Quantum Mechanics Notes

Francesco Chotuck

Abstract

This is KCL undergraduate module 6CCM436A, instructed by Neil Lambert.
formal name for this class is “Advanced Quantum Mechanics”.
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1 1IQT recap

Remark 1.1. In this module the notation: (¢, O¥) = <¢‘@\I/> = (4| O |W).

1.1 Hilbert spaces

Definition 1.2. A vector space is said to be complete if all the Cauchy sequences
converge.

Definition 1.3. A vector space is said to be separable if for any two vectors there exists
two disjoint open states such that each includes one vector but not the other.

Theorem 1.4

A vector space is separable if there exists a countable basis. In this module we assume
this is ALWAYS the case.

Definition 1.5. A Hermitian inner product on V is a function (-,-) : V. xV — C
which satisfies the following properties

1. Positive definite:
(v,v) >0 YveV

and (v,v) < v =0.

2. Hermiticity:
(u,v) = (v,u)" Vu,v eV,

3. linearity in the second argument,
(u, av + fw) = a(u,v) + f(u,w) Yu,v,w €V and Vo, € C,
4. anti-linearity in the first argument
(au + fv,w) = o*(u,w) + *(v,w) Yu,v,w €V and Vo, € C.

Definition 1.6. A Hilbert space is a complete, separable complex vector space with
positive definite inner product

<1/}1|¢2> cH xH — C.

Note 1.7. For the purpose of this module we can interpret a Hilbert space to be an infinite
dimensional complex vector space which ‘behaves’ like CV but with N = oo.

‘ Remark 1.8. If a Hilbert space is finitely dimensional then it is isomorphic to CV for
some N.
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Example 1.9. A classic example of a Hilbert space is La(R):
Ly(R) = {z/):R—%Z : /|¢|2da: < oo}

(rleba) = / Wi d.

Definition 1.10. The state of a system is given by an element |¢)) of unit norm in a
Hilbert space H.

Corollary 1.11

We will use the terms “state” and “wave function” interchangeably.

Definition 1.12. The space of linear maps from H to C is called the dual space, and
is denoted by H*.

In Dirac notation elements of the dual space are denoted by “bras” (| such that

<¢1| (|1/12>) = <¢1|1/12> .

Theorem 1.13

The dual space is a Hilbert space and is isomorphic to H.

I Note 1.14. This means that for each [¢) there exists a unique (7| and vice versa.

Theorem 1.15. There exists linear operators in Hilbert spaces i.e.
O:H—>H

such that O ()\1 ‘w1> + )\2 ’1/)2>) = /\10 |¢1> + )\20 |1p2> where )\1, )\2 e C.

Definition 1.16. The adjoint of a linear map O is a linear map O : H — H that
satisfies

(11| Ots) = (O [2)
for |1h1) , [02) € H.

Note 1.17. Equivalently,

(), Ow)) = (O, Jo}) Vb, o) € H.
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1.2 Delta-normalisable states

Definition 1.18. The Dirac delta function is defined as

5(k) = 00 %fk::O
0 ifk+#0

with the property that
/ Sk dk = 1.

Remark 1.19. Although, it is called a ‘function’ it is not truly a function, rather a
distribution.

Theorem 1.20

Properties of the d-function:
o i(z) ER,
e d(x) >0,

d(z) = 6(—x) (even).

[ 6(k)f(k) dk = f(0) (sometimes we use the notation §(f) = f(0));
J2o 0k = a) f (k) dk = f(a);
o [7 e dr = 2r6(k);

(ez]ey) = d(z —y).

Definition 1.21. We say that |e,) and |e,) are delta-normalisable if

<€az|ey> =d(z —y).

Definition 1.22. We say that |e;) for & € R form a delta-normalisable basis of H if
any |U) € H can be represented in the form

v - [ " ak) lex) d,

o0

for some function square-integrable function a(k) (i.e. a(k) € L*(R)).

1.3 Expectation values

Theorem 1.23

Let O : H_— H be a linear operator on a Hilbert space H. Then, the expectation
value of O in a state |¥) € L*(R) is defined as

(v O]%)

9 = "yrey
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1.4 Observables
Definition 1.24. A linear operator is said to be self-adjoint (or Hermitian) if OT = O.
Definition 1.25. A linear operator which is self-adjoint is called an observable.

Theorem 1.26. Eigenstate of self-adjoint operators have real eigenvalues and eigenvectors
with distinct eigenvalues are orthogonal.

Theorem 1.27

A self-adjoint operator admits an orthonormal basis of eigenvectors with real
eigenvalues.

Definition 1.28. The linear operator of position, Z, for a fixed time ¢ is defined as

() (y) = y¥(y).

Definition 1.29. The linear operator of momentum, p, for a fixed time ¢ is defined
as

N . 0
p¥)(z) = —Zha—\IJ(x).

X

Theorem 1.30

For a general operator O acting on Z we have

(O@))(y) = Oy)¥(y)-

Definition 1.31. The Hamiltonian operator is defined as

~ ]/)\2
o= 1ve
QmjL (7).

where V(Z) is defined as
(V(@)W)(y) = V(y)¥(y)-

Definition 1.32. An operator, ﬁ, which satisfies the property
ATA =1,
where 1 is the identity operator, are called unitary.

Definition 1.33. We call the operator e~ the time evolution operator and is

denoted by
Theorem 1.34. Properties of U (t):
» Ut)U(tr) = Ut + ta).
~ A\t A
. (U(t)) = U(—1).

Theorem 1.35. The time evolution operator, U(t) is unitary.
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Theorem 1.36

Unitary operators preserve the inner product i.e.

(T 1wy, 0@ 12@)) = (@), 1),

Theorem 1.37 (Properties of exponentials of operators)

For any operator O in a Hilbert space H and a € C we have:

I .
@ = 0e*© = ¢*©0.
Oa

N €a66’86 — €(a+/3)(/9\‘

1.4.1 Matrix elements

Proposition 1.38

The matrix elements of the operator O in the chosen basis are given by the inner
product of the basis states with the operator acting on the basis states, say |iy,):

Oy = (| O |v;)

where O;; is the element of the matrix in the i-th row and j-th column.

Example 1.39

For a simple example, consider a 2-dimensional space with basis states [1;) and |i)s).
The matrix representation of an operator O in this space would be a 2 X 2 matrix.
The matrix representation of O would be:

(Wil Olin) (a] O lg)
(ol O ) (] O [o)

Each element in this matrix represents the action of the operator O on the basis
states, and how that action projects onto the other basis states.

1.5 Heisenberg’s uncertainty principle

Definition 1.40. The uncertainty of a normalised Hermitian operator 21\, denoted by

AA, is defined by
@dp=((i-@)")

~

= 0] (A (@) ).
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Note 1.41. Operators need to be Hermitian as these are the operators which are used to
measure quantities in Quantum Mechanics.

Theorem 1.42. The uncertainty of an operator A is real and non-negative i.e. AA > 0.

Proof. We have

by the axioms of norms. In the last equality we have used the fact that A is a Hermitian
operator. 0

Corollary 1.43. Let A be an operator then, A4 = 0 in a state |W) if and only if |W) is
an eigenvector of A.

Proof. Recall the definition of uncertainty
~ ~ N\ 2
(AA)? = (9] (A~ (D)) |9)
~ 2
=[|(@- @)
by the axioms of the norm it is 0 if and only if
(A . <A>) T) = 0.

We can write this condition as R R
AlW) = (A) |¥),

i.e. |W) is an eigenvector (since (A) is a real number). O

Theorem 1.44

Let A and B be Hermitian operators and AA and AB their respective uncertainty
in a state |¥). Then, we have

AEA§>%’<[2,§]
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Example 1.45
Applying this to A=7and B = p we have

AZ Ap

v

[z, P

—~
~.
>t

&%

Il
O SN N =

1.6 The Schrodinger equation

Theorem 1.46
We obtain the wave function from solving the (time-dependent) Schrédinger equation

hg\lf( t)——h—Qa—Q\Il( t)+ U(x)¥(x,t)
or N T Tomagr D TIEE L)

where U(z) is the potential energy function of the particle.

1.

Theorem 1.47
The time-independent Schrodinger equation is given by

& P(x) + U(z)y(x) = P(z)E.

Zm@

Equivalently, it can be written as

(Hy)(z) = Ey(x).

Note 1.48. Due to separation of variables the partial derivative above can be written as
a total derivative and use standard techniques to solve a second order ODE.

Corollary 1.49
The general solution of the Schrodinger equation is given by

U(z,t) = p(x)e w7,

1.7 Harmonic oscillator

Definition 1.50. A system with Hamiltonian operator

~9 242
~ D MwT
H=-—+

2m 2

is called a harmonic oscillator.
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It will be useful to consider the operators:

~ ~ . ~

p—imwx .
————— and a'=
2mwh 2mwh

a=

Proposition 1.51. The value of
[@,a'] = 1.

Theorem 1.52

. X ~ ~2 2.2
The Hamiltonian operator, H = 2 + ™% can be expressed as

N 1
H:m(afa+§).

We would like to determine the spectrum and the eigenstates ofH i.e., solve the
time-independent Schrodinger equation

H|V) =E|U).
We can write .
H = hw (]\A/'—i- 5) where N = a'a.
Proposition 1.53. Properties of N =a'a.
« N is Hermitian i.e. Nt = ]/\\f;

« |W) is an cigenvector of H if and only if |¥) is an eigenvector of N.

I Note 1.54. The eigenvectors are the same, but the eigenvalues are different.

Lemma 1.55. If )\ is an eigenvalue of N then A > 0.

Lemma 1.56. Let |¥) be an eigenvector of N with the eigenvalue A\. Then exactly one
of the statements holds:

1. A=0and a|¥) =0 OR,
2. A#0,a|¥) #0 and @|¥) is an eigenvector of N with eigenvalue A — 1.

Lemma 1.57. Let |[¥) be an eigenvector of N with eigenvalue . Then, \ € Z>o and
vy, alw), A

a?|W),...,a" |V) are eigenstates of N with the eigenvalues A\, \—1, \—2, ..., 0 respectively.
Finally, a**! |¥) = 0.

Lemma 1.58

Let |U) be an eigenvector of N with the eigenvalue A. Then, @' |¥) # 0 and @' |¥) is
an eigenvector of N with eigenvalue A\ + 1.

10
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I Note 1.59. To remember that af increases the eigenvalue by 1 we can think of 1 as +.

Note 1.60. In conclusion, we see that we can lower the eigenvalue of N by applying @ to
the eigenstate, and similarly we can raise it by applying a'. For this reason @ and a' are
called the lowering and the raising operators.

Lemma 1.61
Let |¥) be an eigenvector of N with the eigenvalue \. Then, the following statements
hold

1. X\ € Z>,

2. there exists a state |®) = @* |¥) € H which satisfies @ |®) = 0 (in particular, it
is an eigenstate of N with eigenvalue 0),

3. we have |¥) = C(a@")* |®) for some C € C where C' # 0.

Note 1.62. This lemma allows us to undo the action of @ with @' and vice versa. For
example consider the state @ |¥) with eigenvalue A\ — 1, and then apply af to get back to
the eigenvalue X\. We find the state
at (@|v)) =a'a|v)
= N|v)
=\|U).

Thus, unless A = 0, we can undo the action of @ by acting with a'.

11
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Example 1.63

Suppose that |¥) is the eigenstate of N with the eigenvalue A = 2. Then by Lemma
9.3 we can define the eigenstates of N

|®o) =@ |¥) and |®;) =a|¥),
which have eigenvalues 0 and 1 respectively. We have

al|®,) =a'a |v)
= N |v)
= 2|T).

Moreover,

al | @) = a'a|v)
= a'aa |v)
=a'a|®,)
= N|®y)
=[®y).

In the last two equations we used that ¥ and ®; are eigenstates of N with the
eigenvalues 2 and 1 respectively. We get from these equations

1
) = —al |®
¥) = 5a' |2)

1, .
= §GT(GT |‘I>0>)

= (@) [0).

Lemma 1.64

Let |®) be such that
a|®) =0 and (P|P)=1.

Then, (up to a possible overall phase) |®) is described by the wave function

O(z) = (%) o

Note 1.65. This lemma tells us that there exists a unique normalised state |®) which
satisfies a |®) = 0.

Definition 1.66 (Notation). We identify the state |®) = |0) where |®) is defined as
above. The state |0) is called the ground state (or vacuum state).

12
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I Remark 1.67. |0) # 0 and indeed |0) is an eigenvector.

I Note 1.68. We call |0) the ground state because it has the lowest possible energy.

Theorem 1.69

From |0) we can construct the state for n € Zs,
@)y,

and (n|n) = 1.

Corollary 1.70. The state |n) is an eigenstate of N with the eigenvalue n, i.e.
Nin)=nln).

Theorem 1.71. Let | V) be an eigenstate of N with the eigenvalue A\. Then, the following
statements hold

1. )\:TZGZZ[),

2. |¥) = C'|n) for some C' € C where C' # 0.

Theorem 1.72

The eigenstates of H are the states |n), and the corresponding eigenvalues are

1
E, = hw — .
(n—|—2)

The spectrum of H is therefore,

hw 3hw Shw
2727 27

2 Spherically symmetric potential

Note 2.1. We solve the Schrodinger equation as usual, where we do a seperation of
varibales and set the two new equations equal to a constant.

13
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In three-dimensions the Schrodinger equation takes the intimidating form

ov h?

h— = —— VU + V(z,y, )V 2.11
ih>, ZmV +V(z,y,z) (2.11)
Here we have assumed the potential is time-independent and
o2 02 o2
2 _ - 2.12
v Ox2 + Oy? + 022 ( )

This is in general too hard to solve but let us consider a potential with spherical sym-
metry V' = V(r) and r = /22 +y?+ 22 It is also helpful to switch to spherical

coordinates:

7 sin # cos ¢

8
|

y =rsinfsing

z =rcosf (2.13)

In which case (you can show this by a tedious calculation just using the chain rule, see
the problem sets, its easier if you know Riemannian geometry)

2
V= %% (?‘2§) + ﬁ% (siné‘%) + ma% (2.14)

Furthermore we look for energy eigenstates so
U = e BM)(r, 0, 9) (2.15)

which leads us to the following equation
2 2
_;_m (%% (ng) - ﬁ% (siné?%) + ﬁ%) v+ V(r)y = Ev

(2.16)

We can solve this equation by separation of variables. In particular we write
U(r,0,¢) =u(r)Y(0,¢) (2.17)
From here we find

R d [ ,du Ru (1 0 (. 8 1
_zmrzg ('f‘ 5) Y — —2mr2 (m% (Sln 9@) + —Sjn2 g@) Y + (V(?") — E)UY =10
(2.18)

By the usual logic of separation of variables (divide by uY/r? and see that the first and

third terms only depend on r where as the second is independent of r) splits into two

equations
R od [ ,du »
~omudr ( 5) + (V) - B)r” = —
1 A2 1 9 .0 1 &2
“Yom (W@ (Smf’@) + ﬂ@) Vi=e (2.19)

14
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where € is a constant. In particular the second equation knows nothing about the

potential and hence nothing about the problem at hand:

1 8 d 1 8% 2me
— — |sinf—= |+ 5+ Y =0 2.20
(Sin989 (Sm 3.9) sin200g2 | 12 ) (2.20)
Indeed the solutions for Y (6, ¢) can be completely solved and the solutions are related
to spherical harmonics Y} ,,(0, ¢), labelled by two integers {,m with [ > 0 and |m| <.

On the other hand the first equation is a single ordinary differential equation for

u(r) and we have some hope to solve it:
1 d [ ,du 2m €
A S L ——E) ~0 2.21
r2dr (T d’r)+ h? ( (T)+rg “ (2.21)
This is the only place which is sensitive to the particular problem at hand through the
choice of potential V(7).

Thus we have reduced the problem to solving two independent differential equations.
And the only one specific to the particular problem is a second order ordinary linear
differential equation. One can proceed with brute force (the Y's can be found by sep-
aration of variables once more). You can find them on Wikipedia or Mathematica so

we won't say more about them here - come on Tuesday! Although we will say that one

finds
R2((1+ 1)
e=—"—+= 2.22
- (2.22)
for some non-negative integer [. Later we will construct them in an insightful way. Indeed
spherical harmonics arise from some very important physics (angular momentum) and

mathematics (Lie algebras) underlying the system. So let us explore...

3 Angular momentum

Classically the angular momentum vector L is defined as L = 7 x p where r and p denote
the position and momentum vector respectively. In Cartesian components, this is written
as

L, = YPz — ZPy
Ly = ZPx — TP:
Lz = TPy — YDz-

3.1 Angular momentum operator

Definition 3.1. The angular momentum operator is the Hermitian operator defined
by
La = Eabc/x\bﬁc
0
= —thegpelp—=—
b

15
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Proposition 3.2

We have the following results:
[L1, Lo] = ihLs, [La, L3] =ihLy, [L3, L1] = ihLs.
Therefore, in general we have

[La, Lp) = thegpeLe.

Proof. The proof relies on the following commutator relations:

. [A, BlBQ] = [A, Bl]BQ + B1 [A, Bg];

[A1As, B1By| = A1[As, B1|By + A1 B1[As, Bs] + [A1, B1]B2As + By[A1, By]As;

[pi, ] = 0;

7.7 =0,
]

From the operators Ea we can form the operator of the square of the modulus of the
angular momentum vector, which we denote by L2.

Definition 3.3. Define N R R N
=13+ L3+ L2

Theorem 3.4

The operator L2 commutes with each of the operators Ea ie.

~

[EQ,LG} — 0.

The relation above means that the square of the angular momentum, can have a definite
value at the same time as one of its components. The most widely used basis is constructed
from eigenstates of L* and Ls.

Instead of the operators L; and L it is often more convenient to use the following.

Definition 3.5. Define N . .
L+ = L1 -+ ZLQ
L. =1, —ils.

16
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Proposition 3.6

Some properties.
CIL—T
° [E+, Z—] = 2h23;
e [Ls,L,] = hL,;
« [L3,L_]|=—hL_;

o We can write

Proof. We prove the first bullet point:

LV = (Ly+iLo)t = L1 + (iLy)f = Ly — il = L.

3.2 Algebraic theory of angular momentum
3.2.1 Lie Algebra

Definition 3.7. A Lie Algebra is a vector space g with an antisymmetric linear map
[-,:] - g x g — g called the Lie Bracket. It satisfies the following properties:

o Linearity: [ax + by, 2| = a[z, 2| + [y, z].

o Antisymmetric: [z,y] = —[y, z].

« Jacobi’s identity: [z, [y, z]] + [y, [z, z]] + [z, [z, y]] = 0.
Where a,b € R and z,y, z € g.

Definition 3.8. Let g be a Lie algebra and let V' be a vector space. We let gl(V') denote
the space of endomorphisms of V', that is, the space of all linear maps of V' to itself. A
representation of g on V is a Lie algebra homomorphism

p:g— GL(V).

Definition 3.9. Given a representation p : g — End(V') of a Lie algebra g, we say that
a subspace W of V is invariant if p(X)w € W for all w € W and X € g.

Definition 3.10. A non-zero representation is said to be irreducible if the only invariant
subspaces are V itself and the zero space {0}.

3.2.2 Representation of the algebra

17
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Note 3.11. In the section we construct an irreducible unitary representation of su(2).
Where by ‘unitary’ we mean the J; are unitary matrices.

Definition 3.12. The Hermitian operators J,, J,, J, are said to satisfy the algebra of
angular momentum if the following commutation relation holds:

[Jm Jb] = Z'3’5abc=]c-

I Note 3.13. We recover the angular momentum by setting L; = hJ; = J; = %Li.

Definition 3.14. We define the following operators:

Jp=Jy +iJy
J_o = Jp, —1iJ,
such that
(1) =

Proposition 3.15. We have the following relation:
[, Ju] = £,
Definition 3.16. We define the operator
S =T+ T+ T

Theorem 3.17. We have that
[JZ, Jl] = O

Proof. It follows from the definition of the algebra and proof is similar to the one where

Note 3.18. The operator J? is said to be Casimir, which means that it commutes with
all of its generators. When the commutator of two operators is zero it means that they can
be simultaneously diagonalised. That is, meaning there exists a basis where both operators
are represented by diagonal matrices simultaneously.

Basis

We now try to find a basis for this representation of su(2). Since [J?,J,] = 0 it means
that these two operators are simultaneously diagonalised i.e.

J2Im) =A[Am) and J [A\,m)=ml\m).

where A\, m € R. The first label of the eigenstate |\, m) represents the eigenvalue of the
J? operator and the second label the eigenvalue of .J,. By the construction of the ladder
operator Ji we can use it raise or lower the eigenvalues of J,.

18
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Proposition 3.19
We have that

JoAam)y=cy[Am+1) and J_|A,m)=d, [\ m—1)
where ¢, and d,, are chosen to ensure that the states are normalised. Therefore, we

have
en=VA—mZ—m and dn=VA—m2+m

Proof. Recall the commutator relation [J,, Ji] = J,Ji — J1J,, and notice we can write
JJi = [JZ, J:t] + J1J,. Therefore,
S (T [Am)) = ([, Je] + Je o) [\, m)
= (:tJj: + mJi) |/\,m)
=(m=x1)JL|A,m).

The coefficients ¢, and d, were chosen such that the corresponding states would be
normalised hence, we normalise the states. To calculate ¢, we evaluate

Je A m)' T (A, m)
A,m| JoJy [\ m)

lew|” (M + 1jm + 1) = (
= (
= (A m| JZ+ J? +il[Jy, Jy) | A, m)
= (
= (

Am|J?— T2 — T |\ m)
A—m? —m) (A mlAm).

Note 3.20. We do not know how J, and J, act on the states so, we use a relation to
express them in terms of operators which we know how they act on the states, namely .J?
and J,.

Since the states are normalised we have (m|m) = (m + 1jm 4 1) = 1, and we find that
Cmn = VA —m2 —m.
We do a similar process for d,. O

Finite representation

If we have a finitely dimensional representation them there must exist a highest and
lowest value of J, eigenvalues, denote these by m; and m;.

Theorem 3.21

The highest and lowest eigenvalues of J, satisfy

J+ ])\,mh) =0 and J_ ])\,ml) = 0.
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Note 3.22. If we repeatedly apply say, the rasing operator, we will reach a point where
we exceed the total angular momentum. This cannot happen thus, there must exists a
maximum state. Similar arguments apply for the lowring operator.

Corollary 3.23
The Lie Algebra 5u(2) has a finite unitary representation of dimension 2 + 1 for
S

[=0,5,1,2,... has increments of 3. Furthermore, the states are labelled by

[Lm) wherem=—[[+1,....,[—1,L

I Note 3.24. It is convention to set mj = [ which implies that A = (I + 1).

Proof. The highest and lowest state require that cy,, = dn, = 0. We have a formula for
these:
)\—mh(mh—i—l) =0 and )\—ml(ml— 1) =0.

As such we obtain
mh(mh + 1) = ml(ml — 1)
By inspection, we have
m=-my, or m=m,+ 1.

The second solution is invalid as we require m; < my, by construction. Hence, the spectrum
of eigenvalues of J, is:

mh,mh—1,...,0,...,ml+1,ml
equivalently,
Euh,mh—1,...,0,...,—mh+1,—mh
2mp 41

with a single state assigned to each eigenvalue. Therefore, the representation has dimension
2m;, + 1 € N'\ {0}, which implies that

1
mh207§7

]

Example 3.25. Let us look at some examples. We recall for [ = 0,1, 1,2, ... the following

)99ty 9y
[Lm) wherem=—[[+1,....,[—1,L

e When [ = 0 we have that m = 0. Therefore, we have just one state |0,0) and the
matrices J; act trivially. This is the trivial representation.

e When [ = % we have that m = —
this basis must be in the form |v
to be as simple as possible:

-0 = -D-0)

Hence we have two states. Now, any state in

11
27 5
) =als, 2> + b{ > thus, we set the basis state
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We contruct

1
2

L1 g1y (1
T = <27 31272 272
’ <<%a—i|Js »2) (5
We can determine J; through

11
I §a§>:0 I+

so that

And can determine J_ through

J11_3111_11
1272/ V4 4|22 2/ |20 2

so that

Or alternatively

1

Jp = —
DY

(o= T)=3

Thus we have recovered the Pauli matrices.

I Note 3.26. Throughout this process we have used the results obtained from above.

3.3 The eigenvalues of the angular momentum

Note 3.27. In the previous section, we dealt with the Lie algebra of su(2) and obtained
an irreducible representation. To relate our previous results to the algebra of the angular
momentum we only need to add a factor of A.
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Theorem 3.28

We summarise the results of the previous section in terms of the angular momentum
here.

L2 [, m) = R2((I+ 1) |[, m)

Ls|l,m) = Am |[,m).

L |l,m) = ¢y |[,m+ 1) where

o = /(14 1) —m2 —m.

L. |,m) =dy|l,m — 1) where

Ay = BA/I(L+ 1) —m2 +m.

3.4 Spin-1/2

Proposition 3.29
We can build the representation of this by

SZ' = —0;

%

where o; are the Pauli matrices.

I Note 3.30. The matrices obey the Lie algebra of the angular momentum.

3.5 The eigenvectors of the angular momentum

Proposition 3.31

We write the angular momentum operators in spherical coordinatess.

o Ly = ih(sin ¢y + cot 6 cos ¢p0y).

Ly = ih (— cos ¢p0p + cot O sin ¢0,,).

Ly = —ihd,.

L, = he [0y + i cot 00y).

L_ = he™ [0y + i cot 0]

22



Francesco Chotuck 6CCM436A Advanced Quantum Mechanics

Theorem 3.32

We see that |[,m) = Y|, i.e. the spherical harmonics. Hence, theset {Y{n :m= —1[,... [}
provides an irreducible (2[+ 1)-dimensional representation of su(2) inside the space
of all differentiable functions on S? (viewed as the unit sphere in R?).

3.6 Addition of angular momenta

In this section we consider a system of two particles. We assume that each particle
carries and angular momentum. The combined system will have a single wave function
U(t, M, x?). Thus, we define two sets of angular momentum operators L) and L)

which act on ") and x® separately (i.e. LY = —iheabcxgl)aﬁl)).

Definition 3.33. The total angular momentum associated to the rotational symmetry

of the system as a whole is
0 70 L TO.

Proposition 3.34. The following set of operators commutes:

(E(n)z T, (3(2))2 1o,

We label the eigenvectors diagonalising simultaneously these 4 operators by
|, my; I, my)

where the m; range between
—h <m <[
—ly <my < L.
Therefore, for a fixed [; and [ there are a total of (2l; + 1)(2[y + 1) states.

Proposition 3.35

The following set of operators commutes:
(zm)Q o, (Z<1>>2 7 (32))2 .
We denote the eigenvectors diagonalising the operators as
Lms L, o),
where for a fixed [; and [, we have that
(=L —-bL,(Lh-L+1),(L-L+2),....+ L.

The above representation is equivalent to a change of basis from the previous set to
the following, and so we have

l1 D)

Lmil, ) = ) Coi2l o [, mys [, my)

mi=—I[; mo=—Io

where the coefficients Cyl,%! = are called the Clebsch-Gordan coefficients.
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Note 3.36. It is more natural to consider the above set of operators when dealing with
addition of angular momenta.

I Note 3.37. In some other texts it |[; — [2].

Proposition 3.38

The sum of angular momenta is an angular momentum in the tensor product:
EEZT) = Egl) RI+I® Ef) which satisfies [Za, Zb] = ih&abczc acting on H; ® Hos.
Therefore, we can write
[, my; o, mo) = I, my) @ |lp, my) .
This is how the total angular momentum operator acts:

L((ZT) [, my; by, my) = (L((ll) + LE?)) [, my; o, my)
= L,(zl) |[1,m1> (9 |[27m2> 2 |[1,m1> X L((f) |[27m2> 5

I Note 3.39. The 2 particle wavefunction lives in L?(R%) = L?(R?) ® L?(R3).

I Note 3.40. All of the above is also valid for J;, by removing the A factor.

Example 3.41
We have that

I (It ) @ [1o,ma)) = (7 + I) [0, m) @ [1a, m)

= Jél) ‘[1,‘(111) X |[2,m2> + ‘[1,‘[111) (%9 J5§2) |[2,m2>
=my |[;,m) ® |lo, my) + |, M) @ my |lo, my)
= (my +my) [l;,my) ® I, my) .

Example 3.42. We consider the case when [; = [, = 1. There are (2 (3) +1)? = 4 states.
Since we are in this case we suppress some notation since the values are the same and
instead write:

[, my; b, my) = [my, my) .
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So,
1111\ |11 11\ |11
’§ﬂ&§’§>-‘§’§>@W§’§>-W§’§>
111 1\ |11 11\ |1 1
15@?57_5>_.§,§>@¢§,_5>_¢§,_5>
1 111\ 1 1 11\ | 11
'57‘5@?5>-'5%‘§>@ﬂ57§>—W‘5’2>
111 1\ |1 1 11\ |1 1
‘5“‘?5’_§>"5“‘5>®‘?‘5>“+§’_§>

o
(3]
©

These are eigenstates of Jél) +

1 1 1 @)
273 5>®%§>+5>®%
1 1\ 11 1
—5\§>®]—5>—5 5>®"5>
=0
R e O
11 1\ 1|1 1
——5\—§>®]§>+5 —§>®]§>
=0
(J§1)+J§2))‘—%,—%> = J3) —%>®‘—%>+ —%> I —%>
11 1\ 1] 1 1
—‘5\‘5>®"5>‘5\‘5>®\‘5>

Thus we find the J:)ET) eigenvalues m = —1,0,0,+1. This doesn’t correspond to any
irreducible representation of su(2) but we can split it as 0 and (—1,0,1) which are the
eigenvalues of the [ = 0 and [ = 1 representations. Thus we expect to find

202=163

Indeed the correct basis is
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oti=|3)
n0 = el =)+l )
n=[y3)

I Note 3.43. Here we wrote |[,m) instead of ‘[, m, %, %>

3.6.1 Example
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1 Week Five: Addition of Angular Momentum

Consider the tensor product of two [ = 1/2 representations of su(2). We want to show
that the states

1
|0v0> - %7_%> - —2| - %a%>
|1a_1> = ‘ - %7_%>
1 1
’1a0> = —2|%7_%> + —2| - %7%>
1
|171> = _2|%7%>

form a basis for the [ = 0 and [ = 1 representations of su(2). Note that here we have

we have suppressed the [ = 1/2 eigenvalue labels as they are common to all states i.e.
53 =333 -3 =133 @3 —3) (1)

We can read off the Clebsch-Gordan coefficients:

61 l2

_ E E [1,l2,1 .
|[?m? [17 [2> — le,mg’m“l?mla [27 m2> (2)
mi=—I[ mo=—Io
So here we find:
11 11
022° _ _022° _ 1
T PV
272 22
331
22
11 11
c22t _ 220 _ 1
171, =%, = 75
272 22
331
C_l_l_l - 1
272
. . [0, (0,1 . .
It is generically true that C’lll’[;,m = Om, 41, and Cj[fﬁ[%m = Om,—1,—1, as there is a unique

way to construct the highest and lowest weight states

We saw in the lectures that

J3|070> =0 J3|1>m> :m|17m>



Let’s look at

1 1
70N0,0) ===V @ - ) + i e P - )
1 o 1 (2)
—EJ+| %>®|%>——2’—%>®J+ )
1 1
:0+ﬁ|é>®|é>—ﬁ\%>®|é>+0
=0
J(T)OO _ 1 J(l) 1 1 1 1 J(Q) 1
=10, >_ﬁ - |§>®|—§>+E|§>® ' =3)
1 o 1 @)
——2J_|—%>®|%)—ﬁ!—%>®J_ 3)
1 1
= &l=3@l-3)+0-0-—]-35)®|-3)
2 2
=0

So 10, 0) is indeed invariant under all the J’s.

Next consider the rest |1, m):
T 1 2
O -y = -Hel-H+-ne -}
=13®1-3+1-3®I3)
:\/§|170>
T 1 2
JON, -1 =Y -hHe|-H+|-bHe P -1

1
TI0) ===V @1 = )+ 515 © 21— 3)
1 1
+ - Del) + - e
1 1
=0+ 2@l + Sl @13 +0
:\/§|171>
1 1
JDI1,0) :—2j_1>|§> ®— 1)+ ﬁ@ ®JP| -1
1 1
+ = nel+ 5l-1e 0
1 1
=5l 2@l =) 00+ Fl -l
= \/§|17_1>
T
IO 1) = IV e 1)+ 1) @ JP)L)
=0
TP =000 e+ e Pl e+ e -1
:\/5‘17(»
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4 The Hydrogen atom
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Chapter

The Hydrogen atom

3.1 Motion in a spherically symmetric field

The problem of the motion of two interacting particles (like an electron and proton) can be
reduced in quantum mechanics, as is true also in classical mechanics, to that of one particle
in a potential. The Hamiltonian of the two particles (of masses mq, my) is of the form

H=——A —— N+ U(r) (3.1)

where r = |7, — 7| is the distance between the particles and U(r) is the interaction potential.
A; and A, are the Laplacians with respect to the coordinates 77 and 7. Exactly like in
classical mechanics, one can introduce the center of mass R and relative position 7 by

Lo = MyT] + Mars
r=mT9—7"T1, R:—

(3.2)

mi + mao
In these new coordinates the Hamiltonian is

h? A h?
— Ap, Ho=——A+U 3.3
2(m1 +m2) R 2'U/ (T) ( )

ﬁ:f[R—i—]f[T, where lf[R:—
where = mymy/(my + ms) is the reduced mass. Thus the Hamiltonian decouples into
two noninteracting parts and we can consider them separately. The first one is just the free
motion of the centre of mass and the second is effectively the particle in a central potential,
as presented before, see (2.2).

Having studied angular momentum, we notice that we can express all the angular deriva-
tives in terms of the square of the angular momentum L2, so we find the eigenvalue problem

L2 20
Wlﬁ—f—ﬁ(E—U(T))iﬂ:O (34)
Classically the angular momentum is conserved during motion in a centrally symmetric field.
The analogous statement in quantum mechanics is that the angular momentum observables

1
ﬁar(r2arw) -
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compute with the Hamiltonian. The reason is that the time dependence of a state is governed
by the Hamiltonian so then the expectation value of an operator A that commutes with H
e., (V(t)|A™|(t)) does not depend on time).!

As we showed, L; in spherical coordinates depend only on the angular directions ¢ and
0 and commute with 7 and p, (as well as L?). Therefore

L2, H]=0, [L,H]=0. (3.5)
This means that we can chose H, L2, L3 to be simultaneously diagonal.

From the previous lecture we know that the eigenfunctions of L? and Ly with the eigen-
values [(l + 1) and m correspondingly are

Yim (0, ¢) (3.6)
thus we seek solutions of (3.4) in the form
¥ = R(r)Yim(0,¢) (3.7)
it is convenient to redefine R(r) = x(r)/r, then the equation for x is
21 l(l+1
)+ | e - v - D = (39

Since R(r) should be regular at the origin, the function x(r) should vanish for » = 0. In all
other aspects, the problem is now reduced to a one dimensional Schédinger equation for the
motion in a potential

RIU+1)

2

U(r) =U(r) + (3.9)

2u 7

notice that the potential does not depend on m, the eigenvalue of Ls. So for any value of
[ we will have [ 4 1 states with m = —[, =l + 1,--- ,[ with the same [ and the same energy.
States with different [ will generically have different energies (since the equation is different).
However, in the case of the Hydrogen atom studied below, there is additional degeneracy
(due to some additional symmetries) as we will see below, and there will be states with
different [ and the same energy..

The spectrum (eigenstates of H ) contains in general a discrete part of negative energies,
which are bound states of the two particles and a continuum of solutions with positive energy,
corresponding to the particles being unbound and propagating to infinity. We shall study
only the bound states and arrange the eigenvalues of H in order of increasing magnitude,
and assign them number n (starting form 0),

Then n determines the number of nodes (zeros) of the radial part of the wave function
(with » > 0). The number n is called the radial quantum number. The number [ is called
azimuthal quantum number, and m is called the magnetic quantum number.?

IProve this using that 9|y (t)) = +%f[|z/)(t)> and 0y (1(t)| = — = (Y (¢ ) H.
2The states with { = 0,1,2,3,4,... are usually denoted by Latin letters: s,p,d, f,g,...
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3.2 Hydrogen atom in coordinate basis

In this section we specialize to the Coulomb potential U(r) = —% and solve for ., (7).
Small r limit. At small » we can neglect the potential as the l(lr%l) term dominates, and
solve D)
+
X' (r) — 3 x(r) =0 (3.11)

this equation can be explicitly solved by a power x(r) ~ r® with
ala—1)=1(1+1). (3.12)

This has the solutions
x(r) = O™ 4 Cyr ™t (3.13)

Note, however, that since x(0) = 0 we can only allow ourselves the first solution i.e., Co = 0.

Large r limit. In this limit the dominant term is the energy and we can ignore the potential

and angular momentum. Denoting € = —2§QE , the equation is

X' (r) —ex(r) ~0. (3.14)

The general solution to this equation is
X(r) = creVe 4 cpetTVE (3.15)

Again we need to set co = 0, or else the wave function will be non-normalizable (i.e., not in
the Hilbert space). The conclusion of this is that for small 7 we have y ~ r*! and for large
r we must have y ~ e "V,

Ansatz for the exact solution. Based on these facts we take the ansatz
x(r) = e_\ﬁrr““lv(r) (3.16)

where v(r) should go to a constant for small r and should not grow too fast at infinity. Using
that

X (r) = e Veryl ((—r\/E+ [+ 1)ov(r) + rv’(r)) ,

X' (r) = e Verpl-1 ((7'26 —2(l+ Drve+ 11+ 1))o(r) + 2r(—rve+ 1+ 1) (r) + 1”21/’(7“)) ,
(3.17)
we get the equation

V(7)) + 2 (”Tl - \/z) V(r) + (e;—f — 1+ 1)\/2) 2“7@ = 0. (3.18)
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Representing v(r) by its Taylor series

=> Cur* (3.19)
k=0

we get a simple recursion relation on Cj,

Velk+1+1) — <

Crer =26, (k+1)(k+20+2)°

(3.20)

There are two cases to consider: If v(r) is a polynomial of degree kg, then Cy, = 0 for k > k.
Otherwise all Cy, # 0 and we can look at the large k asymptotics, where we can approximate
the recursion as

Ck+1 2\/€
~—. 3.21
C. ? (3.21)
This can be solved explicitly
2k6k/2
~ -~ .22
Cr = (3.22)

which obviously gives v(r) ~ re?Ve. This grows exponentially and leads to a non-normalizable
solution. Thus we must assume Cj,41 = 0

Velko+1+1) — <&

0=C = 2C, . 3.23
BT TR (g + 1) (o + 20+ 2) (3.23)
which gives
e
=5 3.24
Ve R*(ko +1+1) (3:24)
or A
etp
E=-— ko=0,1,... [=0,1,... 2
2h2(k50+l+1)2’ 0 07 ) ) 07 ) (3 5)
We call n = kg + [+ 1 and the allowed values of E are therefore
B =P =1 1=0,..n—1, m=~—1,...1 (3.26)
YRR n=1..., 1=0,...n—1, m=—[,...1. )
The number of states of energy E, is
n—1 1 n—1
do1=) (@-1)=n’. (3.27)
1=0 m=—1 1=0

This is the famous spectrum of the Hydrogen atom found by Bohr. Plugging in the values
of h, and the masses and charges, one finds

1 1
E, ~ ——13.605E0 ~ ——2.1798 - 107" J . (3.28)
n n
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In fact equation (3.18) is closely related to the Laguerre differential equation® and its
polynomial solutions are known as Laguerre polynomials Lilfll_l(p), SO

e2ur 22
7vbn.l,m = exp <_W) rl Liljll—l ( h2n T) }/l,m(ea ¢) ) (329>
(the e in this equation is the charge of the electron, not exp(1)). As discussed in the previous
section, the spherical harmonics Y} ,,, are solutions of the Legendre differential equation times
exp(ime¢). So we have a fully explicit solution to the problem of the Hydrogen atom.

3.3 Hydrogen atom from algebra

Conservation of angular momentum, means that the classical motion lies in a plane, whose
normal is defined by L. (Classically a bound orbit is in general an ellipse, which has another
fixed direction, namely the major axis. So one might suspect that there was another con-
served vector which points in that direction. There is indeed such a vector, the Runge-Lenz
vector.

We will see that an analog of this invariant can be also defined in quantum mechanics.
We will show that very exceptionally for the case of the Coulomb potential U(r) = —e?/r
there is an additional commuting observable, i.e., an operator which computes with H which
is functionally independent from L? and L;. This is so-called Runge-Lenz vector.

Definition RUNGE-LENZ VECTOR

K = w — e2f (3.30)
" r

we should see that it commutes with the Hamiltonian (for simplicity we will assume i = 1,
also we omit hats over the operators)

H=+—-— (3.31)

Theorem 3.3.1 The commutator of L; with any vector operator A; is always the same
[Li, Aj] = ieijn Ay, (3.32)
where A; could be x;,p;, L; or K.

For each of these cases this is easy to check by explicit calculation, however, this is simply
a consequence of the transformation of any vector under rotation. See Problem Sheet 1 for
more details.

2
3To get it in the usual form, one should replace r with p = 2he2 L.
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Theorem 3.3.2 .
[K,H]=0 (3.33)

Proof The first term in K commutes with the first term in H , since p? is a scalar (i.e., com-
pute with the generator of rotations L).* The main strategy in computing the commutators
is to move all p; to the right. One of the two nontrivial commutators is

1 . . 2 1 2 . 1 . 2 - 2 . .
— ﬁxL—Lxﬁ,—e— =—— *,e— x L+ —L x *,6— — <L><9T;—:E><L)
241 r 241 r 241 r 213
2
T
= (iT + r*p— Z(Z - P))
(3.34)
where we use that® [L,r"] = 0 (again r is invariant under rotations). Another one is
o2 2 = 2
o7 P e’ [ et L o L
_e?l B = |C = - . 3.35
LTS RV

Combining them together we get zero. In general these calculations are quite straightforward
and boring. For this kind of calculations God gave us computers. We discuss a short
Mathematica program which helps a lot below. |

Two other important relations are

2H
W
K-K—="—(L-L+1)=¢ (3.37)

we can easily check this with Mathematica. Finally one can show that the Runge-Lenz vector
is “orthogonal” to the angular momentum as an operator:

K-L=L-K=0. (3.38)

Thus the six operators L and K close under commutation, forming a larger algebra than
SU(2). The structure of this algebra can be exposed after a couple of redefinitions. First let

us define
= = 2H
K,EK”—— (3.39)
i

(since the discreet spectrum is negative the square root is well defined). Equations (3.36)
and (3.37) look nicer with this redefinition
e (3.40)

K' K'+L L+1=-"—
+ + i

4y Check that [L, p?] = 0.
®v Check that [L,r?] = 0 and then conclude about [L,r"].
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A further redefinition,

I - 1 - -
(L+K'), J¥= 5L - K') (3.41)

JW =

N | —

leads to the decoupled commutation relations

( J
[Ji(2)> JJ(Q)] _ 'Giij(Q) (3.42)
[J(2) J(l)] -0

The operators JU and J® each separately satisfy an SU(2) algebra. The algebra can be
characterized as SU(2) x SU(2) or SO(4) — the group of rotations in 4D.

(3.38) in the new notations gives

—

(J)?2 — (JP)2 =0. (3.43)

So if the eigenvalue of (J1)? is denoted j (j, +1) and likewise j», then this equation implies
J1 = j2 = j. Then from (3.40)

where the integer 2j 4+ 1 we denoted by n.

It is also easy to see that the degeneracy is n?.
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Chapter 5

The Hydrogen Atom

Let us put what we learnt above to use in solving for an electron moving around a
positively charged nucleus. Here we can be a bit general and consider it as a two-
body problem where there is the position of the electron r, and nucleus r,. Thus our

wavefunction is

U(t,r,,r,) = e‘iEt/hw([e,ﬁn) (5.1)

) —e) —n

Furthermore the potential arising from the electrostatic force between them is

Z 2
(- (5.2)

|£n - fel

where Z is the nucleon number and e the charge of an electron in appropriate units.

Thus the time dependent Schrodinger equation is

h? vy h?

Z 2
V2 - 5

an |£n - Ee‘

By = - v (5.3)

2me,

where m, and m,, are the masses of the electron and nucleon respectively.

5.1 The Quantum 2-Body Problem

Thus we need to solve for a wavefunction of six coordinates. As in classical mechanics
we can exploit the fact that the potential only depends on r,, —r, to reduce the problem

to two one-body problems:

w(tw En) = Q/JCOM(E)%@Z (£12> (54)
for suitable choices of R and r;, namely:
Mely + My

— R=_—f=  mmn 5.
rp=re—r, R=—r——""r (5.5)

In particular it is a small exercise (see the problem set) to show that
- SRNLLEE 1 S o 5.6
2 VEe T 2yt 20 VR 24 Vi, (56)
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20 CHAPTER 5. THE HYDROGEN ATOM

where M = m, + m,, and pu = mem, /M.

Thus our time-independent Schrodinger equation is

h2 2
Eup — _ _ 5.7
¢ 2M Rw 7"12 |7,12| ( )
Now we can use seperation of variables and write
w(rw rn) ¢COM (E)wrel <Z12) (58)
and hence find two eigenvalue equations
h2
EC’oMlpC'oM = __VQE¢COM
h2
Erel¢rel - ruwrel wrel (59)
| 12|
with F = €com + €rel-
5.2 The Hydrogen Atom
The centre of mass part is trivial to solve:
Veonr = eEEY (k) (5.10)

with econr = h?|k|?/2M. These just describe a free particle, the atom, in a basis where

the linear momentum is fixed. We can then construct wave packets through

3

et~ [ £

which will not be energy eigenstates but can be localized in position to an arbitrary

NG (5.11)

accuracy.
The more interesting part is to solve for 1, (r5). Here we can switch from ry, to

spherical coordinates and use separation of variables yet again:

77Z)7“el - U[(T‘)YLm(e, ¢) (512)

where r = |r,| etc.. We already know what the Y| ,,’s are and we know that u; satisfies:
1 d [ ,duy 2u [ Ze*  RA(I+1)

T2 L F9 | — Cre =0 5.13

r2dr (T dr) * h?2 < r + 2412 Cret | W ( )

So solving the Hydrogen atom (which corresponds to Z = 1 but we can be more general

without causing any more pain) comes down to solving this equation and finding w;, F

and ’I,Drel and @D( Tes n)

To continue we write

w(r) = 7' fi(r) (5.14)
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to find
df; 2(0+1) dfi 2uze?  2p6re

Cdr? r dr n2r ! h?

fi=0 (5.15)

This substitution is relatively standard in spherically symmetric examples as it removes
the [(I+ 1) term from the equation.
To continue we look at the large r limit where only the first and last terms are

important. If €,,; > 0 then we find oscillating solutions:

f ~ Cycos(—/2uerr/h) + Cosin(+/2p€ 1/ h) (5.16)

which will not be normalisable. Solutions with €,,;, = 0 will also not be normaliable.
Thus we conclude that €, < 0. In this case we expect solutions, at large r, to be of the

form

F o Cye=VTerar/h | ooV Tierar/h (5.17)

where now we must set C'y, = 0 to find a normalizable solution.
Thus our last step is to write f; = P(r)e™V=2#ea"/" which leads to

&P 20+ 1)dP, 2uZe* 2 AP, 21+ 1)/ —Zier
_atr il e iy 5 PPl P = 1
dr2 r dr h2r [+ A H€rel dr + hir [ 0 (5 8)

This probably doesn’t look much better but it is! Indeed it has polynomial solutions.
To see this let us assume we have a polynomial solution and look at the highest order

term P, ~ r"+. ... The differential equation has a leading order "' term with coefficient

2uZe
- “he 2/ —2ueran + 2(0+ 1)/~ 216,00 = 0 (5.19)

which must vanish. We can rearrange this to give

uZz?et 1 2
rel = 5.20
rel 212 <n+l+1 (5:20)

Let us return to the differential equation which we now write as

Ze?/h? 1
2(1 + 1)%{11;3 —0 (5.21)

2 2 /32 2 /32
dP[+2(l+1)@+2uZe /h P[_Q'MZG /h @_
dr? r dr r n+l+1dr

next introduce p = 2uZe?r /B to find

dp p

2
2P, 2(+1)dP, 1) b _(+hp (5.22)

[+1 — + =P
(n++)(dp2+ ; dp+p[

This is more amenable to solving through an expansion

Pu=> Cpp* (5.23)
k=0
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Substituting back in simply leads to a recursion relation obtained from setting the

coefficient of p*~2 to zero:

m+I+D)(k(k—1)+2k(l+1))Cr+ (n+14+1)—(k—=1) = ([+1))Cr_1 =0
m+1+1)(k(k—1)+2k(I+1))
n—k+1

= Cj-1=— Ck

(5.24)

We see that taking k = 0 leads to C_; = 0 and hence the series indeed terminates giving
a polynomial. These polynomials are known as Laguerre Polynomials. We haven’t
shown here that these are the only normalizable solutions but this does turn out to be
the case.

In summary our solutions are of the form

Q»Z}(Ze? En) = wCOM (E)wmil (Ee - zn)

[,LZ62’V‘

Uret(ry — 1,,) = rle” aterniz P, 1(r)O(cos 0)6’“@ (5.25)

and Yc.ns is a generic free wave packet. It’s fun to plot |,¢|? for various choices of n, [
and m. For example look here https://en.wikipedia.org/wiki/Atomic_orbital#
/media/File:Hydrogen_Density_Plots.png On the other hand there are actual pic-
tures of atoms such as here: https://www.nature.com/articles/498009d

We can also reproduce the famous formula postulated by Bohr in the earliest days of

Quantum Mechanics (before all this formalism that we have discussed was formulated):

uz?et 1
Egopr = ————— 5.26
Boh 2R2 N? (5.26)
for some integer N =n+ [+ 1=1,2,3,...,. In particular since a proton is 2000 times

more massive than an electron we have m,, >> m, and so u = m,, to very high accuracy.
Thus one finds (for Hydrogen where Z = 1)

13.6eV 218 x 10718J
Nz TN

Eponr ~ — (5.27)

This in turn also leads to the Rydberg formula for the energy spectrum of light coming
from excited atoms - known as spectral lines. In particular the energy of a photon (a
single particle of light) corresponds to the energy lost when an electron drops from a
higher orbital to a lower one (N > N):

E o ompZiet 1 myZ2et 1
photon = "o N2 T T opz N2

1 1
_p( Lt 1 2
R(N& N%) (5.28)

where we have computed the Rydberg constant R = m,, Z%e?/2h*

We can also ask how many states there are at each energy level:

e N=1:. n=1[=01 state
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e N=2:n=11=0o0orn=0,[=1 14+3=4 states
e N=3n=2l=0orn=1LIl=1orn=0,l=2 14345 = 9 states

In fact we find N? states for each energy level (the sum of the first N odd numbers is
N?).

However what are the lowest energy states with multiple electrons. In fact there
are twice as many as these as each electron can be spin up or spin down (more on this
later). This is just an additional quantum number (which only takes two values: up or
down) and corresponds to the fact that the correct rotation group of Nature isn’t SO(3)
but SU(2) = Spin(3). Note also that the terminology of spin up and spin down has
no physical interpretation in terms of up and down: if you take an electron of spin up
to Australia it does not become spin down. It has more to do with the fact that we
write vectors as column matrices and the up state are on top and then down state on
the bottom. We must know another fact: no two electrons can be in the same state
(the multi-electron wavefunction must be anti-symmetric - odd - under interchange of
any two electrons). Thus the degeneracies of low energy multi-electron states are (this

ignores inter electron interactions which become increasingly important)
e 2:n=[=0
e 8 2stateswithn=1,[=0and 6 fromn=0,[=1
e 18: 2fromn=26fromn=1,I=1and 10 fromn=0,[= 2,

This pattern is evident in the periodic table whose rows have 2,8 and 18 elements.
Which we have now predicted based on some crazy idea that states are vectors in a

Hilbert space and observables are self-adjoint linear maps.
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5 Perturbation theory

Few problems in quantum mechanics — with either time-independent or time-dependent
Hamiltonians — can be solved exactly. Inevitably we are forced to resort to some form
of approximation method.

We are going to consider systems that have a Hamiltonian:

H:H0+V

where H, is the Hamiltonian of the unperturbed and V' = f(¢) is the potential describing
the perturbation. We will assume V' is independent of time. Furthermore, let us assume
that we can solve the time-independent Schrodinger equation for H i.e. that we know its
eigenvalues and eigenfunctions:

Ho|E\Y) = EY |EY)
Since ¢ is a small parameter we expain in terms of e:

H=HO .g® 2@ 4 ..
E,=FEY9 +cEV 4+ 2E® 1 ...
|E,) = |[EQ) +e|ED) + [ED) + -+

We want to solve the equation:
H\|E,) = Ey|Ey)
by substituting the expansions we have from above and obtain
(H(O) +eHD 4 2@ +) - (E7(10) +5E7(11) +52ET(L?) +) (‘Ey(lo)> +5|E7(L1)> 42 ‘E£2)> _|_> .

There are many cases to analyse, we begin with non-degenerate cases (i.e. all the
eigenvalues are distinct).

5.1 Non-degenerate: first order

We consider the expansion:
(H(O)+5H(1)+---) = (E£0)+5E7(11)+---) (‘E£0)>+5|E7(11)>+---).

The zeroth order € terms cancel as we have already solved the unperturbed system.
Thus, ignoring all € terms higher than the linear one we have

HW|EDY + HO|EDY = EW |ED)Y + EY |ED)

Now we know H©), EY and ESY so we need to solve for ES”.
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Proposition 5.1
We have that the first order energy correction is given by

ES) — <E7(10)| )25, |ET(L0)>

and that
|ED) = > (EQIED) |ED)

(EQ|HO |EQ)
— (0)
o Z E7(10) _ E,(,g) ‘Em >

m#£n

Remark 5.2. We can rewrite this in a more concise manner by setting H") = V and use

the notation
Vi, = <E}§3>’ 1% ‘E,QO>> .

With this, we have that

EM =v,,
and v
B = g Eok=0 [ED.

Proof. We begin from
g |EOY + HO|EDY = BV |[ED) + EO |ED).

We use the fact that {‘E£0)>} are an orthonormal basis. So
(EQ|HV|ED) + (EQ|HO|ED)Y = EW (EW|EY)Y + E® (EQ|EM)

T T
However we also know that <E,(72)‘ HO = (H(O) ‘Eﬁg)>> = (Eﬁg) ‘ET(,?)>) = <E7(,9)‘ B
and hence
(BQ| HO |ED) = BV, + (B~ ED) (BO[ED).
We can now take n = m to find
EY = (EQ|HW|ED.)
So we know the first order correction to the energies.
We can now write, for m # n,
1
0| 1)\ _ 0 0
(ED|ED) = 20 _ 50 (B H|EY)

Here is where the non-degeneracy is important. On the other hand we want orthonormal
states |E,):

5mn = <En|Em>
= ((BO]+e(ED|+...) (|EDY +e|EV) +...)
0= = (BB + (O]
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Thus we learn that
(BPED) = - (ED|ED)) = - (B0 | )

In particular we can take

B = (B

BV =0

(&P

This tells us that the first order correction is orthogonal to the unperturbed eignevalue. In

E£1)> in a basis of E,gg)> ie.

E7(11)> — Z Com |E7(7?)>

particular we can write

We recall that we can write

1= Y[ (£

so multiplying both sides by ’ET(LI)> we have

BY) =D 1B (BED|ED)
m S———

Cmn

=2 (BB B

_Z< ‘H )()> ‘E(0)>

m#n m

5.2 Non-degenerate: second order

We can assume that the zeroth and first order equations have been solved so we find, at
second order,

AP |EQY = HO|EDY + HO|E2) = EQO|EP)) + EV |[ED) + EX |[ED).

Proposition 5.3

The second order energy correction to FE,, is given by

(220 |2) e
E® = (EQ|H®|E®)y + Y

m#n

H® |ED)

E — By

44
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Remark 5.4. In the nice notation we can write if we set H?) = 0 then:

Vi Vi
(2) _ mnVnm
By g 2O _ o)
Proof. Remember that the unknowns are E® and <E1(10)

So we take matrix elements again:

E,(f)>, everything else is known.

n

= EQ(EW|ED) + EV (EDV|ED) + EP (EQ|ED).
N————’

(B9 HO [B) + (EQ| O |5) + (B9 HO|2)

5mn

Again we first look at m = n and find

<E7(~LO)‘ H® |E£L0)> + <E7(10)| )25, }ET(L1)> + ESJ) <E(0) ‘E(2)> — Er(LO) <Er(LO) ‘E7(12)> + E7(12)

n n

where we have used <ET(ZO)

Ef,,l)> — 0. The <E§P>

second order correction to E,,:

B = (BO| HO |ED) + (B0 5O |ED)

E£L2)> terms cancel so this tells us the

(| |E)
=0 B) (B0 S

(1| o [ (50| o )

EY - ER

B9)

m

— (EO|H® |EO) + 3
m#n

Note 5.5. We multplied the <E7(10)

H® with ’E,(S)> inside the bracket.

Proposition 5.6
We have that for H® = 0:

D) =D eom |BL)

where for m # n
c — Vm” + Z ‘/pm Vmp . Vnn an

TED - S\ (Y -ED) (8O -E) ) (8O - EY) (BY - BY)
and
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Proof. We recall
(B ) + (B0 O[5 + (0] 1))
=(EQHO |[EDY + (EW| HO |ED) + (EP| HO |ED) 6,

To determine

E,(7,2)> we need to know the coefficients ¢,,,, where
=2 cum [EL)

and we know that ¢, = <Er(r?) ‘Eﬁ2)>. Thus since we have a non-degenerate spectrum we

so, by rearranging the first equaion, we have that for n # m,
1
=~ (B HO|EO) + (B 1O |EY) - B (EY|EY)).

However we know that

|EY) = Z E(O) (EPHVED) |EP)
p#n
SO 1
(EQIHV|EY) = Zw<5(o)|ff B (B HY |ED)

p#n

We also know
B = (B0| HO |E)

SO

B (EE0) = (B9 O 1B0) S~ (50| O D)
B EP
—ﬁww 59 (59| 10 59

Thus substituting each term we have worked out, (for m # n)

<E7(72) H? E7(10)> <E]g0) HO E$)> <Er(r?)‘ HD E(0)>
ST g0 g0 . B9 — EOYED _ 5O
n m pEn n n m
(s 52 s o )

(B = En0)(Bx = En)

Cnm

HD

However we still need to know ¢,,,. We fix this by asking that
1= (En|Ey)
= (B0 + € (B + & (B ED) + e[ B0) + 2
which at order € gives
0= (EOVIED) +(EQ|ED) + (EV|EM)
= Cpn + ¢, + (EV|ED)
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Thus we take
(810 ||

(B - )2

1 1
p#EN

5.3 Degenerate perturbation theory

Proposition 5.7

In degenerate perturbation theory we have that for m =n
EL = (EQ|HW |ED).

(0)

Suppose we have some subset {n’,m’} of degenerate energy states E,(Z(,)) = E ) we

m
have that

E b = { EQ)| HO |EDY.
Furthermore,
B = B +e (EQ| HO|EQ) + .
= E,(f) + 5Er(3) T
where H®) Eé(/))> = ES) Efl,)>. Then the eigenvectors are

E(O) H(l) E(0)>

(1) . < m// n/
‘E”' > B Z B9 _ gO

where n” label non-degenerate eigenstates.

‘E(O,),>.

5.4 Time dependent perturbation theory

In this section we assume that the Hamiltonian is mostly time-independent adn the time
dependence enters through a small perturbation:

H:HQ+€H1(t)+
We recall that the time-independent Schrédinger equation is given by
0
h— |U) = H |V
i |U) = H|D)

and is solved by
{qj(o) (t)> _ Z ¢, e~ Bt/ |¢7(10)> '

n

To solve the peturbed Schrodinger equation:
0
iho [ U) = HO\W) + cHW (1) | W)

we allow ¢,, to be a function of time.
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Proposition 5.8

We can expand ¢, (t) as
em(t) = cm(0) + ecV(t) + 2P (¢),. -

with the boundary condition that cs,f)(O) =0 for all £ € N and ¢,, = 9,,5. We have
that

- t
& — = [ BB (40| O (1) |40 ar.
0

Note 5.9. We can set the lower bound to be anything other than 0 like —oco and have
) (—00) = 0 for all k.

Proof. We substitute the solution of the Schrodinger equation to
zh—]\If) O1w) + e HD (1) | W)

and obtain

o d —tEnt/h —iEnt/h
; (lhgcn(t) + Encn(t)> e~ Ent/h ‘¢£0)> = ;cn(t)e Ent/h p(0) ‘¢£0)>
= ep()e B [0

We can cancel out the second term on the LHS and the first term on the RHS since we
know that H© ‘¢(0)> =F, ’1/1(0)>. Therefore, we have

th _Cn —zEnt/h ’¢£0)> _ 5zcn(t zEnt/hH ‘w(o >

Since ¢£LO)> are an orthonormal basis of the Hilber space we can take teh inner product

with <1/1,(73)’ and obtain

d

: —iEmt/h —iEmt/h /(0 0
ih—cm(t)e t/ g§ e O HO (2) |0
A i BBt/ () FO (1) [0
Cm(t) = cn(t)e ([ HOD (@) [”) -
dt h ~
Thus we obtain a first order differential equation for each ¢, (). O

Proposition 5.10
We have that |cm(15)|2 gives the probability that after the perturbation the system

will lie in the m-th energy state (m # k) at tiem ¢t. We call cq(yll)(t) the first order
transition amplitude.
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Remark 5.11. We do not expect ) len(t)]? = 1 since the perturbation has introduced
(or taken away) energy from the system which then gets redistributed.

5.5 Degenerate perturbation theory

In the previous sections we discussed the approach to perturbation theory for distinct
eigenvalues. In this section, we discuss when some (or all) are not distinct. We only
consider in first-order:

Hop) () + Vol (z) = BP0 (@) + BN ()

and, we take the inner product with (0 |:

(W By [6) + (9| 7 o) = BO (6060) + B (5@
Proposition 5.12. If m = n we have (the same as before):
EW = (EV|V|ED).
(0)

Let us assume that we have that we 2 degenerates states labelled by a and bie. E;’ =
E. We need
b .

(0|7 1) = BV,

where we need to choose ((10)> to be an eigenstate of V with eigenvalue EYY. We then

find that the degeneracy is lifted by the eigenvalues of V in the degenerate subspace

E,=E% 4 <E<9)

V‘E}f)>+...
—EW 4B 4+ .

where V ES)> = ES) Er(f,))>. Whereas for non-degenerate eigenvalues we find

E,=E9 4. <E(9)

V‘Eﬁf)>+...

where n' labels the non-degenerate eigenstates. We then solve for the eigenvectors
by

Proposition 5.13

<E° 1% E()>
@\ _ o ! (0)
2) = Z EY - 59 207)
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6 Semi-classical quantisation

Definition 6.1. The WKB (Wentzel, Kramers, Brillouin) method is a technique for
obtaining approximate solutions to the time-independent Schrodinger equation in one
dimension.

We will consider wave-functions of the form
V() = et®),

where o(z) has units in A. Using

h
g o _ (0(@)? i
V(@) = o (@)eto) — LD ot
We can rewrite the Schrodinger equation: —%w” + (U(x) — E)Y =0 as

% ((0")? —iho") = E — U(x).
The equation above can be solved by a formal power series in A:
o =0y + hoy + Blog + -
Plugging the expansion into the Schrédinger equations, and we have

(o + ho' + RPoh + -+ )? — ik (of + hoy + BPoh + -+ ) = 2m(E — U(z)).

6.1 Zeroth order
Omitting all terms containing h gives
(00)” = 2m(E — U()).

Hence, we find

op ==+ /xp(y) dy, where p(y) =+/2m(E —U(y)).

o

Note that p(x) is nothing but the momentum of the classical particle of energy E moving
in the external potential U(z):

2
Pelassical (l‘ )
bF=—==""" 1 U(x).
o T U@)

Thus, we found the solution

i
¢(x)semiclassical =€ ha(m)
— oth [ pW)dy

The fact that there are two solutions is expected as the starting point is the second order
differential equation. The general solution is a linear combination of these two

W(z) = Aetn P 4 Be=i [p)dy,

The coefficients A and B should be selected to satisfy the boundary conditions. We will
discuss some particular examples below.

20
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6.2 Validity of the approximation
We should have that

hO‘” < (g/)Q'
We see that
d? 1 [ 2m dv d \?
—0p == — d — =2m(E —-V).
a2 NE-Vda ™ (dxa) m V)
Assuming V' iw well behaved i.e. — is bounded, then we find the semi-classical approximation

x
break down at the ‘turning points’ where V' = E. Here the momentum p vanishes so
nothing can be smaller than it.

6.3 First order

Recalling the Schrodinger equation:

(0f + hoy + WPoy + -+ )? — ik (of + hot + Koh+ -+ ) — 2m(E — U(x)) =0
(00)* = 2m(E — U(z)) + h(2050, —iog) + O(h*) =0

Now we keep all the terms up to h:
20007 —ioy =0

equivalently

So that

1
constant 4 o = 5 Inp(x)

We can absorb the constant in the normalisation coefficients A, B and hence, to first order

eti[p@)dy y B o~ [p(y)dy

YwkB = A
\/p(x) p(z)

6.4 Quantisation I: Particle in a box

We investigate the WKB approximation for a particle in a box, i.e.

i <<
U(x):{o fo<z<lL

oo otherwise
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I Note 6.2. The wave function vanishes for x < 0 and z > L.

From the previous section we know the form of the wave function:

77/}(.17) _ ie-&-%fpdy + Ee—%fpdy

VP VP

= AleP® 4 BleT P

where p = v2m£E. To find the coefficients we need to impose the boundary condition
¥(0) = ¥ (L) = 0 which leads to

A+ B =0
ip ip. L
A 4 Blem W =24 sin (%) = 0.
We find that p = 2% for n € N\ {0}. Therefore,
_ nPrth?
2mL>?
which agrees with the exact answer.
d? dp

Remark 6.3. This agrees with teh answer because

4?77 dw

6.5 Quantisation II: Smooth potentials

In this situation we have a continuous potential where we could encounter p(x) = 0. Near
a turning point we can assume that the potential is roughly linear. Before, starting we
must discuss the following.

6.5.1 Airy’s function

Consider a particle experiencing a constant force F' then, the potential is
U(x) = —Fu.
The corresponding Schrodinger equation is

R d20
_— E 4+ Fx)U = 0.
o 7 + (F + Fx) 0

Making the change of variables

E h? d?w
= — = ———+yFU =0
TEYT F 2m dx? Ty
. h2 1/3 .
and next we rescale with y = z (W) to obtain
d2w
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The solution to his equation which decays at large z is

U = cAi(z)

for some constant c.

Definition 6.4. Airy’s function is defined as

1 [ 1
Ai(z) = ﬁ/o cos (gu?’ + zu) du

Proposition 6.5

Some results regarding Airy’s function.

o Ai'(z) = —\/%7 Jo7 usin (3u® + zu) du;
e Ai"(z) =

o0
—\/iE o u? cos (3ud + zu) du;

o Ai"(2) — 2Ai(z) = 0.

Below is a plot of Airy’s function.

X
< — Ai(x)
0.4\t
0.2+t
—-70 1 —fLo -5 i 5 10
X
_02 L
_04 L

It oscillates to the left of the turning point (where £ > F'z) and then decays exponentially
to the right (where £ < Fz). This is what we expect near a turning point.

Remark 6.6. To the right of the turning point (i.e. when U = Fz and U > Ejota)) Airy’s
function and in turn the wave function are not zero. Thus, there is a non-zero probability

23
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I to find the particle in a region which is strictly forbidden in the classical world.

6.5.2 Bohr-Sommerfeld quantisation

Let us do the WKB procedure for a potential of the form
U=F+ F(z—b).
This is a potential that arises to the right (F' > 0) with the turning point at z = b. We

have that
p(x) = v/2m(Fb— Fx)

and hence (we pick the lower bound of integration constant to make things simple as the
effect is just a constant that can be absorbed elsewhere)

[ pwdy =0 = [ amiED = Fy)dy

2
= —3V2mF(b - )3/

and we can have that the WKB wave function is
A 12\/amF(b—x)3/? + B o~ 3V2mE(b—2)%/?
p(x) p(z)

However, we do not trust this approximation near z = b and in particular when p = 0.
Rather we choose the following:

™

77Z}WKB =

OWKB ifx>0b
Y= Al ()P (@ —b) ifa~b
XWKB ifx<b

Where ¢owkp and ywkg are the same as ¢wkp but with different normalisation constants.

Let us consider a more general situation with a potential with turning points on the
left and right. In the middle region a < = < b we need to match the two solution we find
(assuming a general potential):

Uy = ‘ Sin(—%/b p(y)dy—i—%) ifx<b
c 1 [ T

o = sin [ —— dy — — ifx>a

Y ) ( h/ p(y)dy 4)

which are equal when
1 [* s 1 [* T
_- dy 4+ = — — = dy — =

h/bp(y vt h/ap(y)y T

for some n € Z. Rearranging this gives the

~—

Proposition 6.7

Bohr-Sommerfeld quantisation rule:

b 1
/p(y)dy:ﬂh(n—ﬁ) forn € Z

where a and b are two turning points.

o4
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6.6 Quantisation III: Harmonic oscillator

In this example the potential is U(z) = 427 so that

o = fom (- 527

we have to find the turning points a and b thus, we need to find when £ = V. We have

k 12F
E:§I2 <:>Cl,b::l: ?

Using the Bohr-Sommerfeld quantisation rule we have

[ fon (=Yoo (u-1)

which gives

equivalently

which in fact gives the exact spectrum in this case! (In general it will be only valid for
large n’s).

7 Density matrices, thermal states and entanglement

Proposition 7.1

The trace of a matrix A in bra-ket notation is expressed as:

n

Tr(4) = 3 (il Al)

=1

Here, |i) represents the basis vectors, and (i|A|i) denotes the diagonal elements of
the matrix.

Proposition 7.2
Tr(le) (¥]) = dim(H) x (¢[¢)).

7.1 Density matrices

Definition 7.3. Define the operator p = |¢) (10|. This operator is a matrix which we call
the density matrix.
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Remark 7.4. This is indeed a matrix (considering a 3-dimensional Hilbert space) we have:

e (8) 5 5
(@1\111 O, 03 <1>111/§>

oWt Byls Dy
D3t Byls Dyl

Proposition 7.5. We have that tr(p) = 1.

Proof. The simplest way to see that is to assume that [¢)) is an element of some basis
{|1:) }, and calculate the trace as

tr(p) = 3 (iled) (whtn)

%

This sum gets a contribution only from the i for which [¢)) = |1);), and gives indeed 1. [

Proposition 7.6

Given any observable O we have that the expectation value of O is

(O) =tr(Op).

Proof. Assume that we have an orthonormal basis which is given by {|e;) };, the trace is
given by

tr(Op) =Y (ea| Opllen)
= (e O0) (Ylen)
= (Wlen) (en] O[1)

= ¥Oy).
This is because the ) |e,) (e,| =1 as discussed above. O

7.1.1 Pure and mixed states

Definition 7.7. A pure state of a quantum system is denoted by a vector (ket) with
unit length, so the density matrix of a pure state |¢) is given by p = [¢) (¢].

Definition 7.8. A state where the density matrix is given by p = > py, [t) (¢¥n] is
called a mixed state where 0 < p,, < 1.

Note 7.9. A few things.
o We need > p; = 1.

e This is a sum of matrices.
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I o If given a basis of eigenvectors then p; are the eigenvalues of each state.

Theorem 7.10. A pure state, [¢), has density matrix [¢) (1| hence,

tr(p®) = tr(p) = 1.

Proof. For a pure state [¢)) we have that p = |¢) (¢| thus,

p* = ([v) (@) (|¢) (&)
= [¢) (¥[) (]
= ) (Y| = p.

Proposition 7.11

For a mixed state |¢), with orthonormal basis {|¢;)}; the density matrix is given by

p= an |¢n> <¢n|

Theorem 7.12. For a mixed stated we have that tr(p?) < 1.

I Note 7.13. The above is a methodology to distinguish between pure and mixed states.

Proof. The density matrix of a mixed state is give by p = > py, |¢n) (¢n|. Therefore,

P2 = ZZ (pn ‘¢n> <¢n|) (pm |¢m> <¢m|)
= Zpi ‘¢n> <¢n’ .

We have that 0 < p,, < 1 and so, p? < p, for each p,. Hence,

() =D ;<> pu=1

7.2 Thermal states
The following is the most classic example of a mixed state.

Definition 7.14. The Boltzmann distribution is a mixed state described by density

matrix:
1

En _ _En_
Pthermal = E ZeikBiT |En> <En’ and Z = ;6 kpT

n

where kp is the Boltzmann constant (converts temperature into energy), 7" is temperature
and |E,) are the energy eigenstates.
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Note 7.15. To find the normalisation Z we need to impose that tr(p) = 1.

Proof. We use the basis for the density matrix given by the eigenstates |E,,). We compute

the trace: ]

__En_
1=tr(p) = D> e "8 (Bl p|Em)

m,n
1 _ _En_
=7 Ze 8T (Ep|En) (En|Em)
m,n
1 _ En_
= Eze kBT&mndnm
m,n

I e
Zzn:e

Rearranging, gives us the required Z. O

Definition 7.16. The partition function counts the number of states available at each
energy F,:

En
7 = Z d(n)e *sT,
En
where d(n) counts the degeneracy of states at energy level E,,.

I Note 7.17. By degeneracy we mean the mutliplicity of the eigenvalue F,,.

Proposition 7.18. At low temperatures, 7' — 0, the density matrix will peak around
the lowest energy state:

lim pinermal | £o) (Eol

T—0

hence, becomes a pure state.

Proposition 7.19. At high temperatures, " — 0o, all the energy states contribute (more
or less) equally and so

) 1
Tlgrolo Pthermal = m zn: |En) (Enl -

Theorem 7.20
The expected energy of a thermal state is

(H) = tr(Hp) = =57 In(2),

. _ 1
where P = Pthermal and 5 kT’
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Proof. We compute the trace

tr(Hp) = Y (En| Hp|Ey)
= S e (B H|E) (B )
= S I (Bl B Eal B
_ % Zm: Zn: € P B O
LT

Where we have applied the fact that H |E,) = E,, |E,). O

7.3 (Von Neumann) Entropy

We found a way to characterize the non-purity of a state in terms of the trace of the
square of the matrix. In this section we define a new way to do so.

Definition 7.21. Entropy is a measure of disorder/chaos.

Definition 7.22. The most basic definition of entropy is
S(En) = In(d(n))
i.e. the log of the number of states with the same energy.

Definition 7.23. The Von Neumann entropy is defined as

S = —tr(plnp) = an Inp,,
where p, are the eigenvalues of the the density matrix p.

I Remark 7.24. We also call it S, for Von Neumann entropy.

Note 7.25. To compute the log of a matrix we diagonalise it then, take the log of each
diagonal entry.

Proposition 7.26
We have that

o for a pure state S = 0;

o for mixed states S > 0.
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Proof. For a pure state S = 0, since either p; = 1, with vanishing In or p, = 0 (notice
that we use lim,_,ozInxz = 0). Since 0 < p,, < 1, the entropy is always positive. O

Theorem 7.27. We have that S < In(dim(H)).

Definition 7.28. A mixed state with S = In(dim(#)) is said to be maximally mixed.

1

m for all n.

Example 7.29. This happens when p, =

7.4 Entanglement

Consider a system comprised of two non-interacting particles, or more generally a tensor
product Hilbert space H = H; ® Ha, as discussed in the context of products of su(2)
representations.

The most general state in our tensor Hilbert space can be written as (in the standard
basis)

) = Z Crins |€n1) @ |€ny)

ni,n2
with |e,,) and |e,,) are the standard basis vectors of H; and Hs respectively. Note that
the pure state over H takes the form

p=|¥) (V|
= Z Cmnchnlm |€n1> ® |6n2> <€m1| ® <6m2|

ni,n2,mi,ma

= Z Cmnzcjnlmz |€n1) (my | @ [€ny) (s -

ni,n2,mi,ma

Let us assume that we are asking questions only about the first particle and have no
knowledge of the second particle. We should then average over H,. Doing so amounts to
taking the trace

Preduced = tr'HQ (p)

- Z <ep| ( Z CN1n20*m1m2 eny) (€mi| @ |eny) <6m2|> |€p>

p ni,n2,mi,ma

- Z (Z Cn1”26in1m2> ’6n1> <€m1‘

ni,mi n2,ma

= Z Anymy [€ny) (€my ] -

ni,mi

I Note 7.30. Averaging over Hso sets the trace of |e,,) (em,]| to 1.

This is a mixed state for the first Hilbert space known as reduced density matrix.
Note that ay,.,, defines a self-adjoint operator on H;. Thus, we can find a new basis of
‘H, given by |e;“> such that

/ /
Preduced = § Pny ‘€n1> <€n1| :
ni

Furthermore, the p,, which are the eigenvalue of a,,,,, are real and in fact positive and
less than one.
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Theorem 7.31

The entanglement entropy given by

S = —terl (Preduced hl(preduced))

is the same in both H; and H,.

8 Relativistic QM

Definition 8.1. The following transformation is called a Galilean boost:

T, = x; + vt

Note 8.2. In Galilean relativity the speed of light is not constant under a boost since
velocities are shifted i.e. £ =& + v.

Definition 8.3. A Lorentz boost are transformation of the form

ct' =yt +908 - x
*' = yx + yPct
c-dt' = ydct + 0 - dx
da’ = ydx + vBc - dt

where c is the speed of light.

Note 8.4. In special relativity we have that the invariant notion of length is, for infinitesimal

displacement
ds? = A2dt? — da? = dy? — d22.

8.1 Relativistic wave equation

In special relativity time and space are interchangeable. The first attempt to find a
relativistic wave equations is to simply make time second order and consider

h? 0*W
gﬁ — h2V2\If + mQCQ\I’ =0

This is invariant under Special relativity if ¥(z) — V'(z) = ¥(2’). It is known as the
Klein-Gordon equation. But there are big problems:

1. If we look at energy and momentum eigenstates ¥ = e~ *Ft/m+P@/h we find
4

E? = |p|*c® + m?c

This allows for both positive and negative energy.
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2. We would like to interpret W*W as a probability density but it is not conserved:

d
— [ U UdPx #£0

dt i

One can find a conserved density: p = iA(¥*SL — UEL) but this is not positive
definite.

3. Knowing the state at time ¢ = 0 is not enough information to determine it at later
times, one also needs %—‘f at t = 0.

An alternative approach is by Dirac. He proposed an equation that was first order in
both time and space. First we define

Definition 8.5. The anti-commutator {7, 77} = v'y7 + 494"
Definition 8.6. The Dirac equation is given by:

(ihvoi —thy -V + mc) U = 0.
cot

0_0]1 i OO'i
T=\r o) T\ 0

where I is the 2 x 2 unit matrix and ¢¢, the Pauli matrices.

Where

Proposition 8.7

We recover the Klein-Gordon equation if we square the Dirac equation and set

=1 {°7}=0, {+,¥}=-267

Corollary 8.8. The wave function V¥ is a complex vector of the form

"
e
V= v
s

8.2 Relativistic notation

Definition 8.9. We will use the following notation, z* with u € {0, 1,2, 3} where
$0:ct, xlzx, :):2:y, =2z

and c is the speed of light.

Theorem 8.10. With the notation above the invariant length is written as

ds® =y, dzdz”

where
1 0 0 0
o =1 0 o0
=10 0 -1 0
0 0 0 -1

and repeated indices are summed over.
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Corollary 8.11. The inverse to 7, is given by

10 0 O

0 -1 0 O
HY -1 _

0O 0 0 -1

I Note 8.12. Numerically, they are the same but this is a coincidence.

Corollary 8.13

We can use 7 to raise and lower indices i.e.

v
Nws" =s, and n's, = st

Proposition 8.14
Using this notation the Dirac equation is written as

0
—ihy“—a p U+ mec¥ = 0.
5

Note 8.15. Later on we define the conjugate, we the dirac equation is the is

0 — =
. " _
zh—axu U + mel = 0.

8.3 Spinors

In this section we will talk about the notation we will use for .
Definition 8.16. We call ¥ a spinor, and we denote its entries by ¥, for a € {1,2,3,4}.

Definition 8.17. The y-matrices are now denoted by

=0"),"

where o and [ are called the spinor indices.

Theorem 8.18. The condition on the anti-commutator of the v matrices is now written

as
(7,77} =201 = {3" 7"}, = 28"

Theorem 8.19. We have that (y#)7 = 70140
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Theorem 8.20

We can write a Lorentz transformation as
z'# = A¥ z¥
which implies that ds”? = ds? can be written as
AupAVanll«V = Tpo

i.e. a Lorentz transformation is invariant if it satisfies the above (Einstein summation
is used).

Proof. We want a transformation that can keep the inner product invariant. Then if
X' '=AX and Y’ = AY then

X/ . Y/ — /r],qu,MY,V
= 77#V<A“po>(AVaYJ>

= (A7, X7 (A5 YY)

where we have relabelled the dummy indices in the last line in order to make a direct
comparison with

XY =0, X'Y".
If A leaves the Minkowski inner product invariant then it must satisfy

or in matrix notation,

A'pA =1

8.4 Back to QM

From all the above we now have a wave equation that is relativistic and first order in
time.

Proposition 8.21. We can write the Dirac equation as follows:

ihg%\ll = HU where H = —iheyy - V + mc?yP.

Therefore, H is self-adjoint but not positive definite and 7 has eigenvalues £1.

Definition 8.22. The Dirac conjugate ¥ = ¥f,0.
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Proposition 8.23

An infinitesimal Lorentz transformation of ¥ is given by

1
oV = wa/y“”\lf,

where w,,, = —w,,,.

I Note 8.24. To find § of something, take its derivative i.e. for J*.

Note 8.25. The w is obtained by consider A%, = ¢4, + '), (i.e. expanding inoto the
infinitesimal form). Plug this in to the Lorentz transformation and after a contraction of
indices we have the result.

Theorem 8.26

We have that
_ 0z 0V

= Ozt Oz

0,V = AW,

9 The Feynman path integral

This section presents another way of formulating quantum mechanics which is known as
the path integral formulation.

Definition 9.1. We define the propagator

K<a2a t2a ai, tl) == <a27 2(/-2|a'17 t1>

iH(ta—t1)/h

= (az|e |ay) .

It takes a particle at position a; at time ¢; and computes the amplitude that it is found
at ap at time t,.
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Theorem 9.2

For Hamiltonians of the form H = ﬁﬁQ + V(g) the propagator takes the form of a
path-integral

K(as i t) = [ exp (% [ httyate) + H(k(t),a(0) dt) {%1 da]
where
o k(t) and a(t) are arbitrary paths such that a(t1) = a1 and a(ts) = as;
o af(t) is the derivative with respect to time of a(t);
o H(k(t),a(t)) = 5=k(t)* + V(a(t)).

The square brackets indicate that this is an infinite dimensional integral where we
are integrating over all paths k(¢) and a(t).

9.1 Gaussian path integral

Definition 9.3. Gaussian integrals are of the form

/eAk2+Bk dk = ,%6%.

Theorem 9.4. The integral of a Gaussian gives another Gaussian.
Theorem 9.5. From the propagator the integral over k(t) is a Gaussian integral.

Proposition 9.6. We can write the propagator as
K(ag, ty;aq,t1) = /e‘és[a(m [dal,

where

Sla] = /t omi — Vi(a)dt

1

9.2 Computing determinants

Let us look at a simple example H = ﬁﬁ? + %kﬁz The corresponding Lagrangian is of

course just

1 1
L=-mq¢* — =kq*
5Md" — 5ka

It is helpful to rewrite the action as

2

1 d
S:—ﬁ/q&]dt Szm@ﬁLk

where we view £ as a differential operator. Let us expand ¢(t) in a real orthonormal basis

of functions
¢= nen(t)
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with

/en(t)em(t) dt = Opm

ZQan/_ (t)Eem(t) dt

Let us choose e,(t) to be eigenstates of £ with eigenvalues \,,:

anqm/ (t) Anem(t) dt
= _5 Xn:AHQEL

Thus

Thus

/e—gs[q] [dq] = /He;h oAt dg,
- H/egﬁ%ﬁ day,

N
= where det& = H A
vdet &

Here N is another normalization constant that we are not interested in. We can generalise
this: for a quadratic action with many coordinates ¢, for a = 1,...,n of the form

1
S = _Q/Qagabe dt

we find
ig N
Heh [q15-,qn] [dga] =
vV det (9(11,

where the determinant is the infinite product of eigenvalues of the operator £,. More

generally still if one has
1

S = _§/Qa5abe + JaGa dt

we find

ﬁJag;leb
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Appendix

A Tensors

A.1 Kronecker § function
Definition A.1. The Kronecker delta function is defined as

0 ifi#y
0ij = e
1 ifi=y.

I Note A.2. The function, d;;, can also be thought as the identity tensor.

A.2 e-tensor

Definition A.3. In three dimensions, the e-tensor (or the Levi-Civita symbol) is defined
by
1 if (4,4,k) = (1,2,3),(2,3,1),(3,1,2)
ey =1 —1 if (i,5,k) =(3,2,1),(1,3,2),(2,1,3)

0 otherwise.

Note A.4. That is €;5, = 1 if (4,7,k) are a clockwise (or even) permutation of (1,2,3)
whereas, e;;, = —1 if (4, j, k) are an anti-clockwise (or odd) permutation of (1,2,3) and 0
if any of the indices are the same.

Theorem A.5

The e-tensor obeys the following relation:
3
Zgijkginm = 5]n5km - 5jm5kn7
i=1

where 9, is the Kronecker-0 function.

B Notation

Definition B.1. Let v have components v%, as v is a column vector then the index i
labels the rows of the single column in the vector.

Definition B.2. We have v is a row vector, the components are labelled by v; where i
labels the column of the single row vector.

I Note B.3. In conclusion, upper indices representes row and lower indices columns.
Corollary B.4. With the notation above we may write v -v =v'v = Z?:l Vv’
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Definition B.5. The notation Aij indicates the component of the matrix A in the i-th
row and j-th column.

Corollary B.6

With this notation, we can write Av = u as

3
(Av)' = ZAijvj =u'.
j=1

Definition B.7. Taking the transpose of a matrix switches the indices i.e.
Tyi i
(A);=A"

Definition B.8. The Euclidean metric tensor, J;;, is used to lower indices. That is,
Z (Sij’Uj = ;.
J

Its inverse is given by d~! = §% which is used to raise the indices. That is,

vy ="

I Note B.9. This is the Kronecker-d function.

C Vector identities

Proposition C.1
Dot product.

1. Commutative Property: a-b=>b-a

2. Distributive Property over Addition: a-(b+c¢)=a-b+a-c
3. Scalar Multiplication: (ka)-b = k(a-b) = a - (kb)

4. Dot Product with Zero Vector: a-0 =0

5. Dot Product with Itself: a-a = |a|?

6. Orthogonality: If @ L b (i.e., @ and b are orthogonal), then a - b = 0.
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Proposition C.2

Cross product.
1. Anticommutativity: a x b= —(b x a)
2. Distributive Property over Addition: a x (b+c¢)=axb+a xc
3. Scalar Triple Product: a- (bxc)=b-(cxa)=c-(axb)
4. Cross Product with Zero Vector: a x0=0xa =0
5. Cross Product with Itself: a xa =0

6. Cross Product with Parallel Vectors: If a and b are parallel, then a x b =
0.

7. BAC-CAB Identity (Triple Cross Product Identity):

ax(bxc)=(a-c)b—(a-b)c

8. Scalar Quadruple Product:

a-(bxe)xd=(a-d)(b-c)—(a-c)b-d)

Theorem C.3

The i*" component of the resultant vector of the cross product is given by

Note C.4. By the i*" component we mean

(axb)1
(axb)=|(axb)]|.
(axb)3

D The Pauli Matrices

The Pauli matrices are denoted by oy, 09, and o3, and they form a basis for the vector
space of 2 x 2 Hermitian matrices. Each matrix is traceless and has a determinant of —1.
They can be represented explicitly as:

(01 (0 —i (1 0
1=\10) 27\ o) BT \o -1/
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D.1 Properties

The Pauli matrices have several interesting properties. They are Hermitian and unitary,
and they obey the following commutation and anti-commutation relations:

[05,05] = 2igijpor,  {04,05} = 2051250,

where 4,7,k € {1,2,3}, ijk is the Levi-Civita symbol, J;; is the Kronecker delta, and /
is the 2 x 2 identity matrix.

E Tensor Product of Matrices

The tensor product of two matrices, denoted as A ® B, is a fundamental operation in
linear algebra. If A is an m X n matrix and B is a p X ¢ matrix, then the tensor product
A ® B results in an mp x ng block matrix.

The elements of A ® B are formed by multiplying each element of A by the entire
matrix B, resulting in blocks of B scaled by the elements of A.

Formally:
anB cee (IlnB
A® B = : :
am B -+ B
Example E.1
Consider two matrices:
1 2
4= g
5 6
o-[7 4
The tensor product A ® B will be:
5 6 10 12
1xB 2xB 7 8 14 16
L [3><B 4><B] “ 15 18 20 2
21 24 28 32

71



	IQT recap
	Hilbert spaces
	Delta-normalisable states
	Expectation values
	Observables
	Matrix elements

	Heisenberg's uncertainty principle
	The Schrödinger equation
	Harmonic oscillator

	Spherically symmetric potential
	Angular momentum
	Angular momentum operator
	Algebraic theory of angular momentum
	Lie Algebra
	Representation of the algebra

	The eigenvalues of the angular momentum
	Spin-1/2
	The eigenvectors of the angular momentum
	Addition of angular momenta
	Example


	The Hydrogen atom
	Perturbation theory
	Non-degenerate: first order
	Non-degenerate: second order
	Degenerate perturbation theory
	Time dependent perturbation theory
	Degenerate perturbation theory

	Semi-classical quantisation
	Zeroth order
	Validity of the approximation
	First order
	Quantisation I: Particle in a box
	Quantisation II: Smooth potentials
	Airy's function
	Bohr-Sommerfeld quantisation

	Quantisation III: Harmonic oscillator

	Density matrices, thermal states and entanglement
	Density matrices
	Pure and mixed states

	Thermal states
	(Von Neumann) Entropy
	Entanglement

	Relativistic QM
	Relativistic wave equation
	Relativistic notation
	Spinors
	Back to QM

	The Feynman path integral
	Gaussian path integral
	Computing determinants

	Appendix
	Tensors
	Kronecker TEXT function
	TEXT-tensor

	Notation
	Vector identities
	The Pauli Matrices
	Properties

	Tensor Product of Matrices

