Algebraic Geometry Notes

Francesco Chotuck

Abstract

This is KCL undergraduate module 7TCCMMS20, instructed by Dr. Dmitri Panov.

The formal name for this class is “Algebraic Geometry”.
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1 homogeneous coordinates

We can redefine a circle to be a conic that passes through the points (1 : —i : 0) and
(1:4:0).
Claim: any theorem that holds for a collections of circles and lines holds for parabolas.
The space of all conics in P% is P5 (where K is algebraically closed field).

2 Rings

The idea of this section. Let K be an algebraically closed field and an affine variety
V C K™ (by this we mean set of polys =0 or something). Consider polynomials in
K[X,...,X,)] as functions on K". restrict these functions (polys) ot V. We get a ring
and this ring knows everything about V.

Example 2.1. Suppose z° + y? — 1 = 0 in R?. Now restrict all poly on this function (a
circle). What kind of functions do we get? For example if we restrict = to the circle we
get sin.

We only consider commutative rings in this course.

Example 2.2. Example of maximal ideal in the ring C[X]. First of all we conisder an
interesting ideal for this ring. consider we have a set points z1,...,z, € C, the set of
polys which vanish at each of these points form an ideal. However, not all ideals of these
type of maximal, only ideal which vanish at one point are maximal ideal in C[X].

Example 2.3. Example of radical. Consider the ring Z and take I = 247Z = 23 - 3Z. We
have that 6° € 247 thus Rad(I) = 6Z.

Proposition 2.4. The radical is an ideal.

3 Zarinski topology
Definition 3.1. Let X C A} be any subset. The Zarinski closure of X is the minimal

closed set containing X. (i.e. affine variety).

Note 3.2. We can find such a minimal set since we are allowed to take the intersection of
closed sets.

Lemma 3.3. The Zarinski closure of X C A} is equal to V(I(X)) where I(X) is the
ideal of all polynomials which vanish at X.

Example 3.4. The Zarinski closure of [0,1] is [0, 1] adn the Zarinski closure of Z is Z.

Example 3.5. Example fo Def 7.6 I({0} U {1}) = (xz(z — 1)).

3
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4 Bezout’s theorem

4.1 Definitions

Definition 4.1. An affine space over a field K, is the vector space K™ where the point
0 does not play a special role. We denote affine space by A% or A",

Note 4.2. An affine space captures the geometric properties of an object without the need
for a fixed coordinate system or origin. It is a more flexible framework that allows for
studying geometric properties independently of specific coordinate systems.

I Remark 4.3. In this course K is often C or R and sometimes a finite field.

Definition 4.4. The set K[Xj,...,X,] is the ring of polynomials in n variables with
coefficients in the field K.

Definition 4.5. The degree of a polynomial is the maximal degree of its monomials.

‘ Remark 4.6. For example the degree of the monomial 4zy is 2, since x and y have exponent
of 1.

Definition 4.7. By K(Xj,...,X,) we denote the field of rational functions.

Definition 4.8. A subset V' C A% is an affine variety if there exists polynomials
fi,-- fa € K[Xq,...,X,] such that the point (z1,...,z,) € V <= fi(x1,...,2,) =0
foralli e {1,...,M}.

Note 4.9. An affine variety is like the set of points where different polynomial equations
agree. It’s a way to understand the solutions to systems of equations using geometry.

Example 4.10

The simplest example of an affine variety is the affine space of dimension n over a
field K.

Definition 4.11. Let F' € K[X},...,X,] be a non-constant polynomial, then the subset
{z € A% : F(z) =0} C A% is called a hypersurface.

Definition 4.12. Let F' € K[X},...,X,] be a non-constant polynomial.
o If F(x) =0 we say that F' vanishes at .

+ (More generally) if S C A% and F(z) =0 of any x € S we say that F' vanishes at
S.

Corollary 4.13. If F' vanishes on S then S belongs to the hypersurface F(z) = 0.
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Theorem 4.14
Each polynomial F' € K[X7, ..., X,] can be represented as a product

F =G1Gsy--- Gy

of irreducible polynomials. Such a representation is unique up to changing the order
of the factors GG; and multiplying them by constants.

Note 4.15. The polynomial f is irreducible over K if it cannot be expressed as the product
of two polynomials of lower degree.

I Remark 4.16. That is, the polynomial ring is a unique factorisation domain.

4.2 Resultant
Note 4.17. Given two polynomials f, g € K[X] the resultant of f and g is used to deter-
mine if f and g have a common root, or more generally if they have a common factor.
Definition 4.18. Given two polynomials:

f(x) = a,z" + an_lan + ...+ ax+ag

9(x) = bpa™ + by—12™ 44 byx + by

The Sylvester matrix is given by

Ay Ap—1 Qp—9 e Qg O e 0

0 Qp, Ap_1 ce. a1 Qg ce 0
S(f7 g) = 0 0 0 Ap  Qp—1 a; Qo

bm bmfl bm72 bO 0 0

0 0 0 by b1 bi by

Example 4.19

Say we have two polynomials:

flz)=32* -2z +1
g(z) =22+ 1> -3z +4

Then, the Sylvester matrix would be:

3 -2 1 0 0
0 3 -2 1 0
S(f.9)=10 0 3 -2 1
2 1 -3 4 0
0 2 1 -3 4
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Definition 4.20. The determinant of the Sylvester matrix is called the resultant. For
two polynomials f and ¢ it is denoted by R|[f, g].

Lemma 4.21

The polynomials f and ¢g have a common factor if and only if R[f,g] = 0. In
particular, if K is algebraically closed and R[f, g] = 0 then f and g have a common
root.

Definition 4.22. A hyperplane is a flat surface in n-dimensional space of dimension
n — 1. It is defined by an equation of the form a 21 + aszs + ... + anx, = b.

Proposition 4.23. Let F(zy,...,z,) be a polynomial vanishing on the hyperplane ay +
121+ asxo+. . .+apx, = 0. Then F(x; ..., x,) is divisible by ap+a121 +asxe+. . .+ anTy,.

I Remark 4.24. We take ag = —b.

Proposition 4.25 (Resultant in terms of roots)
Suppose

ft) = ot —en) -~ (t — o)

9(t) = Bo(t = B1) - (t — Bim)
then

R[f, g) = o565 [ [ (s — ).

27]

Corollary 4.26
Let f,g € K[X] of degrees n and m respectively. We have the following.

1. Rt", (t — 1)™] = (—1)™".
2. Rlaf,Bg] = a™B"R[f, g].
3. R[f(az),g(ax)] = a™R[f, g].

4.3 Pascal and Bézout’s theorems

I Note 4.27. Before we state Bézout’s theorem we state a lemma necessary for its proof.
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Lemma 4.28
We have the following.

1. Let K be an infinite field. If the number of solutions of F/(z,y) = G(x,y) =0
in K2 is finite, then it is at most deg(F') deg(G).

2. Let K be a field, let f € K[X,Y] be an irreducible polynomial and let g €
K[X,Y] be an arbitrary polynomial. If g is NOT divisible by f then the
system of equations f(z,y) = g(x,y) = 0 has only a finite number of solutions.

I Note 4.29. Bézout’s theorem is a generalisation of the following.

Proposition 4.30. Let K be a field and let F' € K[X] be of degree d. Then the equation
F' =0 has at most d solutions.

Theorem 4.31 (Bézout)

Let F,G € K[X,Y] without common factors. Then the number of points in K?
where F(z,y) = 0 and G(x,y) = 0 is at most deg(F') deg(G).

Proof. Let F' and G be two polynomials without common factors. It follows from the
lemma above (2) that the system of equations F© = G = 0 has only a finite number
of solutions. Indeed, we can decompose F' into a product F' = Hy--- H; of irreducible
polynomials and apply the lemma (2) to each pair H;, G. Hence, we can apply lemma (1)
to F' and G. L

Remark 4.32. In the lemma we assume that K is an infinite field so the proof of Bézout’s
theorem only works for infinite fields. However, the theorem also holds in finite fields. To
prove this we extend K to its algebraic closure which is always infinite.

Definition 4.33. We define a few things.

» A plane curve (or curve) is the set of points for which a polynomial F(x,y) =0
in K2

o The degree of a curve F(x,y) = 0 is the degree of F.
e A curve F(z,y) =0 is called irreducible if F' is an irreducible polynomial.

o If deg(F') = 2,3 the curve F(z,y) = 0 is called a conic and a cubic respectively.
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Theorem 4.34 (Pascal)

Suppose that the points Aj, ..., Ag € R? lie on a conic. Denote by A;A; the line
containing A; and A;. Then the three points

L) A1A2 N A4A5,
L A2A3 N A5A6 and
L4 A3A4 N A6A1

lie on one line.

Proof. We assume the conic is irreducible and given by an equation F' = 0.

Let Ly, My, Ly, Ms, L3, M3 be linear functions on the plane vanishing on the lines
A1 Ay, AxAs, ... AgA; tespectively. We consider the following one-parameter family of
degree 3 polynomials:

Gy = LiLyLs + AM; MyMs;.
We note that Ay, ..., Ag and the three points of intersections that we study lie on the
cubic curve G = 0 for any A. We choose a point p on the conic different from Ay, ..., Ag
and choose )\ such that G, (p) = 0.

The intersection of the conic ' = 0 and the cubic G, = 0 contains at least 7 points:
six points are A; and then p. For the sake of contradiction, suppose F' and G, do not
have any common factors, then we can apply Bézout’s theorem and find that there are
at most deg(F') deg(G) = 2 - 3 = 6 points of intersection, but we have 7 hence, F' and G
must have a common factor. We assume F' is irreducible so, it follows that F' is a factor
of G,, so we can write

Gy, =F-L
where deg(L) = 1 (since deg(G) = 3 and deg(F) = 2). The intersection points of the
theorem lie on the curve

{Gx, =0} ={F"- L =0}
but they do not lie on the conic F' = 0, so they must lie on L = 0. O]

5 Polynomial method

Note 5.1. The idea of this section: let E be a finite subset of a vector space K™. To obtain
information about F we study non-zero polynomials of minimal possible degree that vanish
on E. We will study two problems which make use of this method.

Example 5.2

If |E| < n there is a polynomial of degree 1 that vanishes on E. On the other hand,
if K is finite and |E| > |K|""" then there is no non-zero polynomial of degree < 1
that vanishes at E. Indeed, any degree 1 polynomial is vanishing at a hyperplane
contains exactly |K|" " points.

Definition 5.3. A polynomial is identically zero if it is zero as an element of K[ X, ..., X,)]
that is, all of its coefficients are zero.
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Example 5.4

Any polynomial F' € K[X;,...,X,] with deg(F') = | K| that vanishes at all points of
K" is identically zero.

5.1 Kakeya conjecture

Definition 5.5. A Kakeya set is a subset of a Euclidean space that contains a unit line
segment in every direction.

Note 5.6. The question regarding Kakeya sets is how big are they. Dvir proved the
following conjecture.

For any n there exists ¢, > 0 such that any Kakeya set £ C K" has cardinality at least
cn | K"

Proposition 5.7
We have that

o The vector space of polynomials in K[X3,...,X,] of degree < d has dimension
n+d
("2)-

e The dimension of the space of homogeneous degree d polynomials (”;d).

Note 5.8. We note that the n is the one from K[Xj,..., X,], so the extra coordinate of
o is not counted.

Sketch of proof. We do this by induction.

« Base Case: For n = 1, the vector space of polynomials in K[X] of degree at most
d has dimension d + 1.

e Inductive Step: Assume the statement holds for n = k. For n = k + 1, the

dimension of the vector space is (kj;f{l)

Lemma 5.9

Let L be a linear subspace of K[X7,...,X,] and let E be a finite subset of K" with
|E| < dim(L).

e Then there is a non-zero polynomial P € L vanishing on FE.

o If we denote by M the subspace of polynomials from L that vanish on E then
dim(M) > dim(L) — |E|.
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Proof. Denote by K¥ the vector space of K-valued functions on F (i.e. elements in K¥
are functions f : F — K). We have the evaluation map

ev: L — K.

This map associates to a polynomial F' € L the function F'(z1,...,z,)on E (i.e. (z1,...,x,) € E).
The kernel of the evaluation map is M. The inequality follows from the rank-nullity the-
orem:

dim(ker(ev)) = dim(L) — dim(Im(ev))
> dim(L) — |E|.

Corollary 5.10

Some corollaries.

1. Let E C K™ be a subset such that |E| < (”;d). Then there exists a non-zero
polynomial F' € K[Xy,...,X,] vanishing on F with deg(F") < d.

2. For any subset £ C K™ there exists a non-zero polynomial F' € K[X;,..., X,]
vanishing on £ with deg(F) < n |E|"".

Proof. We prove each statement in turn.

1. Denote by Vj the space of polynomials in K[Xj, ..., X,] of degree at most d. By a
proposition above we have that

dim(V;) = (n ;r d)

ie. dim(V;) > |E| (by the hypothesis). Then applying the lemma above with
L = Vj, the statement is proven.

2. In the proof above set d = {n ]E[l/"J then,

dn! n!

- (n|E]Y") - (| B 40— 1)

(njl-d) _ (n+d)! (d+1)---(n+d)

n!
nn
> —|E|
n!
> |El.
O
Lemma 5.11
Let P € K[xy,...,z,] be a polynomial of degree at most |K| — 1 which vanishes on
a Kakeya set £ C K". Then P is identically zero.

10
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Proof. For the sake of contradiction, assume that P is not identically zero. Then it must
have positive degree, we can write

d
P:ZPi where 1 <d < |K| -1

=0

for d > 0, and P; is the i'" homogeneous component. We will come to a contradiction
by showing that P; is identically zero. Fix a vector v € K™\ {0}. We will prove that
P;(v) = 0. Since F is a Kakeya set, E contains a line with direction of v i.e. for some
x € K" the set E contains the line {& +tv:t € K}. We restrict P to this line. We
obtain a polynomial of one variable in ¢ namely, P(x + tv). We have that P(x +tv) =0
for all t € K. Since P(x + tv) is a polynomial in ¢ of degree at most |K| — 1 all its
coefficients are zero by the Lemma preceding Bezout’s theorem. We claim the coefficient
of P(x + tv) in front of t¢ is Py(v) and is 0. Indeed,

d—1
P(x 4 tv) = Py(x + tv) + Z P(x + tv)

=0
= Z Citi + thd('v).

i<d

Hence, Py is identically zero. ]

Proposition 5.12 (Kakeya conjecture)

For nay n there exists ¢, > 0 such that any Kakeya set & C K™ is such that
|E| > cn K™

Proof. We show that ¢, = (2n)~™ works. For the sake of contradiction, we assume
|E| < (2n)~™|K|". By a corollary above there is non-zero polynomial F' with deg(F) <

|—12(| < |K| vanishing on E. By the above lemma this is identically zero which is a

contradiction. O

5.2 The joints problem

Definition 5.13. Let £ denote a finite collection of lines in R3. The number of lines in
L is denoted by |L].

Definition 5.14. A point p € R? is a joint of £ if p lies in (at least) three lines of £
that are not coplanar. The number of joints of £ is denoted J(L).

11
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Example 5.15

The joints problem. For a given number ¢ € N we want to find

J(0) = f?fi}? J(L).

For example, we can consider Z* C R3. Let S = {01,...,n — 1}. We define
L = lines parallel to z,y, z-axes intersecting S x S x S.

We have that J(L£) = n® and |£| = 3n?.

I Note 5.16. This allows us to make a guess to the joints problem: [.J(£)| ~ £3/2,

Lemma 5.17. If £ is a set of lines in R? that determines .J joints, then one of the lines
contains at most 3J/3 joints.

Proof. Let P be a polynomial of the lowest degree that vanishes at all joints of £. By
some previous corollary we have that deg(P) < 3JY3. For the sake of contradiction,
suppose that each line in £ contains > 3.J%2 joints. Then P vanishes at all lines in £. It
follows that VP vanishes at all joints. However, at the same time for some i € {1,2, 3}
oP oP

# (0 and so

of P. ]

we have that

has degree deg(P)—1 which contradicts the minimality

Theorem 5.18
We have that J(¢) < 10£%/2,

Proof. Let L be a collection of ¢ lines with J(¢) joints. By the lemma above there is a
line in £ that contains at most 3.J(£)'/3 joints. The number of joints of £ that do not lie
on this line is at most J(¢ — 1). Thus, we have

J(0) < J(0—1)+3J(0)"3,

[terating this argument and using the fact that J(¢; < J(¢5)) for ¢1 < {5 we see that

J(0) < J(l—1)+3J(0)"?
<J(l—=2)+2-3J(0)3
< (-3J(0)Y3.
Hence, J(£)?/3 < 3¢. O

6 Projective space

12
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Note 6.1. In Euclidean plane geometry, we need to separate the cases of pairs of lines
which meet and parallel line which do not. Geometry becomes a lot simple if any two
lines met possible “at infinity”. There are various ways of arranging this and the most
convenient method is to embed the A2 into 3-dimensional space. To each point p € A?
we can associate the line OP. The lines parallel to the plane correspond to the points at
infinity.

Definition 6.2. An n-dimensional projective space over a field K is the set of 1-
dimensional subspaces of the vector space K", Equivalently, it is the set of lines in
K™ which contain the origin. We denote this by P% or just P".

Proposition 6.3. The projective space associated to a vector space V is the set of
1-dimensional subspaces of V', and we denote it by P(V).

Remark 6.4. We can make this notion more precise. For any K-vector space V we can
define the projective space

P(V) = (V \ {0}) /(K*-rescaling action v — Av, for all A € K*).

This comes equipped with a quotient map = : V' \ {0} — V such that v — [v] where
[v] = [M]. By picking a basis for V' we can suppose V = K"! and say

P" = P(K"*)
= (space of straight lines in K™ through 0).

Note 6.5. As such we can think of points in the projective space as lines in the affine
space.

13
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Example 6.6

We provide some examples of projective space.

1. P? = {one point}. In the affine space this is a line therefore, is represented by
a single point in projective space. It has dimension 0.

2. We can think of P}, as a topological circle. This space is the set one-dimensional
subsets of R? which is the set of lines through the origin.

3. P2 is the sphere 22 + y* + 2% = 1 quotient by the central symmetry. This
symmetry maps a point P = (z,y, z) to P' = (—x, —y, —z).

4. P§ can be identified as the two-sphere.
5. P} can be identified with SO(3,R).

6. P I has p + 1 points. The projective line over a finite field Z/pZ consists
of all one-dimensional subspaces of the vector space (Z/pZ)?, excluding the
zero vector. Each non-zero vector in (Z/pZ)?* defines a unique one-dimensional
subspace and thus a point on the projective line. However, scalar multiples of
a vector define the same subspace, so each point corresponds to p — 1 distinct
vectors. Thus, the total number of points on the projective line is ’%, which
simplifies to p + 1.

Lemma 6.7
We have that P? = A” UP" L,

Proof. Consider the vector space V" and let A" be an affine subspace of V"' that
does contain 0. Consider the subset of P" consisting of lines in V™! that pass through
0 and intersect A". Clearly, this subset is isomorphic to A" as for each point x € A" we
can take the line through = and 0. The piece of P" not contained in this subset consists
of all lines through 0 contained in the vector subspace V™ C V"*! parallel to A™. This is
precisely P*~! so P = Am U P L, O

Definition 6.8. The described hyperplane P*~! C P" is called the infinity of A™.
Corollary 6.9. P* = AU ---UA",

Definition 6.10. Let V™! be a vector space and W**! C V! be a vector subspace.
The set of lines through 0 in W**! is a subset of P" isomorphic to a projective space P*.
Such subsets of P" are called linear subspaces. If £ =1 it is called a projective line.
If k =n —1 it is called a hyperplane.

Proposition 6.11

Assume [ + m > n. We have that P! N P™ C P" is a linear subspace of dimension at
least [ +m — n.

14
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Proof. Let V™! be the vector space corresponding to P". Consider vector subspaces
Yyl ymtl C vt corresponding to PY and P™. Then the intersection Vi N VMl s
a vector subspace of V™! of dimension at least [ +m + 1 — n. All lines in this vector
subspace going through 0 form a linear subspace of P of dimension at least | +m —n

and this is exactly the intersection P™ NP ]
Proposition 6.12
Suppose k < n. For any points z1,...,2; C P" there is a linear subspace P*~1 c P»
containing x1, ..., Tk.
Proof. Consider lines I,ls,...,l; in V™! that correspond to points zi,...,x) in P".
Then these lines are contained in a certain linear subspace V* C V**1 All lines in V*
passing through 0 correspond to a linear subspace P*~! in P containing z1,...,z;. O

Theorem 6.13 (Desargues theorem)

Let a,b,c, A, B,C be six points in P? not contained in one plane and such that no
three of these points lie on one line. Suppose that the lines aA,bB and cC' intersect
in one point. Then the points

e abN AB,
e bcN BC and
e acN AC

lie on one line.

Proof. By our assumption and the proposition above there are unique P? containing
points a,b,c and points A, B, C' respectively i.e. P?(abc) and P?(ABC). Then the line
abcNABC contains all three intersection points. Indeed, ab C abc and AB C ABC hence,
abN AB C abc N ABC'. The same reasoning is used for the other two intersections. [

15
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Theorem 6.14

Suppose P¥, P!, P™ are linear subspaces in P” and that k+1+m > n— 1. Then there
exists a projective line P! C P" that intersects all three subspaces.

Proof. If PPNP™ # () then the statement is trivial (since there is a projective line that
connects a point from this intersection with a point on P¥).
Suppose P! N P™ = (). Consider the minimal linear subspace of P that contains P!

and P™. Then the following two statements hold
1. This subspace is the union of all projective lines that join a point of P! with a point

of P,
2. Moreover, this space has dimension [ +m + 1.
We know that in P* we have PH™ 1 N P*F £ () since (m+ 1+ 1) +k) —n > 0 by
O

the assumptions of the theorem. Hence, there is a projective line intersecting P, and

Pk,
6.1 Projective transformations
Let V,W be vector spaces and T' : V' — W be a linear transformation with ker7" = 0.
Then any one-dimensional subspace in V' is sent to a one-dimensional subspace in WW.

Hence, T gives us a well-defined map
16
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7:P(V) = P(W).

Definition 6.15. A projective transformation from P(V') to P(WW) is the map 7 defined
by an invertible linear transformation 7 : V' — W.

Example 6.16. Take P%, take two projective lines Ly, Ly in it and a disjoint point p. The
projection of Ly to Ly from p is the map that associates to a point x € L, the intersection
point of the unique projective line xp with L,. This map is a projective transformation.

6.2 Homogeneous coordinates

Definition 6.17. Consider the vector space K" with coordinate (zo,...,z,) and let
7[1( — P(Kn—i—l)
Let L C K™ be a line passing through 0. Denote p(L) the corresponding point in
P%. We say that [ag : --- : a,] are homogeneous coordinates of the point p(L) if
(ag,...,a,) € L and ay,...,a, # 0.

Note 6.18. Recall that P" is the quotient K1\ {(0,...,0)} by the equivalence relation

(xoy .. yxn) ~ (Axo,...,Ax,) where A € K \ {0}.

We call a representative for an equivalence the homogeneous coordinates of that point
in P™.

Remark 6.19. If (ag,...,a,) € L then points on L can be written as (Aag,. .., Aay) for
A € K. So for A # 0 we have that [ag : - - - : ay] is the same point of [Aag : -+ : Aay).

Theorem 6.20
We can embed A" into P by the map

(o) -y Tp) > [T o v vty 2 1],

Any other homogeneous coordinates where the first coordinate is non-zero can be re-
scaled to have first coordinate 1. Points with last coordinate equal to 0 are “points
at infinity”.

Remark 6.21. A point [zg : --- : 2, : 0] can be seen as a point in P"~! by dropping the
last coordinate.

6.2.1 Homogeneous equations

Definition 6.22. The degree of a polynomial is the highest of the degrees of the poly-
nomial’s monomials (individual terms) with non-zero coefficients.
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Remark 6.23. In a multivariate polynomial, we have that zi' ---z$" is also a monomial
and the degree is given by the sum of the ¢;. For example, consider the polynomial
P(z,y, 2) = 3x%y + 2zxy2? + 253

o The degree of the monomial 322y is 2+ 1 = 3.
o The degree of the monomial 2zyz? is 1 + 1+ 2 = 4.
o The degree of the monomial 23 is 3.

The highest degree among these monomials is 4. Therefore, the degree of the polynomial
P(z,y,z) is 4.

Definition 6.24. A polynomial F' € K[Xj,..., X,] is called homogeneous of degree
d if all its monomials have degree d.

Example 6.25

Example and counter example.

e The polynomial F = x + 42 is not homogeneous as the monomial x is of degree
1 and the monomial y is of degree 2.

 The polynomial G = ab+ ¢* + (d + €)? is homogeneous, because all monomials
have degree 2.

Theorem 6.26
If [g:...:2,) and [yo : ... : yn| represent the same point p € P", then

(:UOa"w-Tn) :)\(y077yn)

with A € £\ {0}. Hence, if f € k[Xo, ..., X,] is a homogeneous polynomial of degree
d, then
f(zo, ... x) = Xf(yo,. .., Un)
Thus, the actual value of f at p is not well-defined, but it is well-defined whether
f is zero at p.

Definition 6.27. Let F' € K[Xy, ..., X,] be a degree d homogeneous polynomial. Define

the subset
Xrp=A{lag: - :a,] €P": F(ay,...,a,) =0} CP"

We call X a hypersurface of degree d.

Remark 6.28. If F(ag,...,a,) = 0 then F is zero on the whole line (Aa, ..., Aa,) for
AeE K.

18
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Example 6.29

Some examples.
o If deg(F) =1, then {F =0} = P""'. This is a hyperplane.

o Consider P&. Then F = 3 a;252¢"". In this case F' can be decomposed as a
product F' = Hizl(bkzo + cxz1). So the equations F' = 0 defines the collection
of points (¢, : —bg) in P.

Definition 6.30. A subset V C P} is said to be a projective variety if there exist
homogeneous polynomials fi,..., fx € K[Xo, ..., X,] such that

[zg:-1x,] €V <= fi(xg,...,2,) =0 Vie{l,...,N}.

Example 6.31

Hypersurfaces in P".

6.3 Switching coordinates

Note 6.32. We saw that P® \ P"~! = A", This permits us to look at any hypersurface
Xr C P from “different angles”. Namely, we can choose any hyperplane P*~! C P" and
study the piece of Xp that lies in the corresponding A", i.e., Xp N (P™\ P?~1).

We explain next how to derive an equation for Xz N A™ from the equation F = 0
defining Xp.

Definition 6.33. The subset in P} such that z; # 0 is denoted by U;. We can identify
with A% by the following:

x x
[To: iy ay] € PL (—“—”) e AL
Z; X

Definition 6.34. The subset Uy C P™ where xy # 0 is given by A”™. The points in P™\ U
are points at infinity of Uy = A™.

Corollary 6.35 (Switching coordinates)

We relate homogeneous equations in P" and non-homogeneous equations in U, as
follows.

e P" — Uy we do the following substitution xy — 1.

o Uy — P™ we replace each variable by ;”—(’) then multiply by an appropriate power
of xy to make the polynomial homogeneous.
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Example 6.36

We show some examples:

e The homogeneous polynomial x% + xox1 + XToxy + X129 is transformed into a
non-homogeneous polynomial by setting xq = 1.

 The non-homogeneous polynomial f(zy, 2, 23) = x323 + 23 + 1 can be turned
into a homogeneous by introducing a new variable xy and setting each x; to z—o
then multiplying by zj to make it homogeneous.

We have that f (ﬂ 22 §> = %ﬁ + i—g + 1. To make this polynomial homoge-
0

z0’ o’ To K

neous we multiply by z3 and obtain f(xg, z1, %2, 23) = ¥223 + o753 + 7.

6.4 Quadratic forms and conics

Note 6.37. In this section we study equations of degree 2. We assume that the field L is
algebraically closed and the characteristic of K is not equal to 2.

Definition 6.38. A quadratic form on a vector space V' is a homogeneous polynomial
of degree 2.

Definition 6.39. A quadratic form F is diagonal in coordinates xi,...,x, if F =
> aix?. We say F is diagonalisable if it is diagonal in some linear coordinates.

Definition 6.40. A symmetric bilinear form () on V is a function in two variables
u,v € V satisfying
Q(u,v) = Q(v,u) and
Q(aul + /Bu27 U) - aQ(“la U) + BQ(U% U)'

Theorem 6.41

Let F' be a quadratic form on V. We can associate a symmetric bilinear form to F:

F(u+v)—F(u)—F(v).

Qu,v) = :
Furthermore, we have F(v) = Q(v,v).

Lemma 6.42

For any quadratic form F' # 0 on K" there exists a basis vy, ..., v, such that

F(zyv, + -+ 2pv,) =23 +---+ 27 for somei € {1,...,n}.

6.4.1 Conics

Definition 6.43. Let F' € K[X,Y, 7] be a homogeneous polynomial of degree 2. Then
the curve {F = 0} C P% is called a conic.
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Definition 6.44. The conic {F = 0} is called irreducible if F' is an irreducible polyno-
mial.

Lemma 6.45 (Characterisation of conics)

Let F' = 0 be an irreducible conic in P%. Then in some homogeneous coordinates
[ :y : 2] the conic is given by the equation zz — y? = 0.

Proof. By a lemma above in some coordinates the equation for F' is
] ‘/I/‘/2 = 0
N SL’IQ + y/2 =0 or
. .7;/2 + y/2 + 2/2 — O

The first two equations correspond to reducible conics, so we are in the third case. Now
consider the new coordinates

o 7' =(x—2/-1),

o 2= (z+2v-1).

Corollary 6.46

Any irreducible conic in P% can be parametrised by P%..

Proof. By the lemma above we can assume that the conic C can be given by 2z —y? = 0.
Then the parametrisation ¢ : PL — C can be given as follows:

d(u:v) = [u® :uv : V3.

This map is called the rational parametrisation of the conic. Clearly the image of this
map belongs to C' and the map is injective. Moreover, the map is surjective. O

Lemma 6.47

Let F; € K[X,Y, Z] be a homogeneous polynomial of degree d and let C' C P% be a
conic. We have the following either

F;=0 OR {F;=0}nNC contains no more than 2d points.

I Remark 6.48. By F' = 0 we mean that all coefficients are 0.
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I Note 6.49. This is an alternative proof to Bezout’s theorem.

Proof. We choose coordinates [x : y : 2] so that the equation of C is given by xz —y* = 0.
We consider the rational parametrisation

P! > C

[u: o] e [u? w0,

We have that Fy(u? uv,v?) is a homogeneous polynomial of degree 2d in u and v. The
points of intersection of C' with F; = 0 correspond to the points [u : v] on P{ such
that Fy(u?, uv,v?) = 0. The last polynomial is a homogeneous polynomial of degree 2d
unless it is identically zero. If it is non-zero then it factors into the product of 2d linear
polynomials and so # {C N {F; = 0}} < 2d, otherwise clearly C' C F; = 0. H

Lemma 6.50

For any five points in P? there is a conic in P? that contains them.

Remark 6.51. We have that

1. The set of non-zero homogeneous polynomials of degree 2 in K[X,Y, Z] up to multi-
plication by a constant is P°.

2. Each conic defines a point in P?.
3. All conics passing through a point in P? form a hyperplane in P°.

4. Since any five hyperplanes in P° intersect, there is a conic through any 5 points in

P,
Proof. Let A® be the vector space corresponding to P2. Pick 5 non-zero points ay, ..., as
on the lines in A3 corresponding to point A, ..., As. By a lemma in the Kakeya conjecture

section, there exists a homogeneous polynomial F(z,y, z) of degree 2 vanishing a; (the
space of such polynomials has dimension 6). Therefore, F' = 0 defines on P? a conic
passing through A;. ]

Definition 6.52. Let V be a vector space and V* be its dual i.e. the space of all linear
functions on V. Then the space P(V*) is called dual to P(V).

Proposition 6.53
Let A,,..., As be points in P?.

1. If no 4 points out of Ay,..., A5 lie on one line then the conic passing through
Ay, ..., As is unique.

2. If no 3 of the A; lie on one line then the conic is irreducible.

Proof. We prove each statement.

1. We prove each direction.
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o Proof of («). Suppose Aj,..., Ay lie on one line L = 0. Then the number
of conics containing Ay, ..., A5 is infinite. Indeed, for any line L' = 0 that
contains Aj the degenerate conic LL' = 0 contains all five points.

o Proof of (=). Let M be the space of polynomials of degree at most 2, vanishing
at A;. By the Lemma (Kakeya?) from the course dim(M) > 6 —5 > 1. So
there is at least one conic containing Ay, ..., As.

Assume now that no four points out of Ay,..., A5 lie on one line. We will
prove that the conic is unique, in other words dim(M) = 1. We will treat
separately two cases.

— Generic case, no three point out of Ay,...,As lie on one line. Assume
by contradiction that dim(M) > 2. Pick a point p on the line A;As.
Then for some non-zero F' € M we have F(p) = 0. So the intersection of
the conic F' = 0 with the line A; A, contains at least three point. From
Bezout theorem it follows that if F' is reducible, and F' = L - Ly where
Li = 0 defines the line A; Ay and L defines a second line. Since none
of A3, Ay, As lie on A;A,, these three points lie on Ly = 0, and we get a
contradiction.

— Non-generic case, three points, say A1, Ao, Az lie on one line L = 0. Let
@ = 0 be any conic, containing Ai,...,As. From Bezout theorem it
follows that ) = L - Ly, where L has degree one. We see, that L; =0 is
the line passing through A4 and As. So the conic @) is unique.

2. Take the conic Q = 0 that contains A,..., As. If Q is reducible, i.e., Q = Ly Lo,
then it is clear that at least one of the lines L; = 0 or Ly = 0 contains 3 points out
of Ay,..., As. And also, if three points out of 5 are contained on a line L = 0, then
by Bezout theorem L divides @), i.e., @) is reducible.

]

6.4.2 Bitangent lines and Steiner’s problem

Definition 6.54. We say that a line is tangent to an irreducible conic if it intersects it
in exactly one point.

Theorem 6.55

There are at most 4 lines which are tangent to two distinct irreducible conics in PZ.

Proof. The set of all lines in PZ is the dual (P%)*. To find the number of bitangent lines
we claim that the set of lines tangent to an irreducible conic C' C P? is a conic in (P%)*.
By Bézout’s theorem two conics in (P%)* intersect in at most 4 points. It follows that
the number of bitangents lines is < 4. Indeed, we can write the equation of a line with
ax + by + cz = 0 which is tangent to the conic zz — y* = 0 if and only if the equation
au® + buv + cv? in [u : v] has only one root. It follows that b* — 4ac = 0 which is a conic

in (P2)*. O

7 Cubic curves
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Note 7.1. Throughout this section we assume K is an algebraically closed field of charac-
teristic 0. The main goal will be to study curves of degree 3 in ]P’%{.

Theorem 7.2

Any two curves in P% have a point of intersection.

7.1 Welierstrass normal form of cubic curves

Note 7.3. In this section, we will show that every irreducible cubic in IP’%( can be put in
Weierstrass form.

Definition 7.4. Let F' € K[X;,...,X,] be a homogeneous polynomial. A point P on
the hypersurface F' = 0 is called singular if

0

8@-

F(P)=0 foralli=0,1,...,n.
Furthermore,
 the point P is called smooth or non-singular if VF(P) # 0.
e The hypersurface F' = 0 is called smooth if all of its points are smooth.

« The tangent plane to a hypersurface F' = 0 at a smooth point P € {F =0} is
the hyperplane defined by

N
B,
; 3o, F(P)z; = 0.

Definition 7.5. A projective line L is called tangent to a hypersurface F' = 0 at a point
p if the restriction of F' to L has a double root at p.

Theorem 7.6. Smooth curves in IP% are irreducible.

Definition 7.7. Let F' € K[Xy,...,X,] be a polynomial. The Hessian of F is the

0*F
determinant of the (n + 1)? matrix (H);; = Erw
Definition 7.8. A point P on a curve F' = 0 is called an inflection point if Hess(F)(P) =

0.

Note 7.9. To find points of inflection on F', we need to find the intersection of the Hessian
curve of F' with F.

Theorem 7.10

Let C' be an irreducible cubic in P%. Then for some homogeneous coordinates [z : y :
z] on P2 the equation for C' is the following:

12° = y° + ax’y + ba®

where 22 = f(y).
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Note 7.11. This theorem is saying that a cubic of the form
V=ad+b? +cex+d inA®? ~ yPz=az®+b2?z+ cxz® +dz® in P2

In particular, the only point at infinity is [0 : 1 : 0].

7.2 A lemma on 8 points

Theorem 7.12

Let py, ..., ps be points in P? such that no 4 lie on one line and no 7 lie on one conic.
Let M be the space of homogeneous polynomials of degree 3 in K[X,Y, Z] vanishing
at p1,...,ps. Then dim(M) = 2.

Proof. Without loss of generality, we can assume that the pls are not in the plane z = 0.
So, we consider x # 0 and also consider polynomials of degree < 3 in K[Y, Z]. By some
lemma in the Kakeya conjecture section we have dim(M) > 2.

We will assume that dim(M) > 2 and will get a contradiction. We consider 3 situa-
tions.

o Generic case: no 3 points on one line and no 6 points lie on one conic. Let L =0
be the line passing through p; and p;. We pick two distinct points from p; and
P2, say q and r. By a lemma in the Kakeya conjecture section there is an F' € M
vanishing at ¢ and r. Then the cubic F' = 0 intersects L = 0 in four points hence,
by Bezout we have F' = L - (), where () is a conic i.e. ps3, ..., pg lie on () which is a
contradiction

e 3 points lie one line L = 0. Let ) = 0 be a conic passing through py,...,ps by a
lemma this conic is not unique. We also, note that F' = L - () belongs to M.

Now, we consider polynomials I}, F» € M such that F, F}, F, are linearly indepen-
dent. We pick a point p on L = 0. Then a linear combination aF + bF3; is vanishing
on p and by Bezout aF; + bF3 is divisible by L. Hence, is proportional to L-Q) = F
which is a contradiction.

« 6 points lie on a conic ¢ = 0. This is similar to (2), and we should consider
F =@ - L where L =0 joins p; and ps.

]

7.3 A group law on cubic curves

Let C' C P% be a cubic curve, we define on C' a structure of abelian group.
o The identity element is a fixed point which we denote O € C.

» The operation (addition) is defined as follows. We first need to define a different
operation: take points P and () on C' and pass a line through these points. The
third point of intersection on the curve is denoted by P Q. TO define the addition
we construct a line through O and P * () then P + @ is defined as the third point
of intersection of the line with C' by P + Q. That is, P+ Q = O x (P % Q).
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There are some special cases we need to consider when defining P * ():
o If the third point of intersection does not exist then P % Q) = Q).

o If P = () then we draw the tangent line at P then the intersection with the curve
is PxQ.

Lemma 7.13

The operation of addition is commutative and associative.

Proof. We prove each property.
o Commutativity is clear since P x () is uniquely defined by P and Q.

o Associativity. We need to consider this figure.
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Q*R

_—

A
it

%

P*Q

P+Q

\

Let F' = 0 be the equation of C' and let P, (), R be three points on C' it suffices to
show that (P 4+ Q) * R = P * (Q + R) since this is equivalent to (P + Q) + R =

P+ (Q+R).
Let G = 0 be the cubic composed of the lines (P, Q), (O Q R),(R,P + Q) and
let H = 0 be the cubic composed of the lines (@, R), (O, P + @), (P,Q + R). We

note that the 8 points

O,P,Q,R,(PxQ),(P+Q),(Qx*R),(Q+R)

lie on cubics, C,G = 0, H = 0. We assume that all of these points are different, so
we can use the lemma on 8 points. This theorem implies that F, G, H are linearly
dependent: H = aF + bG. We note that F and G vanish at (P + Q) % R so by the
linear dependence H vanishes as it as well. We also assume (P + Q) * R is different
from the 8 points. Then by the linear dependence (P, @ + R) contains (P + Q) * R.

]

Theorem 7.14

If O is a point at infinity (i.e. [0 : 1 : 0]) then for a point P = (u,v) on the cubic we
have —P = (u, —v).

Proof. Lines passing through xy-plane are vertical i.e. P and — P lie on a single vertical
line. O

7.4 Harnack’s curve theorem
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Note 7.15. The main result is the Harnack’s curve theorem which gives an exact upper
bound on the number of connected components of a smooth curve of fixed degree.

Definition 7.16. Let F' € R[X,Y, Z] be a homogeneous polynomial of degree d. Suppose
that the curve F' = 0 in RP? is smooth. Then this curve is composed of several connected
components (in the usual topology) which are all homeomorphic to a circle. We call such
connected components ovals.

Definition 7.17. There are two types of ovals:

o Even ovals cut RP? into a union of a disc and a Mobius band.

« Odd ovals do not cut it. The complement of such curves in RP? is connected.

Example 7.18. An example of an odd oval is the real projective line.

Theorem 7.19
(d—1)(d—2)

The number of ovals of an irreducible smooth plane curve of degree d is < —5—+1.

Remark 7.20. From topology it follows that a smooth curve can have at most one odd
oval. Indeed, any two odd ovals intersect, and so a curve with two odd ovals cannot be
smooth.

Example 7.21

We can ask how many ovals there can be in a smooth curve of degree d.
e If d =1 corresponds to a line so, there is 1 oval.

o If d = 2 the number is 1 or 0 (for the latter a pair of distinct lines which do
not intersect).

e If d =3 the number is 1 or 2.

8 Higher dimensional projective varieties

Definition 8.1. We call the Segre map the map
o P" x P — prh(m+l)—1
([wo - xnli[yo - 2 Yml) ¥ [ToYo t Toyn = -+ - ToYm = T1Yo © -+ T TiYj * - Tl

The image of the embedding is called the Segre variety ¥, ,,.

Theorem 8.2

The image of the Segre embedding can be identified with the set of rank one (m+1) x
(n 4+ 1) matrices (up to proportionality). Indeed, for each rank 1 matrix (z;;) there
exists vectors (zg,...,x,) € K" and (zg,...,7,) € K™ such that z;; = z;y; for
all ¢ and j.

28




Francesco Chotuck 7TCCMMS20 Algebraic Geometry Notes

Proposition 8.3. The image of the Segre map is a projective variety in P(+1(m+1)=1

given by the system of homogeneous quadratic equations z;;2k — zi2x; = 0.

Corollary 8.4. Let X C P" and Y C P™ be projective varieties. Then the image
o(X xY) c POHIMmID=1 of the Segre map is a projective variety.

9 Rings recap

Note 9.1. The idea of section is to consider an algebraically closed field K and an affine
variety V' C K". We will consider polynomials from K[Xj,...,X,] as functions on K"
and restrict these functions to V. These restricted functions form a ring. We claim that
if we understand this ring we understand V.

9.1 Rings and ideals

I Remark 9.2. We will only consider commutative rings in this course.

Definition 9.3. For a field K a K-algebra is a commutative ring containing K as a
subring.

Example 9.4
A typical example of a K-algebra is K[X,...,X,].

Definition 9.5. Let R be a ring and I C R be a proper ideal.

e The ideal [ is said to be a maximal ideal of R if there is no ideal J of R such that
ICJCR.

e The ideal I is called prime if for any a,b with ab € I we have that a € I or b € [.

Example 9.6

We provide an example of a maximal ideal in the ring C[X]. Consider the set points
x1,...,T, € C, now the set of polynomials which vanish at each of these points forms
an ideal. However, not all ideals of this type are maximal; we have a maximal ideal

when we consider the set of polynomial which vanish at one point — this is a maximal
ideal.

Definition 9.7. The radical of an ideal I in a commutative ring R is defined as
Rad(I) = VI = {r € R:r" e I for some positive integer n} .

An ideal I is called radical if I = Rad([).

29



Francesco Chotuck 7TCCMMS20 Algebraic Geometry Notes

9.2 Finitely generated / Noetherian

Definition 9.8. Let R be a commutative ring and let A # & be a subset. The ideal
generated by A is the smallest ideal of R containing A. Equivalently, it is the collection
of all finite linear combinations of elements of A:

N
(A) = {Zbixi b € R,w; € A} .
i=1
An ideal generated by the elements {x1,...,z,} is denoted as (z1,...,z,).

Definition 9.9. An ideal I C R is said to be finitely generated if there exists a finite
subset A = {xy,...,2,} C Rsuch that [ = (xq,...,2,).

Definition 9.10. A ring R is called Noetherian if every ideal of R is finitely generated.

Lemma 9.11 (Characterisation of Noetherian rings)

Let R be a ring. The following conditions are equivalent:

1. The ideals of R satisfy the Ascending chain condition (ACC) i.e. if for the
chain Iy C Iy C --- are proper ideals of R, then there exists an N such that for
all n > N we have I,, = Iy.

2. Every ideal of R is finitely generated.

Proof. We prove each direction in turn. We prove the contrapositive statements.

o Proof of (1) = (2). Suppose an ideal I C R is not finitely generated. We will
construct by induction an infinite sequence of elements 1, ..., x,,... € I such that
the ideals I, = (x1,...,2,) form an infinite strictly increasing chain (which will
contradict the ACC condition). Suppose we have already constructed 1, ..., zy.
Since (x1,...,2,) # I we can find z, 41 € I such that z,,1 & (z1,...,2,).

e Proof of (2) = (1). If I, C I, C --- are proper ideal in R then I = |

Y PN
- €N 77
a proper ideal in R (since it does not contain 1). This ideal cannot be finitely
generated. Indeed, for any collection of elements xy,...,x, C I there exists a k
such that xq,...,x, € I;. Therefore, x1,...,x, do not generate I} ,;. Hence, they

do not generate I.

]
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Example 9.12
We provide some examples and counterexamples of Noetherian rings.

o The ring Z and K[X] are Noetherian since they are principal ideal domains, i.e.
every ideal is generated by one element.

o The ring of continuous functions on [0, 1] is not Noetherian. Indeed, we can
consider the sequence of ideals I,, of functions vanishing on [0, ﬂ

o The ring of analytic functions in one variable is not Noetherian. Indeed, we

can consider the chain of ideals (sin ), (Sl%) , <(m(5;“_fr ))> ,..., this clearly does

not stabilise.

9.3 Hilbert’s basis theorem

Theorem 9.13
Let R be a commutative ring. If R is Noetherian then so is R[X].

Proof. Suppose [ is an ideal of R[X]. We will prove that I is finitely generated.

First, we construct a sequence of embedded ideals in [y CI; C...C [, C ... C R.
The ideal I; is generated by the leading coefficients of all polynomials of degree 7 in I,
ie., if ;' + a2t + ... +ag € I, then q; € I,.

Let’s show that I; C I;,; for k£ > 0. Indeed, if we multiply a;z° + a;_12° 1 + ... + ag
by z*, the leading coefficient doesn’t change. Also, since R is Noetherian, the chain of
ideals I; stabilizes for some n so that I, = [,,,; = .. ..

We will now construct a finite set of polynomials, generating I.

For each i = 0,...,n choose S; to be a finite set of polynomials in I C R[X] of degree
1 whose leading coefficients generate I;. We claim that the finite union S = Sy U...U S,
generates I, in other words (S) = I.

Proof of I = (S). Indeed, take a polynomial f = a,,2™ + @ 12™ ' + ... € I. Let’s
first show that there exists a polynomial g € (S), of degree m with leading coefficient
Q. If m < n, then a,, € I,, and so there is g € (S,,) of degree m and with leading
coefficient a,,. If m > n then a,, € I,, so we can find a,,z" + ... + ag € (S,) and set
g=x"""(apr™ + ...+ ag).

Now, f — g has degree at most m — 1 and g € (S5). Repeating the above procedure m
times, we see f € (5). Le., (S) =1I. O

Corollary 9.14. For any Noetherian ring R the ring R[Xj, ..., X,] is Noetherian. In
particular, we can take R to be equal to any field K.

Proof. We prove this by induction on n. The base case is trivial since R is Noetherian.
Suppose R[X7,...,X,] is Noetherian we have an isomorphism

R[Xb s 7Xn+1] = R[Xb s 7Xn][Xn+1]7
i.e. the polynomial ring in n + 1 variables with coefficients in R can be seen as the

polynomial ring in X, ; with coefficient in R[X;,..., X,]. Hence, it is Noetherian by
induction. [
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Definition 9.15. A commutative ring R is finitely generated over its subring A
if there exists elements r,...,r, C R such that for any » € R there is a polynomial
P e A[Xy,...,X,] such that r = P(xq,...,xz,).

Corollary 9.16. Let A be a Noetherian ring, and let R be a ring finitely generated over
A, then R is Noetherian.

Proof. Suppose that R is generated by elements (71, . ..,7,). Take the ring A[X7, ..., X}]
(which is Noetherian) and consider the surjective homomorphism ¢ : A[X;,..., X,] = R
such that x; — ;. Since, the ACC holds for ideals in A[X7, ..., X,] it must also hold for
ideals in R because ¢ is surjective and the pre-image of an ideal under ¢ is an ideal. [

10 Varieties

Note 10.1. The goal of this section is to discuss the following equivalence for an alge-
braically closed field K:

Affine varieties in K" <= Radical ideals in K[X7,..., X,].

10.1 From ideals to affine varieties

Note 10.2. We construct a map that associates each ideal I C K[X;,...,X,] the affine
variety V(I) in A%.

Definition 10.3. For each ideal I C K[X;,...,X,] define
V) ={pe Ak : flp)=0Vfel}.
Proposition 10.4. We have that V() is an affine variety.

Proof. By Hilbert’s basis theorem each ideal in K[X;,...,X,] is generated by a finite
number of elements fi,..., fy. O

Proposition 10.5

The map I — V/(I) from ideals in R = K[X},...,X,] to affine varieties in A% has
the following properties:

1. V({0}) = A% and V(R) = @;
2. If I C J then V(J) c V(I);
3. VIHUV(J) =vVINJ);

4. N, V) = V(>,, Im) where > I, denotes the ideal consisting of finite
linear combinations of elements in [, with coefficients in R.

Proof. We prove each statement in turn.

1. We have.
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o Let I = {0}, the ideal consisting only of the zero polynomial. Any point in
affine space A" satisfies all polynomials in 7, including the zero polynomial.
Therefore, V({0}) = A",

o Let I = K[Xy,...,X,], the ideal consisting of all polynomials with coefficients
in field K. Since I includes the constant polynomial 1, no point in affine space
A" can satisfy all polynomials in I, including the constant polynomial 1. Thus,
V(K[Xy,...,X,)) =@.

2. The more constraints in the form of equations we add, then we will have fewer
solutions.

Given I C J, let P be a point in V(J). This means that every polynomial in J
vanishes at P. Since [ is a subset of J, every polynomial in J is also in I. Therefore,
every polynomial in I vanishes at P, which implies that P is also in V(I). Thus,
we’ve shown that if P is in V(J), then P is in V/(I), which means V' (J) C V ({).

3. We have to prove the double inclusion.

e We prove V(I)UV(J) Cc V(INJ). Since INJ C I by (2) we have V(I) C
V(I NJ) and similarly V(J) C V(I N J).

e We prove V(INJ) C V(I)UV(J). Take a point p e V(INJ). If p & V(I)
then f(p) # 0 for some element f € I. Similarly, if p & V' (J) then g(p) # 0 for
some element g € J. Then f-g € INJand (f-g)(p) # 0, which contradicts
the assumption that p € V(I N J).

4. Take a point p € [,V (I,) then f,,(p) = 0 for all f,, € I,. It follows that
f(p) = 0 for all finite linear combinations of elements of I,,,. So, p € V (3_ I,,,) and
we conclude (", V(1) C V(D In).

On the other hand, I,, C )" I, for every n, hence V(3_  I,,) C V(I,) for every n
and therefore V(> I,) C (), V(I,).

]

10.2 From varieties to ideals: the vanishing ideal

Definition 10.6. Let V' C A" be an affine variety. The vanishing ideal of V' in
K[Xy,...,X,] is

IV)={feK[Xy,....,X,]: f(p) =0V¥peV}.
Lemma 10.7. For any affine variety V' the ideal I(V) is radical.

Proof. 1t f € Rad({(V)) then f™ € I(V) for some n i.e. f vanishes at V' for some n.
Therefore, f must vanish at V' which implies that f € I(V) hence, I(V) is radical. [
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Lemma 10.8
We have the following.

1. For any affine variety V' we have V(I(V)) = V.
2. For any ideal I we have I C I(V (I)).
3. If I is not radical I C I(V(I)).

Proof. We prove each statement in turn.
1. We have to prove the double inclusion.

e C. Take a point p € V since V is an affine variety we have that V is given by
a set of equations f; = --- = f, = 0. So, for some ¢ we have that f;(p) # 0.

Since f; € I(V) it follows that p & V(I(V)).
e D. By definition of I(V') any f € I(V) vanishes on V.

2. Any f € I vanishes on V(I).

3. This follows from (2) and some lemma.

10.3 Hilbert’s Nullstellensatz

Theorem 10.9 (Hilbert’s Nullstellensatz)
If K is an algebraically closed field, then for each ideal J in K[X3,...,X,] we have
I(V(J)) = Rad(J).

I Note 10.10. This theorem provides a bijection between affine varieties and radical ideals.

Corollary 10.11
The following two equivalent statements are called the weak Nullstellensatz the-

orem.
1. If K is an algebraically closed field, then for any ideal J C K[Xq,...,X,] we
have that V(J) =@ < J=K[Xy,...,X,].

2. Every maximal ideal of K[Xy,...,X,] is of the form m, = (X; — a1, X5 —
as, ..., X, — a,), where ay,...,a, € K.

Proof. We prove each statement in turn.
1. We prove each direction.

e Proof of (=). Suppose V(J) = @ then by the Nullstellensatz we have that
Rad(J) = I[(V(J)) = (@) = K[X4,...,X,]. Therefore, 1 € Rad(J) which
implies 1 € J as well.
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o Proof of («). If 1 € J then V(J) = @.

2. Consider the evaluation map K[X;...,X,] — K that sends any polynomial f to
its value at a. The kernel of this map is precisely m,. It follows that the quotient
K[Xy,...,X,]/m, = K is a field hence, m, is maximal.

]

Example 10.12

Take the polynomials p,q € C[X;,...,X,]. If p is irreducible and ¢ vanishes at the
hypersurface p(x1, ..., z,) = 0 then p divides ¢. Indeed, ¢ vanishes on p = 0 so by the
Nullstellensatz ¢ € Rad((p)) i.e. ¢" € (p) for some n. At the same time C[X7, ..., X,)]
is a UFD so q € (p).

10.4 The coordinate ring K[V]

Note 10.13. We want to associate a ring to every variety as we did with ideals and
varieties.

Definition 10.14. Let V' C A% be an affine variety. We define the coordinate ring of V'
as the quotient K[V| = K[Xy,...,X,]/I(V). The quotient map is ¢ : K[X1,...,X,] —
K[V].

Example 10.15
The coordinate ring C[{0}] = C. Clearly I({0}) = (z) so C[X]/(x) = C.

Definition 10.16. A K-valued function f on V is regular if there is a polynomial
F e K[Xy,...,X,] such that restriction of F' to V is f,i.e. F|y = f.

Proposition 10.17. Let V' C A’ be an affine variety. Then regular functions on V' form
a ring which is isomorphic to K[V].

Proposition 10.18

Let V be an affine variety. Points of V' are in one-to-one correspondence with maximal
ideals in K[V].

Proof. We prove each correspondence in turn.

« Points to maximal ideals. Take a point a € V and let m, C K[V] be the ideal
of elements vanishing at a. Consider the homomorphism K[V] — K that takes a
regular function f € K[V] to f(a). Clearly, m, is the kernel of the homomorphism,
so K[V]/m, = K and m, is maximal.

35



Francesco Chotuck 7TCCMMS20 Algebraic Geometry Notes

« Maximal ideals to points. For any maximal ideal m C K[V| we find a point a € V
where all elements of m vanish. Since ¢ : K[Xi,...,X,] — K[V] is surjective,
we can consider the composition of the quotient homomorphism K[Xy,..., X,] —
K[V] — K[V]/m. The kernel of the map K[X},...,X,] = K[V]/m is given by
¢~ (m) (the pre-image) so, by the isomorphism theorem we have that

K[Xy1,...,X,]/¢ ' (m) = K[V]/m.

Since m is maximal we have that K[V]/m is a field which implies the following ring
K[X1,...,X,]/¢ Y (m) is also a field hence, ¢~(m) is maximal. Using the weak
Nullstellensatz we know that

P (m) = (X1 —a1),... (Xn —an)),

for some a € K™.

We prove that a € V. Indeed, the above, all element of o ~!(m) vanish at a. At the
same time, we have I(V) = ¢=1(0) C ¢~ *(m). So all elements of I(V') vanish at a
which implies a € V. Finally, m C K[V] is generated by restrictions of X; — a; to
V so all the elements of m vanish at a € V.

]

10.5 Regular maps

Definition 10.19. Let X C A% and Y C A% be affine varieties. A map f: X =Y
is regular if there exists m polynomials fi,..., f,, € K[Xi,...,X,] such that f(x) =
(fi(z),..., fm(x)) for all z € X.

Definition 10.20. A regular map f : X — Y is called an isomorphism if it has a
regular inverse. That is there exists a regular map g : Y — X such that f og =idx and
go f =idy. In this case we say that X and Y are isomorphic.

Example 10.21 (Exam Question)

Is there an isomorphism between C! and the conic zy = 1 € C2.

Solution. It suffices to establish that C[X] 22 C[X,Y]/(zy = 1). In the RHS we have
that xy = 1 if this was an isomorphism then in LHS there must exist two polynomials
whose product is 1 which is not possible unless they are constants.

Definition 10.22. Let f : X — Y be a regular map between algebraic varieties X and
Y. Then for any regular function v on Y, define the pull-back of u, denoted f*(u), as
a function on X by the rule f*(u)(z) = u(f(x)), for each x € X.

It follows that f*(u) is also a regular function on X.

Example 10.23

Let X C A% be an affine variety and let f = (fi,..., fm) : X — A% be a regular
map. Let y1,..., ¥y, be coordinates on A% then f*(y;) = fi.
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Lemma 10.24. Let X and Y be affine varieties. Any homomorphism ¢ : K[Y]| — K[X]
(as K-algebras) is of the form ¢ = f* for some regular map f: X — Y.

Proof. Let y, ..., ynm be coordinates in the space A% of Y. We have that y; € K[Y] hence
o(y;) € K[X]. Set ¢(y;) = fi and consider the map f(z) = (fi(x),..., fm(z)). The map
f: X — A% is regular, and it satisfies the property f*(v;) = fi = ©(v;).

We now prove that f(X) C Y. Take any point € X and any polynomial H € I(Y').
We show that H(f(z)) = 0. Since H € I(Y) we have that H(y,...,¥yn) is the zero
element in K[Y]. Then, clearly 0 = o(H(y1,...,Yn)) = H(f1,..., fm) € K[X] i.e. this

expression vanishes on X. We conclude,

H(f (@) = H((@).. . fulx)) = 0.
The claim holds for any H € I(Y) so f(z) € Y. O

Theorem 10.25

Let X C A% and Y C A%} be affine varieties. We have that X and Y are isomorphic
if and only if their coordinate rings K[X] and K[Y] are isomorphic as K-algebras.

Proof. Suppose f : X — Y is an isomorphism and ¢ is its inverse. We prove that
f*: K[Y] - K[X] and ¢* : K[X] — K[Y] are isomorphisms i.e. inverse to each other.

Indeed, fg is identical on Y so (fg)* = ¢*f* is the identity homomorphism from
K[Y] — K[Y] (by the definition of pullback). The same holds for f*g*.

We now suppose that ¢ : K[Y| — K[X] is an isomorphism the by the lemma above
@ = f* for some regular map f: X — Y and ¢! = ¢g* for some regular map g : ¥ — X.
Note that gf induces the identity map f*g* = pp~!: K[X] — K[X]. We also conclude
that ¢gf is identical and so f and g are inverse. ]

Example 10.26

Consider C!' and the parabola y = 22. These two spaces are isomorphic. Clearly, the
maps (z,y) — x and x — (x,y) establish this.

11 Hilbert’s functions and Hilbert polynomials
11.1 Graded rings and modules and the Hilbert function
Definition 11.1. A graded ring is a ring with a direct sum decomposition
S=5®5 &
satisfying the following properties:
1. Each S; is closed under addition;
2. 5;8; C Siyj fori, 5 > 0;

3. An element of S is a finite sum of elements from different S;.
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Definition 11.2. An element s € S is homogeneous if s € S; for some ¢. A homoge-
neous ideal of S is an ideal generated by homogeneous elements.

Example 11.3. S = K[X1,...,X,] graded by degree
S=5eS &

where Sy is the vector space of homogeneous polynomials of degree d.

Remark 11.4. We will only consider rings such that
1. Sp =K,
2. S is generated by Sy @ Sy,
3. S is a finite-dimensional vector space over K.

In such rings each .S; is a finite-dimensional vector space over K.

Definition 11.5. Let S be a graded ring finitely generated over Sy = K. The Hilbert
function of S is defined as hg(d) = dim(Sy).

Example 11.6

Let S = K[Xo,..., Xn] then hg(d) = ("19).

Definition 11.7. Let X C P% be a projective variety. The homogeneous ideal /(X)
is the ideal in K[Xj, ..., X,] generated by all homogeneous polynomials vanishing on X.

Definition 11.8. The homogeneous coordinate ring S(X) of X is the quotient ring

Proposition 11.9
We have that:

o [(X) is a graded ring, namely I(X) = @, (X )4 where I(X)4 is the space of
degree d polynomials in K[Xy, ..., X,] vanishing on X.

o S(X) is graded, namely S(X)g = Sa/I(X)a-

Proposition 11.10. Let Xz C P be a hypersurface defined by a homogeneous poly-
nomial F. We have that I(Xp) C K[Xy,...,X,] is the vanishing ideal of the variety

V((E))-

Note 11.11. In other words, every polynomial vanishing on {F = 0} C A"*! is a sum of
homogeneous polynomials vanishing on {F = 0}.

Proof. We prove the double inclusion of I(Xp) = I(V((F))).
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o C. Let f € I(Xp). This means that f vanishes on the hypersurface Xr. Thus, f
vanishes at every point of Xz, which implies that f vanishes on the variety V ((F))
as well. Hence, f € I(V((F))).

e D. Let G € K[Xo,...,X,] and let
G=G1+ - +Gj

be its decomposition into homogeneous components. Suppose G vanishes on V((F)).
Then each G; vanishes on V' ((F)). So each G; vanishes on the hypersurface Xp. So
G=Y.G, C I(Xp)ie I(V((F))) C I(Xp).

]

Definition 11.12. The Hilbert function hy of a projective variety X is the Hilbert
function of its homogeneous coordinate ring i.e. hx(m) = dim(S(X),,).

Example 11.13

The Hilbert function of P™ is hpn(d) = (”Zd). Indeed, by definition the homogeneous
coordinate ring S(P") of P" is K[Xy, ..., X,].

Definition 11.14. By Hilbert function of an ideal h; we denote the Hilbert function
on the ring K[Xy,...,X,]/1.

Note 11.15. The Hilbert function h;(t) of an ideal I in a polynomial ring measures the
vector space dimension consisting of all polynomials of a given degree ¢ modulo the ideal.
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Example 11.16

For the given ideal I = (23,2123, 23) C K|x1, 25|, the Hilbert function counts the
number of independent monomials of degree ¢ that are not in I.
To determine hy(t), we count such monomials for each degree ¢:

« For t =0, the monomial is 1, which gives h;(0) = 1.
o For t =1, the monomials are z; and xs, thus h;(1) = 2.

o For t = 2, the monomials are 7, x179, and 3, yielding h;(2) = 2.
o For t = 3, the monomials are 3, 23z, and x 23 (since x122 is in I), giving
hi(3) =2 (not 1 as incorrectly stated).

o For t =4, 2,232, and 2322 are the monomials not in I, so h;(4) = 3.

o For t > 5, all monomials of that degree are divisible by at least one generator
of I, hence h(t) = 0.

Therefore, the corrected Hilbert function should be:

11.2 Hilbert polynomials

Theorem 11.17

For any projective variety X (or a homogeneous ideal I C K[Xy, ..., X,]) the Hilbert
function hx(d) (or hr(d) = dim(S;/1,)) is equal to a certain polynomial for large
enough d > 0.

Definition 11.18. Let X C P" be a projective variety. The unique polynomial px such
that px(d) = hx(d) for large d is called the Hilbert polynomial of X.

Definition 11.19. Suppose px(d) = apd® + - - - ag with a; # 0. The dimension of X is
defined to be dim(X) = k. The degree of X is defined to be deg(X) = k! - ay.

Remark 11.20. The geometric definition. Suppose X C P™ is a projective variety, then
dim(X) = n— (maximal dimension of P* such that P* N X = @) —1. Moreover, the degree
of X is given by deg(X) = #of points intersection of X with a generic plane Pm~dim(X),

11.2.1 The Hilbert polynomial of a hypersurface
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Lemma 11.21

Let F € K[Xo,...,X,] = R be an irreducible, homogeneous polynomial of degree
d. Let Xp be the hypersurface in P" given by the equation F© = 0. The Hilbert

polynomial of Xy is
(m) = m+n\ (m+n—d
P B n n '

12 Higher dimensional Bézout’s theorem

12.1 Exact sequences and Hilbert functions

Lemma 12.1 (Exact sequences). Let f : U — V and g : V. — W be linear maps of
K-vector spaces. Assume that f is injective, g is surjective, and that Im(f) = ker(g).
That is,

0ULVvEW o0
is an exact sequence. Then dim(V) = dim(U) + dim(W).
Proof. This follows from the rank-nullity theorem. We have
dim(V') = dim(ker(g)) + dim(Im)(g)
= dim(Im(f)) + dim(W)
= dim(U) + dim(W).

Proposition 12.2
Let I,J C K[Xo,...,X,]| be two homogeneous ideals. Then h;n; + hyy; = h; + hy.

Proof. Set R; = K[Xo, ..., x;]. For each m we have the following exact sequence

0— R,/(InNJn) = R/ X Ry /I — R/ (I + 1) — 0.

The first non-trivial map sends [f] — ([f], [f]) and the second map ([f], [9]) — [f] — [9]-
Now apply the lemma above. O
Lemma 12.3. Let [ C K[Xy, ..., X,] be a homogeneous ideal and let f € K[Xy, ..., X,]

such that f & I be a homogeneous polynomial of degree N. Assume that K[Xo, ..., X,]/I
is an integral domain. Then

hpr(f)(d) = h[(d) — h[(d — N) for d > N.

12.2 Higher dimensional Bézout’s theorem

Theorem 12.4

Let X C P% be an irreducible projective variety of dimension at least 1 and let
f € K[Xo,...,X,] be a homogeneous polynomial that does not vanish on X. Then

deg(1(X) + (f)) = deg(X) deg(f).
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13 Interesting results for the exam

Theorem 13.1

Let F =3 a;202{"" be a homogeneous polynomial in two variables, a; € C. We can
. d
write F' = [],_;(bkzo + cx21)
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